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Preface 


These are my own solutions to the problems in Introduction to Quantum Mechanics, 2nd ed. I have made every 
effort to insure that they are clear and correct, but errors are bound to occur, and for this I apologize in advance. 
I would like to thank the many people who pointed out mistakes in the solution manual for the first edition, 
and encourage anyone who finds defects in this one to alert me (griffith@reed.edu). I’ll maintain a list of errata 
on my web page (http: //academic.reed.edu/physics/faculty/griffiths.html), and incorporate corrections in the 
manual itself from time to time. I also thank my students at Reed and at Smith for many useful suggestions, 
and above all Neelaksh Sadhoo, who did most of the typesetting. 


At the end of the manual there is a grid that correlates the problem numbers in the second edition with 
those in the first edition. 


David Griffiths 
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CHAPTER 1. THE WAVE FUNCTION 


Chapter 1 


The Wave Function 


Problem 1.1 





















































(a) 
(7)? = 21? =| 441. 
1 1 
w ON 2 eae, 2 2 2 2 2 2 
(j?) = oe NG) = [(147) + (15?) + 3(167) + 2(227) + 2(24”) + 5(257)] 
1 434 
= 7q(196 + 225 + 768 + 968 + 1152 + 3125) = - = | 459.571. 
(b) 
a = (Aj)N) = = 
N 
1 260 
= 77 (49 +36 +75 +24 18+ 80) = => =[18.571. 
o = V18.571 =| 4.309. 
(c) 


(7?) — (j)? = 459.571 — 441 = 18.571. [Agrees with (b).] 
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CHAPTER 1. THE WAVE FUNCTION 


Problem 1.2 




















(a) 
w= [ ag (Ze) ; iS 
0 2Wha 2vh \5 et no 
o? = (x*) — (a)? = ees Gi 2 Be es gts | es a0 th. 
5 3 45 3/5 
(b) 


1 


0 =1-5 (Vie- VE). 


Pe A 1 
p=i- [> Dg = 1 a Rev 





v4, = (x) +o =0.3333h + 0.2981h = 0.6315h;  x_ = (x) — o = 0.3333h — 0.2981h = 0.0352h. 














P =1-V0.6315 + V0.0352 =| 0.393. 





Problem 1.3 














(a) 
l= / Ae@-)" dr Letusa— a, du = dz, u: —-c > ww. 
1=4f du = Al™ Sle aie 
es r T 
(b) 


(2) = Af ze 2-4)" dz = af (u + aje” du 


=A / ue du + a al =A (0 + «/7) = 


—Co 





8 











Gy a| a2e 2-4)" dy 
= At | we du + 2a [ ue" du+ a? [ au 
a 1 T 2 /™] | 9 1 
=a[ x [Fs0+6 3 =la + ay 


CO 























1 1 
ee ee ee ee Ae Sis = 
ao” = (a) — (x)" =a + 35 oP age o Tas 





©2005 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. This material is protected under all copyright laws as they 
currently exist. No portion of this material may be reproduced, in any form or by any means, without permission in writing from the 


publisher. 


CHAPTER 1. THE WAVE FUNCTION 


(c) 


p(x) 


Problem 1.4 
(a) 














ae 2 | Al? i 2 2) 1 |" 1 (b—2)° 
1=—~> d. —— _ =|A | 
a an ae ae x)*dx = |A| eS) G=ar 5 
b-—a b 3 
=|AP? |< =|AP2 = |A=4/2. 
iAP [$+ "4] =14P5 = ; 











(b) 








(c) At [a =a. 
(d) 














a Al? a = . = 
oo jwPar= Ef ade = |Al?2 = 1 1 if b a, v 
0 a” Jo 3 


P=1/2if b=2aVv 





oa 








(e) 
(a) = f elwPax = aP{t [oars gt [oo—xPae| 
3S @)fsate #22) 


>». (b-arz\ 2 3. 4 


a 

















J 





as wo [a?(b — a)? + 264 — 8b4/3 + b4 — 2026? + 8a3b/3 — a4] 
—a 
3 tM 35.2, dpe ade, aay. Beet 
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6 CHAPTER 1. THE WAVE FUNCTION 





Problem 1.5 
(a) 





= 25, Sf eee See . _ [AP _ 
1= | |W|?dax = 2|A| eo dr A) st Aa, 
; =a ae | 


(b) 














(x) = [era = iAP f ze "Idx =[0. [Odd integrand.] 


—oco 








iat 2 1 
(n*\ = ajar f ae "de = 2d | | =|=. 
0 











(c) 








o? = (x?) — (x)? = —; o=—. |W(to)|? = |A)2e7?97 = NeW ?*/V2A — Ne V? = 0.24312. 

















Probability outside: 


oo co eo 2Ae 
2 | Pde = 2147 f ge dg = 2) ( x) 


Co 





= ee =| eV? = 0.2431. 

















oO 


Problem 1.6 


For integration by parts, the differentiation has to be with respect to the integration variable — in this case the 
differentiation is with respect to t, but the integration variable is x. It’s true that 


0 2 OX, 19 0,5 0,9 

—(2|v|") = —|v —|W\° =2—|V 

Sel?) = SP +2 |W? = 2 |p, 
but this does not allow us to perform the integration: 


[ ° wpa i. o (a|WP)de # (xf¥)|° 
at 1 - ae x x a 
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CHAPTER 1. THE WAVE FUNCTION il 





Problem 1.7 











From Eq. 1.33, = =-ihf 2 (w* or) dx. But, noting that 2 = = - and using Eqs. 1.23-1.24: 
0 (_,0v Ov* OV ~d (aw ih OPW* i...) OW ~Ofiherv i 
at (w =). aoe =(H)-| Qm Oa? avw'| Age ie Pee i 
ih [_, Ww Oa?0* ow | Ow 0 
2m E Or? — Ox? =| + =|vw Ox m =H) 


The first term integrates to zero, using integration by parts twice, and the second term can be simplified to 
VS wvySe-wrve= weg, So 


eG) eae) ae 











Problem 1.8 








Suppose W satisfies the Schrédinger equation without Vo: ing = = a oy +VW. We want to find the solution 
Wo with Vo: in2¥e =F Fh 4 (V4 VY). 


Claim: Vo = Ve7*Vot/h, 
Proof in2ge = = inde —tVot/h 4 ap (- io) e Oe = |-# vy + VD] e~V0t/h 4 Vote *Vot/h 
=-F 2%. (V+). QED 


This has no effect on the expectation value of a dynamical variable, since the extra phase factor, being inde- 
pendent of x, cancels out in Eq. 1.36. 





Problem 1.9 
(a) 





























Bf Baineet i ol 7 9 | th 2am\ 1/4 

1=2|A| e€ dx = 2|A|-=, /——~ =|A| ; |A= ‘ 
0 2\ (2am/h) 2am wh 
(b) 
ow ow 2amx wu 2am ow 2am 2amx? 
a Ox hh Ox? hi ( oe) > hi ( h ) 
Plug these into the Schrodinger equation, inet i -E oy + VW: 
bs tae h? 2am 2amx? 














2 2 
= ha — ha (: = —_ )| WU = 2a?m2z?V, so | V(x) = 2ma?z?. 
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(c) 
(x) = i, |b |?dx =| 0. [Odd integrand.] 
~ 1 h h 
(22) = 2iap f ge 2ame hae — AP ey ee asl fee 
0 22(2am/h) V 2am | dam 
d(x) 
=m—— =|0 
(p) a 
he ON? ru 
DM gta ep oe 2 * 
w= fv (Fs) Wdx m fw Buz tt 
2 2 2 2 
--9 fv Ep) de Sah [iePax— am f eiveae 
h h h 
2am, o\ 2am fh _ 1\ | 
= 2amh (1 a (x ) = 2amh (1 ae x) = 2amh (5) =|amh. 
(d) 
h h 
o2 = (2”) — (2)? = —— = ]0, = + 02 = (p*) — (p)* = amh => | op = Vamh. 
4am 4am i 
Tx0p = zev amh = a This is (just barely) consistent with the uncertainty principle. 


Problem 1.10 
From Math Tables: 7 = 3.141592653589793238462643 - - - 





P()=0 P)=2/2 PQ)=3/25 P(3)=5/2 P(4)=3/25 
() | p(5) = 3/25 P(6) =3/25 P(7)=1/25 P(8)=2/25 P(9) = 3/25 


In general, P(j) = XQ) 

















(b) Most probable: |3.| Median: 13 are < 4, 12 are > 5, so median is | 4. 
Average: (j) = 33[(0-04+1-24+2-343-54+4-345-346-3+7-148-24+9-3] 
= 57(0+24+6+15+124 154+ 1847+ 16+ 27] = 92 =|4.72. 
































(c) (j?) = B04 12-2422-34.37-5442.345%-3462-3472-1487-2+49?-3] 
= 5042412445 +48 +75 + 108 +49 + 128 + 243] = 20 — [98.4 
o? = (fj?) — (j)? = 28.4 — 4.72? = 28.4 — 22.2784 = 6.1216; o = 6.1216 =[2.474. 
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CHAPTER 1. THE WAVE FUNCTION 


Problem 1.11 
(a) Constant for 0 < @ < a, otherwise zero. In view of Eq. 1.16, the constant is 1/7. 


[ifm if 0<0 <7, 
ae) = { 0, otherwise. 














p(8) 
1/t 


—T/2 Tt ann” 


(b) 





[of course]. 











oO 
wl a 























1 [* 1 /0\|" 1? 
ed=—(—}} =|— 
se a : = (5h, 3 
2 2 2 
2. oe =" * de 
POOP = gy ae Pea 











(c) 





(sin 0) = ~ [ sinoao = . (— cos 6)|5 = =e (-1)) = 
tJ t 7 


a | 














S 


1 /[* 1 
0 = — 30 _— i 0 — 
(cos 6) - | cos 0 d (sin 4)|9 














1 [” 1 [* 1 
(cos? 0) = -| cos” 6 d0 = -| (1/2)dé =| =. 
T Jo T Jo 2 











[Because sin? 6 + cos? 6 = 1, and the integrals of sin? and cos? are equal (over suitable intervals), one can 
replace them by 1/2 in such cases.] 


Problem 1.12 


(a) x = rcosé > dx = —rsin6d@. The probability that the needle lies in range d6 is p(@)d0 = 4d0, so the 
probability that it’s in the range dz is 


dx 


_ il dx _ il dx _ 
mrsind 1p 1—(a/r)2 0 Vr? — 2? 


p(x)dx = 
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10 CHAPTER 1. THE WAVE FUNCTION 












































P(X) 
-2r -F ror” * 
—s— if -r<ar< 
*| p(x) = 4 avr? —a?? : es ; “ [Note: We want the magnitude of dx here.] 
0, otherwise. 
Total: f", —ayde = 2 fp Gaede = 2 sin 2" =2sn *()=2+2=17 
(b) 
(as ~ ff = Ts se), Ieddal saneeentieceven Suara 
=— = dt = odd integrand, even interval]. 
) = — me aaa ©; ; 
2 = 2) z r? z\ ||" r? r? 
2 ee | einai 
= d: = 2 2 { (=) SS === 1 S15]! aes. 
e) [=e clo oe ee =) oo 

















of = (a*) — (a)? = 77/2 => | o = 1 /V2. 











To get (x) and (x?) from Problem 1.11(c), use x = rcos9, so (x) = r(cos 6) = 0, (x?) = r?(cos? 6) = r?/2. 


Problem 1.13 


Suppose the eye end lands a distance y up from a line (0 < y < 1), and let x be the projection along that same 
direction (—l < x < l). The needle crosses the line above if y+ a >I (ie. « >1—y), and it crosses the line 
below if y+ a <0 (ie. a < —y). So for a given value of y, the probability of crossing (using Problem 1.12) is 





a4 ] -y 
Pu)= pla)de +f novi = 2) aa" I- en} 


- {sino (=) is + sin? (=) } \ = + [-sin-1(y/t) + 2sin(1) — sin 11 — yD) 


l-y Tv 


4 sin! (y/1) sin '(1—y/l) 


Now, all values of y are equally likely, so p(y) = 1/1, and hence the probability of crossing is 
t 7 l- L. 
P=— ax —sin+ (2) si | dy = =| [x — 2sin7'(y/1)] dy 


= 4 [m2 (usin + VI=0)| 


rl 








Al w 








l Die 4 7 2 
,} =1= Syltsin == = 
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CHAPTER 1. THE WAVE FUNCTION 


11 
Problem 1.14 


(a) Pas(t) =f? |W(a,t)2dx, so 2» = f? 2) dx. But (Eq. 1.25): 
aw? afin (_,ow ow £0 
dt Oa Ee (v dx Ox ") =e 








dP. 0 
Fab i: I(x, t)dx = = (I(x, = J(a,t) = J(b,t). QED 





Probability is dimensionless, so J has the dimensions 1/time, and units 


s|seconds™}. 
(b) Here U(x, t) = f(x)e~**, where f(x) 











2 * i ; 
= Acramx if so ve oe fe iat Hf iat _— rdf 


dx ~ J da? 
and W* ove fz too, so | J(a,t) = 0. 














Problem 1.15 


(a) Eq. 1.24 now reads 2 














ae = — +,V*W*, and Eq. 1.25 picks up an extra term 
Oe t yi2yq _ 1 ayi2 . Ty) 2D’ 2 
al = ae (V —V) ot 5 || (Vo + i — VW +21) = ale ; 
and Eq. 1.27 becomes 4° 7S Wed = —2EP. QED 
(b) 
dP 20 h 
= su She —5,t + constant = P(t) = P(0)e—"*/*, | so | 7 = or 

















Problem 1.16 


Use Egs. [1.23] and [1.24], and integration by parts 


af WiWs dr =| o (Wis) ax = f (= ove 2) dx 


Uo + U% 
Ber lee 





Of -heUy te, {th PW 7 
Lar Oa? +7Vui) Ba a (A5° - ;¥)] o 
ih OrUF OV, 

Soa se (a V1 op ) ae 


2 ave © Os AV2 OW, 
Sal on -_ a 7 aa 























=0. QED 





a OWt OW 
url Tae 
Ne is oo OX Ox 
currently exist. 
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12 CHAPTER 1. THE WAVE FUNCTION 


Problem 1.17 
(a) 


a a 3 5 
l= iAP f (a? — x)* da = zap f (a* — 2a?2? + a*)dax = 2A? ate Wee | 
ve 0 


2.1 16 / 15 
= 2|Al?a° (1 — 3 + :) = pe Ar’, sO A= T6a5" 





3 5 





a 
0 











(b) 














fa)= f ||? dx =|0.| (Odd integrand.) 


—a 


(c) 





A ms d 
(p) = 7a f (a? — x) a (a? — x?) dx =|0.| (Odd integrand.) 
i ty x 
—22 











Since we only know (a) at ¢ = 0 we cannot calculate d(x) /dt directly. 


(d) 


(a?) = a f x (a? - x?) "da = 2a | (atx? = arg? + x°) da 
0 


—a 


5 15 [as 2 +S] 


on S15 pee ect 
SG =+2) 


2 


~ “1605 3 5 | 7 


=e (SH) _@ 
— 8 3-2-7 — 8 











ae 
== 








(e) 


2 a 
(p*) = —an? f (a? — Z| Sc _ Ge) dz = 2arnee | (a? — a ex 
0 


=O, 


15 x? 
=4. h2 ( a?@e — 
16a® (« og ) 











Pee I facies te 15h 2 | Bh 
= a = . = 5 
3 4a? 3 2 a? 











(f) 





oe = V@)— CP = he? = 











(g) 





Op = V (p?) — (p)? = ae ee 


202 |V 2a’ 
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(h) 





i ye PBop lon hy 
TaD eV OG. Vid NN TO. , 


Problem 1.18 


h h? 
——_—— T < ——~. 
amkat 7 < Sinke@® 


(a) Electrons (m = 9.1 x 107*+ kg): 





(6.6 x 10-34)? 


T 
< 309.1 x 10-81)(1.4 x 10-23)(3 x 10-92 


=| 10" Ks 














Sodium nuclei (m = 23mpy = 23(1.7 x 1072”) = 3.9 x 10776 kg): 





—34)\2 
T< eb =[30K. 
3(3.9 x 10-)(1.4 x 10-23)(3 x 10-10)? 














(b) PV = NkgT; volume occupied by one molecule (NV = 1, V = d*) > d= (kgT/P)'/3. 


h2 P 2/3 a3 h2 p2/3 1 h? 3/5 2/5 
Imkp (=r) 7 TS 3m Be TS ip (=) —_ 


For helium (m = 4m, = 6.8 x 1072” kg) at 1 atm = 1.0 x 10° N/m?: 





T< 





1 (f° x0 


3/5 
1.0 x 10°)?/5 =|2.8 K. 
(1.4 x 10-23) | aN) e 











For hydrogen (m = 2m, = 3.4 x 10-7" kg) with d= 0.01 m: 





(6.6 x 10-84)? = 
P =[31x 10-" K. 
< 3(8.4 x 10-27)(1.4 x 10-5) (10-22 S 














At 3 K it is definitely in the classical regime. 
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14 CHAPTER 2. THE TIME-INDEPENDENT SCHRODINGER EQUATION 


Chapter 2 


Time-Independent Schrodinger 
Equation 


Problem 2.1 
(a) 


U(x, t) = w(x)e~ Boral yt/h _ a(x)ett/Pe-*Eot/h — ||? = |yp|2™e2re/h 


/ |W (2x, t)/?da = al |9)|?dx-. 


—oo = 


The second term is independent of t, so if the product is to be 1 for all time, the first term (el t/ ) must 
also be constant, and hence T=0. QED 


(b) If w satisfies Eq. 2.5, ate Vw = Ey, then (taking the complex conjugate and noting that V and 


2m dx? 


E are real): ao, Oot + Vu* = Ev*, so y* also satisfies Eq. 2.5. Now, if 1 and we satisfy Eq. 2.5, so 


2m dx? 
too does any linear combination of them (ws = c11 + ceW2): 


he 07 a3 he? yy Oyo 
Im dx? a 2m ( da? ae Ox? 
h? dao 


2 72 
=a dis et +Vu1| + €9 -= 














) + Ver 1 + cate) 








Im dx? 2m dx? TVG 


= (By) + co(Ey2) = Eley + coe) = Eys. 
Thus, (w + v*) and i(w — v*) — both of which are real — satisfy Eq. 2.5. Conclusion: From any complex 
solution, we can always construct two real solutions (of course, if ~ is already real, the second one will be 


zero). In particular, since » = $[(w + ~*) — i(i(w — ~*))], ~ can be expressed as a linear combination of 
two real solutions. QED 


(c) If (x) satisfies Eq. 2.5, then, changing variables x — —x and noting that 0?/0(—x)? = 07/027, 
h? O°(—2) 
2m dx? 


so if V(—a) = V(x) then w(—2) also satisfies Eq. 2.5. It follows that w(x) = v(x) + v(—2) (which is 
even: W4(—2) = w4(x)) and w_(a) = o(2) — w(—2) (which is odd: w_(—ax) = —wv_(ax)) both satisfy Eq. 





+ V(—2x)b(-2) = Ey(—2); 
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CHAPTER 2. THE TIME-INDEPENDENT SCHRODINGER EQUATION 15 





2.5. But u(x) = $(v4(x) + P_(z)), so any solution can be expressed as a linear combination of even and 
odd solutions. QED 


Problem 2.2 


Given oy = 2m [V (2) — El, if E < Vuin, then w” and w always have the same sign: If q is positive(negative), 
then w” is also positive(negative). This means that 7 always curves away from the axis (see Figure). However, 
it has got to go to zero as x — —oo (else it would not be normalizable). At some point it’s got to depart from 
zero (if it doesn’t, it’s going to be identically zero everywhere), in (say) the positive direction. At this point its 
slope is positive, and increasing, so w gets bigger and bigger as x increases. It can’t ever “turn over” and head 
back toward the axis, because that would requuire a negative second derivative—it always has to bend away 
from the axis. By the same token, if it starts out heading negative, it just runs more and more negative. In 
neither case is there any way for it to come back to zero, as it must (at 2 — oo) in order to be normalizable. 


QED 


Problem 2.3 


Equation 2.20 says a = —2F y; Eq. 2.23 says (0) = p(a) = 0. If E = 0, d?y/dx? = 0, so p(x) = A+ Ba; 
¥(0) = A=0> 0 = Ba; (a) = Ba=0 > B=0, 80 W=0. IEE < 0, @2b/dx? = w2u), with x = V—2mB/h 
real, so w(a) = Ae“* + Be~"*. This time w(0) = A+ B=0 > B= -A, so vw = A(e** — e-**), while 
W(a) = A(e** — e'**) = 0 = either A = 0, so p = 0, or else e** = e~*%, s0 e7** = 1, so 2ka = In(1) = 0, 
so « = 0, and again ~ = 0. In all cases, then, the boundary conditions force 7% = 0, which is unacceptable 
(non-normalizable). 





Problem 2.4 


9 a 
(x) = J eePae i - | ax sin? (=) dx. Let y= nT ty so dx = — dy; y:0—> nn. 
a Jo a a nt 


2 nT 


2 ( a ype ao aa 2a ly ysin2y  cos2y 
= — in — 
usin’ y dy i i : 


a \nt n272 








0 








72 |q 3 ts 5° (Independent of n.) 


_ 2a = cos2nt q _fa 
n 
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(na) 4 8 4 
_ 2a? [(nr)? — nacos(2nm)] _ | 9 fl 1 
~ (nx)3 6 4 alld 2(n7)? 
d(x) 
(p) = ae 0.| (Note : Eq. 1.33 is much faster than Eq. 1.35.) 
























































un) = nth h | (nr)? 
2 


Op = —. J. 0g0p = 3 























The product oz, is | smallest for n = 1;| in that case, 0,0) = £,/ = —2=(1.1386)h/2>h/2. Vv 











Problem 2.5 


(a) 
|W]? = WU = [AP ht + 3) (dr + he) = [APPT dr + Vide + odd + Yd yo]. 














f= i War = JAP i, [lil + bide + Yoh + Yal2lde = 2)A? > [A =1/V2. 


(b) 


En 


W(a2,t) = = [vie Pana) Matai eal (but 7 T nw) 


Ji 
= sayf2 |sin( et 4 sin a eet | J tw sin (22) + sin Et eet, 
J2Va a Ja a a 


1 2 : ; ) 
\U(x,t)/? = 7 (=) + sin (42) sin (=) (ee + eer) + sin? (.)| 
a a a a a 
1 2 2 
=|- si? (=) + sin” (=) +2sin (<2) sin (=-) cos(3ut)| . 
a a a a a 
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(c) 


& 
all 


[en Pae 


1 f* 2 2 
a x sin (22) + sin? (=<) + 2sin (=) sin (=<) cos( | dx 
a Jo a a a a 


x sin (222) 
4n/a 





aos 
8 

2 

5D 

——~ 
S]3 
8 

iY 
a 
5 
a 
a | 

8 
St 
Qu 
8 

lI 

wl 
















































































A ae a? a? 1 8a? 
5 [5 (costa) — cos(0)) — 9,3 (cos(3m7) — cos(0)| Ste (1 - 3) ae 
1 fa? a? 16a? a 
2 2 
Amplitude: a (5) = 0.3603(a/2); angular frequency: | 3w = a 
(d) 
d(x) a 32 : 8h. 
(p) =m eo (=) ( 4 (—3w) sin(3wt) = 3g sin(sut). 
(e) You could get either | Ey = 17h? /2ma? | or | Ey = 27h? /ma?, | with equal probability 
1 ane 
So (H) = (hi + Ey) = ae it’s the average of Ey and Ep. 











Problem 2.6 


From Problem 2.5, we see that 





U(z,t) = Lem [sin (2) + sin (222) edit et9) 


va a 














[sin? (Za) + sin? (72a) + 2sin (22) sin (722) cos(3wt — ¢)]; 


W(x, e)? =| 


a 











cos (222) ae 22 (an 
Ba/a ES =, xsin® | 2 


17 


) ae 








P, = Py =1/2. 
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and hence | (x) = $ [ 32 cos(3wt — d)].| This amounts physically to starting the clock at a different time 


2  On2 


(i.e., shifting the t = 0 point). 











If d= 3 so W(x,0) = Aldi (x) + iwe(x)], then cos(3wt — ¢) = sin(3wt); (x) starts at . 


If 6=7, so U(x,0) = A[v1(x) — ve(x)], then cos(3wt — d) = —cos(3wt); (x) starts at (1 + =): 


Problem 2.7 


‘P(x,0) 
Aa/2 


a/2 a x 


(a) 


3 a/2 


a/2 a 
1= a2 [ ede + A | (a~2)?de = A| F 
0 a/2 3 


(a—2)* 


3 








al 


0 








Ale a Aa? 2/3 
= + = A= é 
3 \8 8 12 Vas 











(b) 
a/2 a 
Cn = (2243 f xsin (Zx)ac+ f (a — x) sin (x) ac] 
aa/a 0 a a/2 a 
*([(&) »(E*)- B= (Fs)][ 
Soa —] sin | —2a ] — —cos | —2 
a nt a nt a 6 
- (FI -[G) »(F4)- (Zo (Fs) 
+a|— —cos | —2 _ —_ in {| —2® ]}— {| — ] cos | —2 
nt a a/2 nT a 7 a 
_ 2v6 — a = a” Lectin oe, 
 @2 nm 2 ‘id 2 "1 2 
2 2 2 
+(4) sin (3) + : Snr . | 
nt 2 9 2 


_ 2v6, ae _ (nr\ _ AJ6 . (na | 9, n even, 
= F ane. > go Se = (—1)("-D/? AVS, | n odd. 





n 























nh? 


2Qma2 © 


AV6 /2 1 
So w(2,1) = 4¥6 = + pee em nen P where FE, = 
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(c) 








Pi — le1|? — = =| 0.9855. 











(d) 





(H) = S- lanl? Ba = 








96 17h? (; 1 1 1 ' ) im 48h? 1? 6h? 


m4 2ma? 2 








T2ma? 8 ma" 





nr? /8 


Problem 2.8 
(a) 








A 2 
v(0.0)={ , 0<a<a/2; 


0, otherwise. 





a/2 
1-4 [ dx = A?(a/2) >| A= 
0 


alw 

















(b) From Eq. 2.37, 























2 fl? ong 2 a 1 a2 7 
a= ay? sin (<2) dz = . |-= cos (=2)| ‘ =— = [cos (5) — cos | = 
Py = |e. |? =| (2/7)? = 0.4053. 
Problem 2.9 
* h? 0? h? 0 hn? 
HW (x,0) = 5m Dat [Aaz(a—2x)] = om a 2x) = A-. 


a 











x 2 a 2 2 3 
[voor V0.0) dx = am f x(a— x) fae 7 eos 
m Jo m 2 3 0 
25 fe h(a a _ 30 h? a3 5h? 
= m\ 2 3) a&mé6_ | mea? 











(same as Example 2.3). 
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Problem 2.10 
(a) Using Eqs. 2.47 and 2.59, 


d ) mw\1/4 — mw 2 
h— + mwa (=) e 2” 


1 
a= V2hmw (- dx 











wh 

1 er] n( me » — mw? 1 a — mg? 

= r+ mwx}| e = ee mire 
V2hmw wh Qh Dhmw th 
1 1/4 d 7 
(a4)*bo = Sea (=) 2mw (-nt + mt) xen ah 
4 

= (BR) 82s) mt = (8) (pat) ae 

a 1 


Therefore, from Eq. 2.67, 


1 2, _| 1 pmwyt/4 (2mw 4 _ mw ? 
va) vo = ser (ee -1)¢ as 


(c) Since wo and w2 are even, whereas 71 is odd, f wjy~idx and f ~3y1dx vanish automatically. The only one 
we need to check is f 30 da: 


‘ — 1 [mw [* (2m 4 _ mw 2 
| ¥ivoae = ~ fe ( red -1)¢ a da 
=-4/ mf et day — am : ear) 
i mw [Th 2mw ho [ahy\ _ 0. Vv 
— 27h mw Ah 2mwV mw) 





Y= 











(b) 








Problem 2.11 


(a) Note that Wo is even, and 7, is odd. In either case |w|? is even, so (x) = f x|y|?dx = |0.] Therefore 
(p) = md(x)/dt =| 0.| (These results hold for any stationary state of the harmonic oscillator.) 


From Eqs. 2.59 and 2.62, wo = ae §'/2 y= V2ate~ 8/2, So 


























n=0: 














ws 5 hi 3/2 oo 7 1 A JT h 
2, _ 2 2,—-€7/2 ae ye 20-€ a Pa 8 ee | 
(2*) =a ia € dz =a () [s e * dé (4) 5 Sra 
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r= fo bS) nse we foe et 

































































mihw is 92 _ mh JT mhw 
tee —1)e* dé = Mere. =| 
n=1 
Pe 2 A \3? 2h 3yx | 3h 
De 452 DD Ey Ot 4-€? = 
(a) = 2a Lee &e * dx = 2a (=) ie fe s dé= Tana A ae 
2) pag? |! f° 2o-et/2[ F (¢5-€7/2)|g 
(p) =—- a an 5, ge ae ) . 
2mwh f° 2 2muwh hw 
-- / (et — 3¢2)e-@ dg = ( Va 3) - = 
(b) n=0: 
Gaia | SafGpraape =i) 
TxOp = ae ee i (Right at the uncertainty limit.)V 
2mw 2 2 
n=1 
h hw hh 
Or = a Op = om Tx0p = 35 > 5 
(c) 
1 qhw (n= 0) 1 jhw (n= 0) 
(1) = =) = | (V) = p(x) = 
" qhw (n = 1) 3hus (n = 1) 
ghw (n=0) = Eo 


Problem 2.12 
From Eq. 2.69, 








i A hmw 
i Sm at + 4-)s p=t 2 (p=); 
sO 
h * 
(x) = \/ pies [ele +a_)Un dz. 
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But (Eq. 2.66) 
a+Vn =vnt lvn4i, an = Vnibn-1- 























So 
h 
(x) = Nica vi + Tf viens dx + Vit f iin as| =| 0| (by orthogonality). 
d h h 
(p) = mah =0|| a= mu ot +a_P?= Sai (a4 +aya_ +a_a,+a2). 











h 
(z*) = Sais fale + aya. +a_a4 + a? Wn. But 





I 


ag = ao = J/nt+ lV nF 2Uns2 = J/(nt 1I)(n + 2)Uns2. 
a4a_Wn =a Vnn—-1) = Vny/nvn NWn- 

a—a4%n =a_(VnFIvngi) = Jn t+ lI)VnFldn = (n+ 1)dn. 

a2 dn a— (/nbn—1) = Vny n— 1Yn—2 =v (n — 1)nvbn—2. 








I 


So 





Cys — Jorn finde + (nt) flénlae +0 = 5 (2n +1) = (n+ 5) 




















2) mw 
hmw hmw 
p= — 2 (a, a)? = 2 (a, —a,a_—a_a,+a2) > 
9 hmw Td 1 
(p*) = -—— [0-n- (n+ 1) +0] = =-Qnt1) =|(n+ 5 |mhw 














(T) = (p? /2m) = (n+ 5) | 











2= VEAP = nt ey es op VOIP = nt Rvinl 020 = (nth) nz hv 


2 


Problem 2.13 
(a) 


i i IW («,0)|2dx = |Al? i (Olol? + 12¥eaby + 120Febo + 16|e|2) de 


= |Al?(9+0+0+4 16) = 25|Al? >| A=1/5. 
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(b) 





W(2,t) = = [Bdo(w)eHO"™ + Ayano 4") =] = [Bole Mt? + daa (we 9") 











(Here wo and wy are given by Eqs. 2.59 and 2.62; E, and E2 by Eq. 2.61.) 


| U(x, t)|? Ba Owe ibe 1L2abp ep et t/2e— Sit /2 +4 L2popre i t/2 eit /2 4s 1607 
25. 











= = [9G + 16eT + 24yo%1 cos(wt)] . 





(2) = = CE: dx + 16 [ wv} dx + 24 cos(wt) f vod as| 5 


But f «yg dx = f xy} dx = 0 (see Problem 2.11 or 2.12), while 


mw /2mw _ mw 2 _ mw» 27mwy [f° _ me, 
[ evo ae = eve fe wae ‘ae yf? (MY) [ate ede 
3 
2 7mw 1 Ah h 
= 2 (52) avee(3 *) = oa 


So 








24 h d 24 /mwh 


(2) =| Sys coslwt)s] (~) = mF(e) =| 








sin(wt). 




















(With wp in place of ~ the frequency would be (Ey — Eo)/h = [(5/2)hw — (1/2)hw]/h = 2w.) 
Ehrenfest’s theorem says d(p)/dt = —(OV/0x). Here 


dip) 24 [mwh = he So OV 2 
aa 6 zw cos(wt), V= gre > ae eee 


OV. epics 224 Pos 24 | cs 
an! = —mw* (x) = —mw 56 Seam cos(wt) = ae ma cos(wt), 


so Ehrenfest’s theorem holds. 


sO 




















d) You could get | Ey = 4hw, | with probability |c9|? =| 9/25, |or| £, = 2hw, | with probability |c,|? =| 16/25. 
2 2 



































Problem 2.14 


The new allowed energies are E!, = (n+ $)hw’ = 2(n+ $)hw = hw,3hw,5hw,.... So the probability of 
getting 4hw is [zero.] The probability of getting hw (the new ground state energy) is Po = |co|?, where co = 
[ V(x, 0)v dz, with 














1/4 
mw \ V4 _ mu 42 mw \/ _ m2w 12 
e€ e€ : 


U(2,0) = pola) = (= Bee? volo)! = (= 
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cy = 21/4 me eB dy = 21/4 a ah aie 2 
Th Joo 3muw 3 


2 
Py = 3V2 = 0.9428. 





So 





Therefore 














Problem 2.15 


1/4 mw mw | 
= se /2 LS goes 
Yo = Ga ps0 ES 2 oh Oe OPN wh a ne 


Classically allowed region extends out to: mw? Sige hw, or Ly = 5, so )5 = 1. 














P= a e~© dé = 2(1 — F(V2)) (in notation of CRC Table) =[0.157. 
TS1 


Problem 2.16 

n=5 j= 1 ag = ya = —Fasj = 3 > a5 = GAG yas = — das = bau; j=5 => a7 =0. So 
H5(€) = a1€ — $0163 + Fail’ = 2 (15E — 2063 + 4€°). By convention the coefficient of €° is 2°, so a; = 15-8, 
and | Hs(€) = 120€ — 160€* + 32€° | (which agrees with Table 2.1). 














6: 6—0 











n= j= 09 a = wREEH% = Gao; j = 2 > ag = Goa yae = —3a2 = 4ao;j = 4 > a6 = 
a Sas = = Za, = = = ao; j =6 => ag = 0. So He(E) = ag — 6agé? + 4agé* — 2 6a0. The coefficient of €° 
is 2°, so 2° = — $a => ap = —15-8 = —120. | He(€) = —120 + 720€? — 480€4 + 64€°. 











Problem 2.17 


2 
—(e7®) = —2€e®; (x) ease ac 2ge®") = (-2 + 4£")e~* 


(=) : e@ = = (2 + 1e)e-*| = E oe 16)(—26) e = (12 — 8é5)e€ 


4 
(=) e@ = 5 | a2e = aei)e-€| = [2 — 2427 + (126 — 8e8)(-20)| e = (12 — 48¢2 + 16£4)e~€ 




















3 4 
H3(é) =—e& (=) e® =| -12€ + 8°; | Hy(€) = && (=) e~® =| 12 — 48¢? + 16¢4. 
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(b) 
Hs = 2€H4 — 8H3 = 2€(12 — 48? + 16€*) — 8(—-12€ + 8€*) =| 120€ — 160€? 4 32€°. 
He = 2€Hs — 10H, = 2€(120€ — 160€° + 32€°) — 10(12 — 48¢? + 16¢4) =| —120 + 720? — 480€4 + 64€°. 
(c) 
dH 
a = 120 — 480? + 160€4 = 10(12 — 48¢? + 16€4) = (2)(5)Ha. V 
dH¢ =~ 3 Orns 3 5) __ 
ae 1440¢ — 1920¢% + 384€° = 12(120€ — 160¢* + 32¢°) = (2)(6)Hs. V 
(d) 
See) = (-2z+ ben? +228, setting z = 0, | Ho(€) = 2€. 
z 



































2 
(+) (e777 +226) = < (22 +4 agen 


= |- 24 (-22+ 26)| e7* +228. setting z =0, | Hi(€) = —2 + 4é?. 


{|- fe 22 +26)" erie 


d 
~ dz 
= {x (=22.+ 26)(— 2)+ +[-24 (-22 + 2¢)| (22 +26) ber, 


setting z = 0, H2(€) = —8€ + (—2 + 4€7)(2€) =] -12€ + 8€°. 


Problem 2.18 


Ae*** + Be~**® — A(coska + isin kx) + B(cos ka — isin ka) = 


























(A+ B)coskx + i(A — B)sinkax 





= Ccoska + Dsinkx, with 





C=A+B; D=i(A-B). 








etk« ae —ika 
Ccoskx+ Dsinkx =C (=) + D 





= Ae*? + Be~*** with 





tke _ ,—ikex 1 : 1 : 
(=) = 5(C - Whe + 5(C + tD)e 
A 


1 . 1 
= 5(C-iD); B= 5(C+iD). 
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Problem 2.19 
Equation 2.94 says V = Aei(*®— hr), s0 


m 





Ox Ox 





— th ae 4) | hk, vo 
aml“! (—2ik) = mit : 











It flows in the positive (x) direction (as you would expect). 


Problem 2.20 
(a) 
b 

















oe Ap, = an innx/a_ eee) = = ( innra/a ene) 
f(x) = bo 2 35 (c e€ 12a e€ +e 
= 2 eel bn innraz/a —inna/a 
“med eae Cat gm 
Let 
Co = 00; Cn = $ (—idn +n), forn = 1,2,3,...3 Gq = 4 (ian + bn), for n = —1,-2,-3,.... 
Then f(x) = S- cge™l=, QED 


(b) 


[f(a Je —imre/a dn — > om fe i(n— m)nx/a dar But forn Am, 


n=—Co 


a ei(n—m)r - e7i(n—m)r (Spee = (anere 


i(n —m)r/a ~ i(n —m)r/a =i 








a i(n—m)ra/a 
i eiln—m)rx/a ga = © 
i(n —m)r/a 





—a —a 


whereas for n = m, 
/ elln—m)na/ady — dx = 2a. 


So all terms except n = m are zero, and 


a 


a ; 1 ‘ 
finer = 2dCm, SO Ch = x | f(x)e~"7*/4 dx, QED 


=a 


(c) 
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where | Ak = — | is the increment in & from n to (n+ 1). 


— 2 1 2 —ikx 2 1 = —ikx 
= (ea. i. f(aje "dx = ape ie f(aje "da. 


(d) As a— oo, k becomes a continuous variable, 


ala 


























1 eike ef. eike 

= —_ dk; F(k d 

fla) =e f fo)et*ae. 

Problem 2.21 
(a) 
" 2 a [eae gers ~ _ |AP 

l= |W(x,0)|“da = 2|A| i) e€ dx = 2\A| ag ae A=| Va. 

oe 0 


(b) 
—ala| ,—ikax A —ala| mat 
e e dz = —= e€ (cos ka — isin ka)da. 


=F f Jin 


The cosine integrand is even, and the sine is odd, so the latter vanishes and 


= =e ** cos ka dx = =f gee era 
V2 de V2 ) 
A = e7 (ikt+a)x | 


ee laa Sw) 


_ A —1 8 1 _ A -tkh-atik-—a _ a 2a 
 S/ie\ik-a ikta) for —k? — a? - Qn k? + a2" 


Co 


elik-a)a 2p a CROP da oes 





























1 aa fe ; nk? as/2 fe ik? 
U(a,t) = =2)/ — —__gilkt— 3 Udk = —/ —_—__ilkt— 3m) dk, 
Ce ) = on I. k2 + ae T an: k2 gee - 


(d) For large a, U(x,0) is a sharp narrow spike whereas ¢(k) = \/2/za is broad and flat; position is well- 
defined but momentum is ill-defined. For small a, U(x,0) is a broad and flat whereas $(k) © (,/2a3/7) /k? 
is a sharp narrow spike; position is ill-defined but momentum is well-defined. 
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Problem 2.22 


(a) 
on ; 1/4 
i= iAP f e242" gn = |Al2,/—; | A= (=) 
68 2a 7 














(b) 


I. e7 (an? +b2) Jn — I. Oe dy = ae fe e-¥ dy _ rere 


(k) i af” —ax? — ike Y 1 2a ue a —k? /4a 1 —k? /4a 
=>: e => =: — _ => — ‘ 
J2Qn ae wR AT V a. (2mayi/4° 














1 1 ea 2 , 2 
W(a t) = saa | ek /4a (i(ka—hk t/2m) dk 
’ 9 1/4 Sa 
Vv Qn ( 77a) —oo on lg +iht/2m)k? — ik] 
1/4 ax? that/m 
a VE _e-ot(devtram) =| (28) 
27 (2ra)1/4 A ai, int /2m TT 1+ 2ihat/m 





(c) 


—ax* /(1+%0) -—ax? /(1—10) 


/2 
Let 6 = 2hat/m. Then |v? = = Weemeso The exponent is 
+i —1 















































ax? ax? _ a? (1 _ iO + 1 + i0) 7 —2ar? iw)? _ 2a e72ax? /(1+67) 
(1+70) (1-70) (1+20)(1—70) 1+?’ “Var Vite ~ 
2 
Or, with w = i p ,| (v2 = re As t increases, the graph of ||? flattens out and broadens. 

7 
|? he? 
t=0 ‘: t>0 

(d) 
= d 
(x) =| x|U|?dx =|0| (odd integrand); (p) = moe =|0. 








2 °° 2.2 2 1 7 1 ee au 
2 = 2 —-2w* a = SF pic eee eA) =e 2 = Re ae 
(st) = [2 fate dx yw aeey 5 Tu? (p*) wf iw geo: 


©2005 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. This material is protected under all copyright laws as they 
currently exist. No portion of this material may be reproduced, in any form or by any means, without permission in writing from the 
publisher. 








CHAPTER 2. THE TIME-INDEPENDENT SCHRODINGER EQUATION 29 


bal 1 a 
ite V = Be’, where B= db= ; 
Write e , where (=) ro 1470 


2 
ae (—2bxe-'*) = —2bB(1 — 2bx?)e~”, 


dx? dx 
du siya a a 2a 

Ure = oR? obey GO. pipe Oy Oh? 
de Pel hesebar le ee aaa feah = qe 


2a 1 2 Wy 2 
|B? = \/——— = \[2u. sous = -2by/2w( — 2bar?)e 20" 
7TV1+@ 7 da? 7 


2 2 2,,2 
(p*) = 2onty/2w f (1 — 2bz”)e"2""* dx 


/2 / 7 1 / 7 b 
2 2 
= 2bh w ( aw? 2b 2\/ dy? ) = 2bh (1 _ =z) ‘ 


2 a . 
a ) (4S) = (1 0) _ 1+ a o 








b 
But 1-75 =1 ( 









































1+ 70 2a 2 2 2b’ 
2 2a 2 1 
(p") = 26h = = [fi a. fey Oy = hy/a. 
(e) 
F2Op = = hva= ai +0 = ai + (2hat/m)? > . Vv 





Closest at |= 0,| at which time it is right at the uncertainty limit. 











Problem 2.23 





























(a) 

(—2)? — 3(—2)? + 2(-2) -1 = -8 -12 —4-—1 =| -25. 
(b) 

cos(37) +2 = —-1+4+2=]1. 
(c) 





0) (a = 2 is outside the domain of integration). 
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Problem 2.24 


1 ees ; 
(a) Let y= ex,s0 de = tidy. {org Y ea, 
Cc 


lfc <0, y: 0c > —o. 


00 + ( f(y/c)d(y)dy = 4 f(0) (ce > 0); or 
/ f(x)d(cx)dx = 


edoo F(y/c)d( = 5 So. F(y/O5(y)dy = —2F(0) (c < 0). 
i - ave agp ee x)dx cx aw x 
In either case, Jc f(x)d(cx)dx = qt) of f( qt )dx. So d(cx) el vo 
(b) 


a dé ia a 
/ f(x) 7 dx i ra = : a Odx (integration by parts) 


= foo) - f © ax = F(00) — flco) + £00) =f re 


So d0/dxz = 6(a). ¥ [Makes sense: The 0 function is constant (so derivative is zero) except at x = 0, where 
the derivative is infinite.] 


Problem 2.25 


Se 


oa) = GB emai = eI (220 


ema /h? < 0). 


— 
8 


(x) = 0 (odd integrand). 


oo Ima, ( WY? nt h2 
2) _ x = ye =f 2 en 2masx/h? = 9 = , — ; 
ea [ Py Pe ae 2 OO aa ora omeae’ 9" ~ Tama 


_mae—mas/i  (¢ > 
dy _ /ma | re (x > 0) 7 (my [-#()e-man/™" 2 9(—n)era2/*") 


dx h 
ae SME (a < 0) 














de ht 





da yma ‘ smo /h en mas /h? mox/h? TO 
wa ~ (4) [ae + i (ee eens ies 


= (YRS) asta) + Merman 


In the last step I used the fact that 6(—x) = d(a) (Eq. 2.142), f(x)d(x) = f(0)d(a) (Eq. 2.112), and 6(—2x) + 
O(a) = 1 (Eq. 2.143). Since dy/dx is an odd function, (p) = 0. 


3 poo 
(p?) = we fT weg dx = —p2v™ (=) if onma|s|/n? [-26(2) + Semmalal/*"| Pe 


a(—ayereel™ 








h h 
may? ma f° ~2mec/F? _ 4 (may? ma h? _ ¢may? 
= (“)' [e- of e ae] =2(42)" fh moe ae 
Evidently 
ma h? ma 
op = SO O20) = ome ae = vie = 
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Problem 2.26 





tke dp hes 








Put f(x) = 6(2) into Eq. 2.102: F(k) = = f- d(a)e 





1 ; 
___ tke gp ee 


fe) = 6@) =e fr 5 [eta QED 


Problem 2.27 
(a) 





(b) From Problem 2.1(c) the solutions are even or odd. Look first for even solutions: 


Ae~** (x <a), 
W(x) = < Ble"* +e-**) (-a<a <a), 
Ae*® (a < —a). 


Continuity at a: Ae~"* = B(e“* + e~**), or A= B(e?** +1). 


d 2ma 
Discontinuous derivative at a, ae =— 
dx h? 





va): 


; 2 : 
—KAe ** — B(Ke** — ke **) = — ay Ae => A+ B(e***-1)= Rn or 

















2ma : 2ma . 
B tka _jy)— JA —-1)=B 2Ka 1 =f a 
(e ) (se ) (e*** +1) ( Aa ) >e e€ 

















2ma 2ma _ hn 54 7 hk 
La = 5 e las —"“—l+te ae or |e 2Ka __ —1 
hk, h?t ma ma 


This is a transcendental equation for « (and hence for £). I'll solve it graphically: Let z = 2Ka, c= yh, 


~* = cz —1. Plot both sides and look for intersections: 


so e€ 
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From the graph, noting that c and z are both positive, we see that there is one (and only one) solution 


(for even ~). If a = _, so c = 1, the calculator gives z = 1.278, so Kk? = —2@2 = 2, => B= 
G27 (te) = -0.204 (5). 


Re (2a)? 
Now look for odd solutions: 


Ae“** (x <a), 
w(a) = { Ble™* —e-**) (-a<a<a), 
—Ae** (a < —a). 


Continuity at a: Ae~"* = B(e“* — e**), or A= B(e?** — 1). 























: 2 2 
Discontinuity in 7)’: —KAe~"* — B(Ke** + Ke **) = — aa Aen => Ble’**+1)=A ( — - 1) ; 
K 
2ma 2ma 2ma 
2Kka _ 2Ka _ ~2Ka 
e'*+1=(e -1) (Fe -1) = (Fee -1) - Fe an, 
2ma 2ma —2Ka hk. —2ka —2ka hr —Zz 
he pe aos > |e ae or e =1- cz. 

















1/c l/c z 

This time there may or may not be a solution. Both graphs have their y-intercepts at 1, but if c is too 
large (a too small), there may be no intersection (solid line), whereas if c is smaller (dashed line) there 
will be. (Note that z = 0 > « = 0 is not a solution, since w is then non-normalizable.) The slope of e~* 
(at z = 0) is —1; the slope of (1 — cz) is —c. So there is an odd solution = c < 1, or a > h?/2ma. 





Conclusion: | One bound state if a < h?/2ma; two if a > h?/2ma. 

















Even Odd 
_W 1 f Buen: e* = 342-1 > 2= 2.21772, 
Ona” © 2° | Odd: e~*# =1-12 > z = 1.59362. 








E = —0.615(h?/ma’); E = —0.317(h?/ma?). 








2 








a= 
4ma 


=> c= 2. Only even: e~* = 2z—1 => z = 0.738835; | E = —0.0682(h?/ma?”). 
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Problem 2.28 


Ae**® + Be**® (x < —a) 
w= 4 Ce*® + De~**® (—a <a <a) >. Impose boundary conditions: 
Felh= (x > a) 





(1) Continuity at -a: Ae + Bet** = Ce—** + De*** > BA+ B= 6C +D, where B = e~?**, 
(2) Continuity at +a: Ce'** + De~** = Fe** > F=C+ 8D. 

(3) Discontinuity in w’ at —a: ik(Ce7'** — De'**) — ik(Ae~**4 — Be***) = —2%2( Ae~**4 + Be'*?) 
=> BC —-D=B(y+1)A+ B(y—-1), where y = i2ma/h?k. 

(4) Discontinuity in w’ at ta: ikFe'** — ik(Ce** — De~*4) = — 24 ( Fetke) 
>C-6D=(1-7)F. 








add (2) and (4) : 2C=F+(1-7)F 3 2C=(2-)F. 


tomohie ae gud { subtract (2) and (4): 28D = F — (1—9)F 3 2D = (4/8). 


add (1) and (3) : 28C = BA+ B+ B(y+1)A+ Biy-1) 3 2C = (y+ 2A+ (9/8)B. 
subtract (1) and (3): 2D=6GA+B-B(y+)DA-Biy-1) =>2D=-76A4+ (2-7)B. 


Equate the two expressions for 2C’: (2—y)F = (y+ 2)A+ (y7/@)B. 
Equate the two expressions for 2D: (y/3)F = —yGA+ (2 —y)B. 
Solve these for F' and B, in terms of A. Multiply the first by 6(2 — y), the second by y, and subtract: 


[G2-7)?F = B4-7)A+72-7)B]; [(9?/8)F =-67°A+72-7)B]- 


F 4 
=> OS) 1B BEE a) a Se = enn ange 


«Wk i Ai F ag 
Let gS Uy 5 o = 4ka, ae ees 6 = e""*. Then: A (29-1)? +e" 


Denominator: 4g” — 4ig — 1+ cos¢+ ising = (4g? — 1+ cos¢) + i(sing — 4g). 
|Denominator|? = (4g? — 1 + cos ¢)? + (sin ¢ — 4g)? 


= 16g* + 1+ cos” ¢ — 8g? — 2cos @ + 8g" cos + sin? ¢ — 8gsin¢ + 16g” 
= 169* + 89? + 2+ (897 — 2) cos d — 8gsing. 








os 89" where g = 
~| (894 +492 + 1) + (492 — 1) cos — 4gsing’ oer 





2 
ne and @ = 4ka. 
2ma 
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Problem 2.29 


Fe"* (a> a) 
In place of Eq. 2.151, we have: W(x) = ¢ Dsin(la) (0< a <a) 


—o(-2) (x <0) 


Continuity of wy: Fe~** = Dsin(la); continuity of yy’: —Fre ** = Dl cos(la). 





Divide: —« =Icot(la), or — Ka = lacot(la) => \/22 — 2? 





= —zcotz, or|—cot z= V/(z0/z)? — 1. 








Wide, deep well: Intersections are at 7,27, 37, etc. Same as Eq. 2.157, but now for n even. This fills in the 
rest of the states for the infinite square well. 


Shallow, narrow well: If zo < 7/2, there is no odd bound state. The corresponding condition on Vo is 
272 


Vo < A => no odd bound state. 
8ma2 




















0 


Problem 2.30 


l= 2 | |b |?dar =2 (ior [ cos? lx dx + ee f ear) 
0 0 : 


x 1 7 1 a sin2la e2Ka 
=2/|D)? (+ —sin2l F\|? (—-—e-?** =2]/|/D\? (= + |F/? ; 
| s Gta *) 4 | ( OB dh. | | a 4l ad 2K 


. in(2l 2(1 
But F = De® cosla (Eq. 2.152), so 1 =|D/? (« 4: sin a 9) 


l K 




















Furthermore « = Itan(la) (Eq. 2.154), so 








2sin | l Pl 
1 = [DP (a+ sinlacosla , cos +) = [DP [a+ = 


1 Tsinla (sin? la + cos ta) 











e** cos la 


or ( rank) =| | (« =): Tae OO Tea ie 
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Problem 2.31 


Equation 2.155 = z) = ;V2mVo. We want a = area of potential = 2aVo held constant as a — 0. Therefore 
Yo = 3 2 = FYV2ME = 7 /maa — 0. So zg is small, and the intersection in Fig. 2.18 occurs at very small 
z. Solve Eq. 2.156 for very small z, by expanding tan z: 


tanz © z= V(20/z)? —1 = (1/2z)4/ 28 - 2. 


Now (from Eqs. 2.146, 2.148 and 2.155) z2—z? = Ka”, so z? = Ka. But z2-22 = 24 <1>2z2& ~%, so na 2. 
But we found that zp = 7 /maa here, so Ka = jzmaa, or K = 4. (At this point the a’s have canceled, and 


we can go to the limit a — 0.) 


J—-2mE ma ma? ma? . . 
; = > -2mME = 7 k= oye (which agrees with Eq. 2.129). 























In Eq. 2.169, Vy > E> T1214 a sin? (32 /2mVo) . But Vo = =, so the argument of the sine is small, 


and we can replace sine by e: [7-1 21+ #2 (ay 2mVo = 1+ (2aV0)? 545. But 2aVo = a, so T7+ = 1+ ay 
in agreement with Eq. 2.141. 





Problem 2.32 
Multiply Eq. 2.165 by sinla, Eq. 2.166 by + COS la, and add: 


Csin?la+ Dsinlacosla = Fe**sin la tie ce ik 
Ccos? la — Dsinlacosla = ‘4 Fe‘* cosla Ce te ee Er wa 
Multiply Eq. 2.165 by cosla, Eq. 2.166 by ; sin la, and subtract: 


C'sinlacosla + D cos? la = Fe’** cos la 
Csinlacosla— Dsin* la = # Fe'* sin la 


\ D = Fe'*s cos la —  sinta| : 
Put these into Eq. 2.163: 
(1) Ae~**4 + Bet#? — — Fete sin la+ cos a| sin la + Fe'** cos la — * sin a cos la 
= Fete cos? la — “ sin la cos la — sin? la — * sin la cos | 
= Fetke | cos(2ta —  sin(2t)| . 
Likewise, from Eq. 2.164: 
(2) Ae**4 — Bet*e = as (sin la+ * cos la) cos la + (cos la — sin ta) sin | 


— ‘he ; 
= Sk te sin lacosla + - cos? la + sinlacos la — “ sin? | 


= —" Fe |sin(2a +  cos(2ta) apes costa - sina) | ; 
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Add (1) and (2): 2A4e~*** = Fe'** 2 cos(2la) — i (F + :) sin(2ta) , or: 


e7 2ika 4 
fF = —_______________ (confirming Eq. 2.168). Now subtract (2) from (1): 
cos(2la) — ja Clo) (42 + 1?) 


i 2l 
2Beike — Freika [ (; Be 7) sin(2ta) =B= pane a) (2 — k?)F (confirming Eq. 2.167). 





























A|? jin la) ‘ sin? (2la) 
Poe? || 2 k? +1?)| = cos?(2 ——(k? + 17)?. 
Fp cos(2la) — kl (k* + I*) cos*(2la) + CIE (k* + I*) 

But cos?(2la) = 1 —sin?(2la), so 

= ; ie + j?)? (k? = 12)2 
T 7 => 1 + sin*(2ta)| (alk)? = 1 => 1 + (2k)? sin?(2la). 

SSS 
coiye [4+ 2h212 +14 4h 212] = tg [42212 4 14] = a. 
V2mE 2m( E+ \% 2 
Bit eS | es SEEN), = mm (Bevan a ra 
h h h? 

(k2 — 12)? - (ey 2 7 ve 

(2kl) 4(2m)* E(E + Vo) 4E(E+ Vo) 

THsi+ Vo sin? 2m(E+Vo)), confirming Eq. 2.169 

4E(E + Vo) nh mee 
Problem 2.33 
Ae**® + Be-**® (g < —a) 
V2mE /2m(Vo — EB 
E < Vo. y= Ce? + De® (-a<u<ay) k= — w= Vm F) 
Beker (x >a) 


(1) Continuity of w at —a: Ae~*** + Be*** = Ce-** + De**. 
(2) Continuity of o’ at —a: ik(Ae~*** — Be***) = K(Ce~** — De**). 


ss OAe es (1 - iz) Ce"? + + (1 + iz) De". 
(3) Continuity of w at +a: Ce** + De~** = Fe®**, 
(4) Continuity of ~’ at ta: K(Ce®* — De~**) = ikFe'**. 
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=> 2Ce" = (1 + *) Fe’**, 2De-** = (1 ee =) rer, 
K K 


| ik oo aka 72" in RY elise 
2A —ika =(1-— un 1 un F ika 1 ae pa ika 
; ( k ss K c 2 ae k K 2 


Feike ; k K —2kKa .( k 2Ka 














Fetha —2Ka 2Ka - (K? = k?) 2Ka —2Ka 
a) 2 (e + € ) + 4 ka (e e€ ) : 
But sinha = st cosh xz = ——, so 
F ika 2s =, k? 
ete 4 cosh(2x0 pg “asinh( 2a) 


2_ p2 
= 2Fe'** | cosh(2Ka) + jek) sinh(2Ka)| . 
2kk 


2 (2 = k2)2 
= cosh? (2Ka) + QRRY? sinh?(2ka). But cosh? = 1+ sinh, so 
K 








2_ 1.2)2 2 

its: (eRe) Vey = Vo anh? ( 2% = 

T =14[14 (nk)? | sin (2Ka) = Ea oo (Fvantv E)), 
>_> 














Y-E 
* 
2 
h 42h? + 4 wt —On?R? (uP a2? (ABE + OH) v2 
where *% = (26k)? ro (26k)? 7 42mE 2m(Vo~B) 4E(Vo ~ B) F 


(You can also get this from Eq. 2.169 by switching the sign of Vo and using sin(i@) = isinh 0.) 


Ae**® 4+ Bet? (¢ < —a) 


E = Vo. p=< C+Dz2 (-a<a2<a) 
Ret (ae See) 
h2 d? d? 
(In central region — ee + Voy = Ev > ay =0, sow =C+ Dz.) 
2m dx? dx? 


(1) Continuous ~ at —a: Ae~** + Be** = C — Da. 
(2) Continuous w at +a: Fe'** = C + Da. 

=> (2.5) 2Da = Fe™* — Ae*** — Be***, 
(3) Continuous 7! at —a: ik (Ae~*** — Be'**) = D. 


(4) Continuous w’ at +a: ikFe'** = D. 


©2005 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. This material is protected under all copyright laws as they 
currently exist. No portion of this material may be reproduced, in any form or by any means, without permission in writing from the 
publisher. 


38 CHAPTER 2. THE TIME-INDEPENDENT SCHRODINGER EQUATION 





=> (45) Ae ?*"* -— B= PF. 
Use (4) to eliminate D in (2.5): Ae~?*** + B = F — 2aikF = (1 — 2iak)F, and add to (4.5): 


A 
2Ae**** = 2F(1—ika), so T-' = FE 





2 





2nE 
me 2 


=1+ (ka)? =|1+ 5 


F 














(You can also get this from Eq. 2.169 by changing the sign of Vo and taking the limit F — Vo, using sine & e«.) 
E> Vo. This case is identical to the one in the book, only with Vo — —Vo. So 








Ve 2 
pt = 1 + TEE vy = (Fy 2n(E —= %0)) ‘ 








Problem 2.34 





(a) 
_ Aeth® 4. Bethe (a <0) — V2mE = 2m(Vo — E) 
b= {eam ESO l a ho 
(1) Continuity of y: A+ B=F. 
(2) Continuity of ~’: ik(A— B) = —KF. 
+ A+B=-S(4-B) > A(14+5) =-B (1-5). 
K kK kK 





B|’ _ |(L+ik/n)P? _ 1+ (k/m)? _ 7 
Al |d—ik/m2 T4+(k/ne — 


Although the wave function penetrates into the barrier, it is eventually all reflected. 





r=| 

















(b) 





a? h 


tka tke /2m(E — Vo) 
v={ re + Be ne, ee V2mE i m( Vo) 


Fel? (a > 0) ‘ 
(1) Continuity of y: A+ B=F. 


(2) Continuity of y’: ik(A— B) =ilF. 


= A+B= "(A-B); A(1-5)=-B(1+4). 


* 2 GRY (= 0? _ = )* 


(L+k/l)2 (k+1)2 9 (kh? - 12)?" 





R= 


B 
A 





2 2 v2 a 
Now k? —P = 55 (E- E+ Vo) = Calc bate Ee 





pa WVE-VE-V)" 
=e 7 meee 
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(c) 


[| ? 
Vi VE 
V; dt 


A dt 


From the diagram, T = P,/P; = |F|?v;/|A|?v;, where P; is the probability of finding the incident particle 
in the box corresponding to the time interval dt, and P; is the probability of finding the transmitted 
particle in the associated box to the right of the barrier. 

2 



































Bate (from Eq. 2.98). So T = ea |, Alternatively, from Problem 2.19: 
Vi VE E A 
For E < Vo, of course, | T’ = 0. 
(d) 
For E>VY, F=A+B=A4 alt=) _ 4 2kft_ _ 2k 


(4 +1) (E+1)  k+U 





























ralEP be (2k YE 4bl _ 4ki(k— 0? _| AVEVE-Vo(VE - VE- Vo)” 
~|Al & \k+l) k (k+)2” (R-P? Ve 
A et) ee 
re h+ D2 | (k+D2 (k+)?2 ~ (k+)2 (k+l? 
Problem 2.35 
(a) 
_ Aetk® 4 Beaike (x <0) _ V2mE _ f2m(E + Vo) 
wo) = { ea (x > 0) where k = i ,l= ; ‘ 


Continuity of y =>A+B=F = 
Continuity of y’ => ik(A — B) = ilF 


A+B="(A-B); a(t t) = B(1+7); a= (5). 
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2 
-(5 ) - Es) 
i+k} — 


n=|F] VE+V+VE 


(VIE -A\ . fest, . Pa? 
- (ee) = (sri) =(G51) - 


(b) The cliff is two-dimensional, and even if we pretend the car drops straight down, the potential as a function 
of distance along the (crooked, but now one-dimensional) path is —mgax (with x the vertical coordinate), 
as shown. 














OlrR 











V(x) 


rn] 





(c) Here Vo/E = 12/4 = 3, the same as in part (a), so R = 1/9, and hence T =| 8/9 = 0.8889. 











Problem 2.36 
Start with Eq. 2.22: Uu(a) = Asinka + Bcoskax. This time the boundary conditions are w(a) = w(—a) = 0: 


Asinka+ Bcoska=0; —Asinka+ Bcoska = 0. 


Subtract: Asnka=0=>ka=jr or A=0, 
Add : Booska =0 > ka = (j — $)m or B=0, 


(where j = 1,2,3,...). 

If B = 0 (so A 4 0), k = jr/a. In this coe let n = 27 (so n is an even integer); then k = n7/2a, 
w = Asin(nrx/2a). Normalizing: 1 = |A|? [“, sin?(nwx/2a) dx = |A|?/2 > A= v2. 

If A = 0 (so B £0), k = (j — $)x/a. In this case let n = 27 — 1 (n is an odd integer); again k = nz/2a, 
~ = Bcos(nma/2a). Normalizing: 1 = |B|? [°, cos?(nmz/2a)dx = |a|?/2 > B= V2. 

In either case Eq. 2.21 yields E = % a = os (in agreement with Eq. 2.27 for a well of width 2a). 

The substitution « — (x + a)/2 igiee Eq. 2.28 to 


2 an nn (a +a) _,/2 on (OTe MY 
V2 (" 2 ) 2s Ge = a (1) /2 [2 cos (gz) ieucaay 


So (apart from normalization) we recover the results above. The graphs are the same as Figure 2.2, except that 
some are upside down (different normalization). 





(-1)"/?4/2 sin (422) (n even), 
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So AY 
cos(37x/2a) 


cos(x/2a) sin(27x/2a) 





Problem 2.37 
Use the trig identity sin 30 = 3sin @ — 4sin? @ to write 





























23 (tt\ 3. (ma 1. (37a _ a{3 1 
sin ( ; ) = sin ( ) isin ( ; i: So (Eq. 2.28): U(a,0) = A ; Fea) z3(2) . 
9 1 5 4 
Normalize using Eq. 2.38: |A|?=(— + — ) = ~a|A?=15|A=——. 
ormalize using Eq. 2.38: |A| 5 (3 a) 16" | => Jia 
So U(2,0) = Ta [3~1 (a) — w3(a)], and hence (Eq. 2.17) 
W(t) = [Buh (w)e PH — g(x) 
V10 
1 E3-—E 
\W(x, t)|? = 10 ow? + ¥3 — 6y1)3 cos (=*))|: SO 
° 9 1 3 F3-—E a 
| olW(e,f)Pde = lah + Tyla ~ $00 (==) [ evuloyvolayae. 


(t) = 


where (x), = a/2 is the expectation value of x in the nth stationary state. The remaining integral is 


2 [% | (ra\ . [(3rx Lf 27x Anz 
= xsin | — ]} sin | —— }dxz = — xz| cos {| —— } —cos | —— ]]dz 
a 0 a a a 0 a a 
202 a Ana ra\ , Ara 
— {| — ]} cos {| — ] — {| — ]sin | — 
a Ar a 


ot a - 27x 4 ra\ . 
a 27 a 20 se a At 


= 0. 





Evidently then, 
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Problem 2.38 
; n? 7 h2 e _ (Tt 2 . (nt 
(a) New allowed energies: EF, = Dm(Qa)e W(z,0) = 7 on (<2) » Un (x) = 30 sin (2) ‘ 


J2 [* . on _ (nT J2 n TX n Tx 
C= a: sin <2) sin ($2) dz = ve ; {cos I( 1) i cos I( + 1) 5 |} ax. 
a 





















































_ 1 fin) 8) sn DENY Gea ey 
V2a (14 ($41) ‘ 
ao Yh sin |(3 — 1) | sin ($41) | 2 sin [(3 + 1) | 1 1 
van | (3-1 (+1 V2n (3-1) @+)) 
_ 4/2 sin [(3 +1) | = 0, if n is even 
(n2 — 4) +25: ifnis odd [-° 
2 F% 2 [71 1 
oe? | sin? (<2) sia i, <d¢ = —<. So the probability of getting E,, is 
a Jo a a Jo 2 J2 
3 ifn =2 
Peelers PLD? if n is odd 
0, otherwise 
wh? 
Most probable: E2 = oma2 (same as before). Probability: P, =| 1/2. 
eR aS — eon seed 
nh 32 
(b) Next most probable: EF, =|—,, | with probability P,; =|—> = 0.36025. 
———— 8ma? Qn? 




















(c) (A) = [U*HVdz = 2 fy sin (22) ( ue ) sin (4) dz, but this is exactly the same as before the wall 











~ 2m dx? 
wh 
moved — for which we know the answer: See 
2ma 





Problem 2.39 


(a) According to Eq. 2.36, the most general solution to the time-dependent Schrédinger equation for the 
infinite square well is 


U(x, t) Zs ys Cnn (xe ir fama? ye 
n=1 


N nn? nh n? nh 4ma? ae oe 

ow ——T = = 27n*, so e 
2maz ss 2ma?_th ; 

an integer, e~’2""" = 1. Therefore U(x,t+ 7) = U(a,t). QED 


«(22 2 «(22 2 . 2 
i(n* n*h/2ma*)(t+T) _ ein no h/2ma )te—i2mn and since n? is 








(b) The classical revival time is the time it takes the particle to go down and back: T, = 2a/v, with the 
velocity given by 
1 [2E 2 
E sw v a To=a ae 
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(c) The two revival times are equal if 
4ma? 2m 5 1h? Fy 
— — r —, => —, 
Nae 8ma2 4 


wh 


Problem 2.40 
(a) Let Vo = 32h?/ma?. This is just like the odd bound states for the finite square well, since they are the 
ones that go to zero at the origin. Referring to the solution to Problem 2.29, the wave function is 


irs Dsinia, l= (/2m(E+Vo)/h (0< 4 <a), 
~~ /) Fe-**, k= V-2mE/h (x >a), 


and the boundary conditions at 7 = a yield 
—cotz = VW (20/2)? -1 


with 
V2mVo 2m(32h? /ma?) 
2 = i a= i a=8. 
Referring to the figure (Problem 2.29), and noting that (5/2)m7 = 7.85 < zo < 37 = 9.42, we see that there 








three bound states. 
1 
es. — sinlzcosla| ; 


=|D/? | 
0 2 


(b) Let 
a Poca oP 55 212 1. 
ne | \~b|-da = |D| sin“ la dx = |D| 5 — sysintzcoste| 
0 0 2 2 
en 2ka@ oo e72ha 
= |F/? ; 
2K || P| 2K 


are 
a 

















Tp =/ \b|?da = FP f e 28® da = |F|? |- 


But continuity at 7 =a => Fe~** = Dsinla, so Ip = |DPsase, 





1 
= —|D/? [ra “ sinlacosla + sin? la 
2K l 


Normalizing: 
1 in” 
1=h+h=|D/? 5 - 5j Sin tacosta + > 2 
But (referring again to Problem 2.29) «/l = —cotla, so 
(1+ Ka) 
De: 


1 
= see [Ka + cot lasin lacosla + sin? la| = |D/? 
K 
So |D|? = 2«/(1+ Ka), and the probability of finding the particle outside the well is 
2« sin? la a sin? la 
~ 14+ Ka’ 











P=[,= 
4 l+Ka 2k 


We can express this interms of z = la and 2: Ka = \/24 — 2? (page 80), 
1 3 2 

2 ( : ) Spey 

(1+ V2 — 27) 


1 
1+cot?z 1+(2/z)?-1 20 
In the present case z9 = 8 and z is the third solution 


sin? la = sin? z = 


So far, this is correct for any bound state. 
(8/z)? —1, which occurs somewhere in the interval 7.85 < z < 8. Mathematica gives 





to —cotz = 
z = 7.9573 and | P = 0.54204. 
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FindRoot[Cot[z] -- -V¥ (8/z)*2-1. {z. 7.9}] 
{z— 7.95732} 


z~2 / (64(1 + V64 - =~2)) 


ot 


64 (1+ ¥64-2?} 
% /. z-> 7. 957321523328964- 


0.542041 


Problem 2.41 
(a) In the standard notation € = ,/mw/hz,a = (mw/mh)/4, 
W(a,0) = A(1 — 2€)?e-F/? = A(1 — 46 + 46? )e“ 2, 


It can be expressed as a linear combination of the first three stationary states (Eq. 2.59 and 2.62, and 
Problem 2.10): 


Wo(a) = ae~®'/?, r(x) = V2aée~*/?, 2(x) = ae —ije* 2. 


So U(x, 0) = covo t+ citi + Cog = a(co + V2Ec, + V2E% cn — Jgcaje#/? with (equating like powers) 
aV2c. = 4A > Cy = 2V2A/a, 

an/2c, = —4A >c = -2V2A/a, 

alco — ¢2/V2)= A => cg = (A/a) + c2/V2 = (14+ 2)A/a = 3A/a. 


Normalizing: 1 = |co|? + |e1|? + |ca|? = (8 +8 + 9)(A/a)? = 25(A/a)? > A=a/5. 

















A es cq = 5 ’ C2 5 
1 9/1 8 (3 8/5 hw 73 
H)= : hw = hw = 24+ 40) =| Aw. 
(H) =) lenl?(n + 5)w = 3 G ) 25 € )+ 25 (Sr) 59 (8 + 24 + 40) =| 





(b) 
3 . 2V2 : 2V2 . . 3 2V2 . 2/2 . 
U(x t) = Sie ee? = V2 ye Bit/2 4 V2 ao Biut/2 = oe wt/2 abo _ V2 ent oa V2 ye 2iwt 
5 5 5 5 5 5 
To change the sign of the middle term we need e~*’? = —1 (then e~?’? = 1); evidently wT = 7, or 
T=T/w. 
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Problem 2.42 


Everything in Section 2.3.2 still applies, except that there is an additional boundary condition: w(0) = 0. This 
eliminates all the even solutions (n = 0,2,4,...), leaving only the odd solutions. So 








1 
Ey, = (n+ 5) he n=1,3,5,.... 








Problem 2.43 


(a) Normalization is the same as before: A = ars, 
(b) Equation 2.103 says 
i (2a) 4" oa 1 
o(k) = a (=) os e8e" gilt tha dy [same as before, only k > k — 1] = aoe 


1 1 iad 2 : 2 
= —(k—l)* /4a_(i(ka—hk*t/2m) 
wast) i V 20 (27a)1/4 cE Ce  ————— on 


o-t8/aag [Cae HB) (to4 


d 1 ait jag 1 pliv+t/2a)? /[4(/4a+ént/2m)) 





1 : : 
el /4a palia+l/2a)? /(1+2iaht/m) ; 


1/4 
. e /1 + Dihat/m 











[ Giett/2a)? , (iztt/2a)? | 
“+i8) iby 


2a 1 2 a 
(c) Let 6 = 2hat/m, as before: |W|? = 4/ Sa te fate . Expand the term in 
Tw /1+ 6? 


square brackets: 


fi lee) way See), 
ae i it+ > i ia + 5 

ae ( ae ial =) ( oe ixl —) 
~ 1462 ‘a 4a? a | 4a? 

(gt PN ag (2 et Be 

ae (« a aa) +10 a Page 


1 >» antl O12 92 2 


I? al 1 
= Qa? 4 20—| = ees a 
1+ 62 | = 2a? < a | 1+ 62 | a 2a? 2a _ 2a? 


= =e al \* te 

~ 142 \"~ Fa a2” 

\U(a t)|? = ie a el? /2a 9 Ty07 (281/20)? 1? /2a = of 2 vente 0/20 
: mV 14+ 62 T : 
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where w = \/a/(1+ 6”). The result is the same as before, except x > (x — #) = (2 — ™t), so |W|? has 
the same (flattening Gaussian) shape — only this time the center moves at constant speed v = hl/m. 

(d) 
@) =f |W (a, t)|?da. Let y=a-01/2a=x-vt, sor=ytvt. 
me 2 —2w2y? 
i (y+ vt)\/-we-“" © dy = vt. 
oie 7 
(The first integral is trivially zero; the second is 1 by normalization.) 
Al d(x) 
= —t: => —_— = Ah . 
i ee ae ae l 
2 oa 2 2 wy? 1 2 ; : 
(5 (y + vt)*4/=we-“" ¥ dy = Za t 0 + (vt)* (the first integral is same as before). 
ae T w 
1 hlt \* Pg gD 
fs fat 2) _ _ 72 aw 
w) = + (4) .| (p") ww qa tt 
1/4 7, 
ga fee , 1 e-2?/Aagaie+1/2a)?/(14i9) go qy _ 2a (ia + wa) 
T J1 +10 ; (1 + i0) - 
wy | 2ialia + on 2774 —4a? (ia + 1/2a)? 2a 
da2 1+ 40 3 Tae (1 + 70)2 1+ 40 
4a2h2 f° L\? (1 +%6) 
2 ois Se are a . ae Ww 2 
?) = GP I. bo =) se Fr i 
4a? h? i il (1 + i0) 
= Ww 
1+ op ES} (y+ mm) +! ce 
4a? h? ae 
= ae Wl*d 2( vt -— — U|2d 
a ie *|U/Pdy — € yf _ ylel'dy 
il (1+ 10) 9 
gen wv 
zn (« uy 2a es | »} 
252 ead 
_ _4a he 1 0 i il | (1 + 70) 
(1+70)? | 4w? 2a 2a 
4a?h? 1+ 6? il 2 (1+ 10) 
= 1 10 —_———_ 
nie | da (se) ¢ +10) 95 
ah s ah? I? 
= —(1— 16) + —(1+ 16) +2) = —— |(14+ 16) (1+ —)| =|? aan 
I ( ib) + 21 +10) +3] || +i) (1+ 5)| (a+l) 
1 Alt\”  (hlt\* 1 1 
2 = 2 _ 2 — =. = —: 
Le ESE at (=) (=) age Te 2w’ 
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a = (p’) — (p)? = Wat WP? — WP? = fa, 80| op = ha. 











(e) og, and o, are same as before, so the uncertainty principle still holds. 


Problem 2.44 


Equation 2.22 > w(x) = Asinkr + Bcoskz, 0< x <a, with k= /2mE/h?. 
Even solutions: 7(x) = ~(—a) = Asin(—kx) + Bcos(—kx) = —Asinkx+ Bcooskx (-a<a <0). 


y continuous at 0: B = B (no new condition). 

w discontinuous (Eq. 2.125 with sign of a switched): Ak + Ak = 2™¢@B=> B= kA. 
& h ma 

w—>O0ata=a: Asin(ka)+ HE A cos(ka) =0 5 tan(ka) = ate 


ma* 


Boundary 
conditions 








2 


W(a)=A (sin ka + “ cos kz) (0<a<a); w(-2) = V(2). 














Tv 2m 3m ia 
tan(ka) -hk 
moa 


From the graph, the allowed energies are slightly above 





n> nh? 


"~\ Om(2a)? (= 153555224): 


ka == (n = 1,3,5,...) so |E 











These energies are somewhat higher than the corresponding energies for the infinite square well (Eq. 2.27, with 
a— 2a). As a — 0, the straight line (—h?k/ma) gets steeper and steeper, and the intersections get closer to 
nm /2; the energies then reduce to those of the ordinary infinite well. As a — ov, the straight line approaches 
horizontal, and the intersections are at nz (n = 1,2,3,...), so Ey, > re — these are the allowed energies for 
the infinite square well of width a. At this point the barrier is impenetrable, and we have two isolated infinite 
square wells. 


Odd solutions: 7(x) = —w(—x) = —Asin(—ka) — Bcos(—kax) = Asin(kx) — Bcos(kx) (-a<a<0). 








y continuous at0: B=—-B>B=0. 
Boundary conditions { 7’ discontinuous: Ak — Ak = 44%(0) (no new condition). 


(a) =0=> Asin(ka) = 0 > ka = 3 (n= 2,4,6,...). 








n2- 17h 


¥(2) = Asin(ke), (-a<e<a); Ea = 57a ( 


n=2,4,6,...). 











These are the exact (even n) energies (and wave functions) for the infinite square well (of width 2a). The point 
is that the odd solutions (even n) are zero at the origin, so they never “feel” the delta function at all. 


©2005 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. This material is protected under all copyright laws as they 
currently exist. No portion of this material may be reproduced, in any form or by any means, without permission in writing from the 
publisher. 


48 CHAPTER 2. THE TIME-INDEPENDENT SCHRODINGER EQUATION 





Problem 2.45 
































h2 dy, ayy 
—_—_—_ + = E — = EB 
ae Vu > eee Ta Voi v2 Y1v2 2 uy Pry 
= —— |e — | = 0 
2 42 2 2m dx 
PE Sy 2 He ee ahs 8 
me dae | V¥2 = Bebe = — ee de + d1y2 = Edy y2 
diy dye dw2 a dy, — dy dy Po. ayy dys : ae 
(poe “1 2| = ae agat tOrgae  geda: or ggae = gga: > gaze. See lie 
zero, it follows that ee — Wy wm = K (aconstant). But w — 0 at co so the constant must be zero. Thus 
x 
d d 1d 1 
we os = 1 a His = aa so Inw, = Inw, + constant, or W; = (constant)Y2. QED 
* Pi de dz 
Problem 2.46 
2 72 2 
Eee = Ew (where x is measured around the circumference), or ev = —k*y), with k= eu so 
2m dx? dx? h 


w(x) = Ae*** + BeW**, 
But o(a + L) = (2), since x + L is the same point as x, so 
Aetk® eikh 4 Bea tk® e~tkk = Aetkz 4 Be7tk 
and this is true for all x. In particular, for cs =0: 


(1) Ae! + Be-*E = A+B. And for r= x : 
Ae™/2etkh 1 Bett /2e-tkL — Aeit/2 4. Be*™/2 or {Ae*” — iBe~*" = iA -iB, so 


(2) Ae*” — Be“** = A= B. Add (1) and (2): 2Ae*” = 2A. 














Either A = 0, or else e*** = 1, in which case kL = 2nz (n = 0, +1,+2,...). But if A = 0, then Be~*” = B, 
leading to the same conclusion. So for every positive n there are two aclubonst a (a) = Ae eor/+) and 
wz (x) = Be~*?"7#/L) (mn = 0 is ok too, but in that case there is just one solution). Normalizing: fo lw 4|?dz = 
1+ A=B=1/VL1. Any other solution (with the same energy) is a linear combination of these. 








em 1 +i(2Qn7rx 
oy (x) = i a ras 


The theorem fails because here 7 does not go to zero at co; x is restricted to a finite range, and we are unable 
to determine the constant K (in Problem 2.45). 


Qn? 1? kh? 
mL? 











(n =0,1,2,3,...). 











Problem 2.47 


(a) (i) b=0 = ordinary finite square well. Exponential decay outside; sinusoidal inside (cos for y, sin for 
w2). No nodes for w1, one node for wo. 


(ii) Ground state is even. Exponential decay outside, sinusoidal inside the wells, hyperbolic cosine in 
barrier. First excited state is odd — hyperbolic sine in barrier. No nodes for v1, one node for qo. 
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Wy Wy 











-(b/2+a) -b/2 
_ b/2 b/2+a 


*yY 


~(b/2ta) -b/2 | b/2 biota 





(iii) For 6 > a, same as (ii), but wave function very small in barrier region. Essentially two isolated finite 
square wells; w and yw, are degenerate (in energy); they are even and odd linear combinations of the 
ground states of the two separate wells. 


v, 











-(b/2+a) “bite & 





(b) From Eq. 2.157 we know that for b = 0 the energies fall slightly below 











~ wh? _ oh 
eee 2mi(2a)" ~~ 4 \ where h= mah ? 
Fy +Vo& oma)? =h 2ma? 


For b >> a, the width of each (isolated) well is a, so 


272 


Tv 
Bat Var Be Mare = 


sg = ht (again, slightly below this). 
ma 


Hence the graph (next page). [Incidentally, within each well, ee = — 23 (Vo + E)y, so the more curved 
the wave function, the higher the energy. This is consistent with the graphs above.] 


(c) In the (even) ground state the energy is lowest in configuration (i), with b — 0, so the electron tends to 
draw the nuclei | together, | promoting bonding of the atoms. In the (odd) first excited state, by contrast, 

















the electron drives the nuclei | apart. 
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n/4t 





yo 


Problem 2.48 
(a) 





ie av \ 


1, Seed v3 |i - 20(2—2)]. 


—1, (a/2 <a <a) 











(b) 








oe = WE 252 $)] =|-Eo(2-2), 











(c) 








x 
| 

| 

bo 

¥|% 
Pr 
| 

a(S 
So 
Se 
Pct 
i 
* 
mo 
oN 
| 

bo| 8 


2 (2, p2 2 
) dn = 22 w (3) == 3: Re _| 6h? | 


ma/a 2 m:a-a_ | ma?’ 











3/a 


Problem 2.49 
(a) 


ow mw [a? | Diwt th - \ —iwt 
eo (-=) IS (—2iwe ) + a 2ax(—iw)e W, so 


W 1 ‘ 1 . 
ince = [—Srmate 2 + 5h + maar" UW. 
Lae |(-) (2a — 2a a) w= —™ (2 — ae) ©; 
dx |X Oh ‘ ~ OR ; 


ru mw mw <Any OW mw (mw? eden 
2 Re yee | at (4-) @-ae |v. 
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how 1 2.9 h? mw mw \ 2 ee D 1 
2 ee on Ww — ( ) —wt ww ee 2 2p 
am Ox + gine x am i i (x ae ) + ry at 
= Li - Le (ie — Qare~*”t + are) + diate w 
2 2 2 


1 1 ; 
= Fa + marwet — simstate te] w 
OV : . 
= ha (comparing second line above). ¥ 


(b) 
wp? - mu se (02497 (14+e2t)_ itt dare?) +( 249° (1te7 2?) 4 tht _2aee**) | 
\ ah 


|e" BE [peta ra? cos(2wt)—4axz cos(wt)] — But a*{1 is cos(2wt)] = 2q? cos” wt, so 
TT 





mm eo ae [2?-2ax cos(wt)-+a? cos” (wt)] = mm en me (~—acoswt)? 


Th wh 











The wave packet is a Gaussian of fixed shape, whose center oscillates back and forth sinusoidally, with 
amplitude a and angular frequency w. 


(c) Note that this wave function is correctly normalized (compare Eq. 2.59). Let y= x — acoswt : 


(x) = f syuPar = [(y+acoswh|WPdy =0 + acosut [ \wPay = acos wt. 


























d 1 d 
(p) = moe =| —maw sin wt. ae) =—maw* coswt. V= ue => - = mw" z. 
d d 
(2) = —mw? (rz) = —mw*acos wt = aut so Ehrenfest’s theorem is satisfied. 
x 


Problem 2.50 
(a) 


ow | ma O 
= vt| 


| (E+ $mv?) og ne —v, ifa—vt>0 
at | fe Ot” ’ Ble ON 


h v, ifx—vt<0 


We can write this in terms of the 6-function (Eq. 2.143): 





1, ifz>0 O 
2a(2)-1= 4 esc fs a ut| = —v[26(a — vt) — 1]. 


OV f.mav : axe 
ih Re {i - [20(2 — vt) -—1)+ E4 nv by, [>] 
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OV mea ) 44 | 
be. || woe 


Se — wi = {life > vt; -1,if x < vt} = 260(¢ — vt) -1. 
x 


4 MO [20(0 — vt) + hy. 








Oru ma imu)? 2ma | 0 
an 72 (20(a — vt) — 1] 4 wv | O(a wf] WV. 


But (from Problem 2.24(b)) Za — vt) = 6(a — vt), so 


PY 











Im Oge 7 Cola — vt)¥ 
h ma imv |? 

= Fe [20(@ —vt)—1)- F + ad(a% — vt) — ad(x — vt) | 
2 8 3,2 

z ; {aS [20(a — vt) — 1]? — 2 _ [20(x — vt) uw 
m 





mo® 1 4. .mva OV 
i oF + gm +i ; [20(a — vt) — uj} v= ha (compare [%]). Vv 


(b) 





MQ _ome i 
|v? = Fe 2 lyl/ (y=a- vt). 

oe 2 h? 
Check normalization: ae en 2may/M dy = oe = kn ii 


ee Ww 
(H) = W*AVdr. But HV = nee which we calculated above [yk]. 


= Co: 











L 1 1 
_ = [20(y) —1]+ B+ sinh \U|2dy =| B+ ai. 








(Note that [20(y) —1] is an odd function of y.) Interpretation: The wave packet is dragged along (at speed 
v) with the delta-function. The total energy is the energy it would have in a stationary delta-function 
(E), plus kinetic energy due to the motion ($mv?). 


Problem 2.51 


(a) Figure at top of next page. 


d d? 
“vo = —Aasech(az) tanh(ax); a = — Aa? [—sech(az) tanh?(ax) + sech(azx) sech?(azx)] . 





(b) 
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V(x) 


| 


h2 dah h2 az 









































hip 2 h? 
Uo = 3 5 sech?(az)uo 
ae 2 3 hPa? 3 
= ane [—sech(ax) tanh*(ax) + sech*(ax)] — 7 Asech” (ax) 
hea? A 2 3 3 
ar [—sech(azx) tanh*(ax) + sech*(ax) — 2 sech*(az)] 
hea? 
ee Asech(ax) [tanh?(ax) + sech?(az)] . 
sinh? 0 1 inh? 6 +1 
But (tanh? @ + sech” 0) = = a + = = a =1, so 
cosh” @ cosh* @ cosh” 6 
h2 2 h2 2 
=~" ». QED Evidently |= ———. 
2m 2m 
2 [ 2 21 E 21 412 a 
1=|A| sech* (ax)dax = | A| ; tanh(az) = a lAl =|A= 3 











WO) 





KY 


(c) 











d A 

a re naa [(ik — atanh ax)ik — a? sech? az] em 

Pv A . . . 2 2 2. 2 3 2 ike 

i? = Ted {ik [(ik — atanh ax)ik — a* sech ax] — a“iksech* ax + 2a” sech* ax tanh ax} en". 
x ik+a 
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he day A —hrik bs 9 2 ha? 2 
ee ae +Vvx = had { oa [—k? — iak tanh ax — a” sech* ax] + iksech* ax 
h2 3 h2 2 é 

= sech? ax tanh ax — ——— sech? ax(ik — atanh ax) eke 
A tka 2 

=- = as (ak? — ak? tanh az + ia?k sech? ax + ia?k sech? ax 
ik +a 2m 
—2a° sech? ax tanh ax — 2ia?k sech? ax + 2a? sech? ax tanh ax) 
Aetke h2 h2k? 

= Pika S i = Bs ORD 
ik +a 2m (i aeanliae) 2m Vk Pe Q 








ho 
As « — +00, tanhar > +1, so] w(x) - A (5 a *) e'*® | which represents a transmitted wave. 
ik+a 


of —ik—a tk-—a\ 
~ \ tk+a ikta) 














ik—a 
ik+a 





eR 


R=0. T= 





























Problem 2.52 
(a) (1) From Eq. 2.133: F+G=A+B. 
(2) From Eq. 2.135: F — G = (1+ 2i8)A — (1 — 278) B, where B = ma/h?k. 


Subtract: 2G = —2GA+2(1-is)B> B= ali +G). Multiply (1) by (1 — 228) and add: 
—1 








: 1 1 /i6 1 











(b) For an even potential, V(—x) = V (a), scattering from the right is the same as scattering from the left, with 
D> —-2Z, Avs G, BofF (see Fig. 2.22): F= SuGt Si2A, B= So1Gt+ SoA. So Si = S22, So = Si2. 
(Note that the delta-well S matrix in (a) has this property.) In the case of the finite square well, Eqs. 2.167 
and 2.168 give 


: ([2_k2). sues 
e7 2tka 4 ( = ) sin 2la e Qika 
S — * S OTS So 
21 .(k2412) ’ 11 ~(k2412) ¢ 
cos 2la — iaz7— sin 2la cos 2la — iaz7~ sin 2la 








eo eee iS sin 2la 1 
cos 2la — (2+) sin 21a 1 pte erie!” 


2k1 2k 














Problem 2.53 
(a) 


1 S 1 
B=SyA+SpG>G= —(B- S11 A) = My, A+ Mo2B => Mo = are M22 = oe 
12 12 


Si2 
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(S11S22 ~~ 512521) 





S S 
F = SyA+ SB = Sy, At+ rae — $A) = A+ ce B= MyA+t MyoB. 
12 




















S12 12 
det S Soo 1 = det(S) So2 
=> My = —-——, M2 = =. |M= — .| C ly: 
11 Sys ’ 12 oe Sie ( aS 1 onversely 
C= MALS Ba (G — MA) = Sy A+ SG > Sy = Mag. 
= 21 22 = Moo 21 — V11 12 l= Moo’ 2 = Moo 
M- M11 Mo2 — Mi2M: M- 
F = MyA+ MiB = My A+ —*(G— Mp A) = (M1 Moo = 21) 44 2G =a Ake 
Mo Mo2 Moo 
3s S1= det M_ _ Mi _ 41 f=-May 1 
Mog Mo | Mo Vet) Mi) * 











[It happens that the time-reversal invariance of the Schr6dinger equation, plus conservation of probability, 
requires My. = My, M21 = My, and det(M) = 1, but I won’t use this here. See Merzbacher’s Quantum 
Mechanics. Similarly, for even potentials $1; = S22, S12 = So; (Problem 2.52).] 

































































Mp, |? det(M) |? M2’ 1 
; 21 9 2 12 2 
= = —— T; = = r= — — ; T; — => “ 
R, (S44 | Moo ’ i S21 Moo , R [S22| Mo2 [52 | M|? 
(b) 
A C F 
> —> —_ 
<— — <A 
Se fe ee 
M, M, = 


£) =m) (6) =m (8) » (E) tm (= (f). naan os 





wb(x) Ae**® + Be*® (x < a) 
Fett? + Ge-**® (¢ > a) 
Continuity of w : Ae** + Behe — Pet*o + Ge-the 
Discontinuity of 7! : ik (Fe'®* — Ge~**2) — ik (Ae’** — Be~*k¢) = —2May(q) = — 22 (Aet*2 + Be 2) | 
(1) Fe2tke +G= Aezike +B. 
2ika _ —_ 2ika _ > 2ma 2ika 
(2) Fe G = Ae B+ 13g (Ae**o +4 BY, 
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Add (1) and (2): 


; : 2 
2 Fezika 3 92 Acrika +i or 





, ma ma i 
(Ae”**2 + B) => Ff= (a +i) Atizg pe" B = My,A+ MioB. 


. . —2tka _ mm 
So My, = (1+ 46); Miz = iBe"*"*; B= —. 


Q 


> 


Subtract (2) from (1): 


2G = 2B — 2iBe?*** 4 — 2146B > G = (1—i8)B — iBe?***A = Mo, A+ MooB. 





| ; 'Q>—2ika 
So Mz; = —iBe?**; Mo: = (1 — if). MS oe a a) 











(d) 


(1+i8) iBe~*** 


- posal sash ; _ ( (1+iB) iBer**e 
My = Ge (1 - - ; to get Moa, just switch the sign of a: Mz = ( : ‘ 


ie 7ha-(1 = 48) 














M=MoM, = [1 + 216 + B7(e**** —1)] 24 6[cos2ka + Gsin 2ka] 
2) | \ _2468[cos 2ka + B sin 2ka] [1 — 248 + 62(e-4**2 — 1)] } ° 
T=T,=T, i 


= 
" |Mo2/? 


T 1 = [1+ 266 + 67 (e**** — 1)][1 — 246 + 6?(e-**** — 1)] 
=1-216+ Bre the = 3? ae 218 + 4? of 21 33 etka wa! 218° fe Bretika 
= 3? _ 25 etik + 2133 + B4(1 — etika _ o—dika 4 1) 
= ee 28? Ap B? (et#ko ate ee) ee 218 (et#ke les eke) a 264 a Bt (ettko he ge athe) 
= 1+ 26? + 26? cos 4ka — 216°2i sin 4ka + 264 — 26% cos 4ka 
= 1+4 267(1 + cos 4ka) + 463 sin 4ka + 264(1 — cos 4ka) 
= 1+ 46? cos? 2ka + 88? sin 2ka cos 2ka + 434 sin? 2ka 











1 
T — 
1 + 46?(cos 2ka + G sin 2ka)? 














Problem 2.54 
Pll just show the first two graphs, and the last two. Evidently K lies between 0.9999 and 1.0001. 
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Plot[Evaluate[u[x] /. Plot[Evaluate[u[x] /. 
NDSolve[{u' ‘[x]-(x*2 - 0.9)*u[x] =: 0, u[0] == 1. MDSolve[{u' ‘[x] - (x*2 - 0.9999) xu[x] =: 0, u[0] =:41. 
u' [0] =: 0}, ufx]. {x. 10°. 10}. u‘[0] =: 0}. ulx]. {x. 10%. 10}, MaxSteps -> 10000]. 
MaxSteps -> 10000]]. {x. 0, 10}. {x, 4, 5.5}, PlotRange -> {-1, 10}]: 


PlotRange -> {-10, 10}]: 





Plot[Evaluate[u[x] /. 


Plot[Evaluate[u[x] /. NDSolve[{u' *[x] - (x*2 - 1.0001) u[x] -- 0, u[0] =- 1. 
NDSolve[{u' ‘ [x] - (x*2 - 1.4)*u[x] =: 0, uf0] == 1. u‘[0] =: 0}. ufx]. {x. 10%, 10}, MaxSteps -> 10000]. 
u' [0] =: 0}. u[x]. {x. 10e- 10}. {x. 4, 5.5}, PlotRange -> {-10, 1}]: 


HaxSteps -> 10000]]. {x. 0. 10}. 
PlotRange -> {-10, 10}]: 





Problem 2.55 


The correct values (in Eq. 2.72) are K = 2n +1 (corresponding to E, = (n+ 4)hw). I'll start by “guessing” 
2.9, 4.9, and 6.9, and tweaking the number until I’ve got 5 reliable significant digits. The results (see below) 


are | 3.0000, 5.0000, 7.0000. | (The actual energies are these numbers multiplied by $hw.) 
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Plot[Evaluate[u[x] /. [Plot [Evaluate[u[x] /. 
NDSolve[{u' [x] - (x*2 - 2.9)xu[x] -- 0. u[0] -- 0, NDSolve[{u' *[x] - (x*2 - 3.00001) «u[x] -- 0, 
u'[0] =: 1}, ulx]. {x. 10%, 10}. uO] =: 0, u' [0] =: 1}. ux]. {x. 10%. 10}. 
HaxSteps -> 10000]]. {x. 0. 5}. HaxSteps -> 10000]]. {x. 0. 5.5}. 
PlotRange -> {-1, 5}]: PlotRange -> {-.5. .7}]: 





Plot[Evaluate[u[x] /. Plot[Evaluate[u[x] /. 
NDSolve[{u' "[x] - (x*2 - 2.99999) xu[x] -- 0. NDSolve[{u' "[x] - (x*2 - 4.9) *u[x] -- 0, u[O] -- 1. 
u[0] -- 0, u' [0] --1}, ufx]. {x. 10%, 10}. u'[0] -: 0}, u[x]. {x. 10%, 10}, 
HaxSteps -> 10000]]. {x. 0. 5.5}. MaxSteps -> 10000]]. {x. 0. 4}. 
PlotRange -> {-.1. .7}]: PlotRange -> {-1.5, 1.2}]: 
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Plot[Evaluate[u[x] /. Plot[Evaluate[u[x] /. 


NDSolve[{u' "[x] - (x*2 - 4.99999) *u[x] -- 0. HDSolve[{u' "[x] -(x*2 - 6.9)*u[x] -- 0, u[0] -- 0. 
u[0] -- 4, u' [0] -- 0}, ux]. {x. 10%, 10}. u' [0] -- 4}, uf[x]. {x. 10%, 10}. 
MaxSteps -> 10000]]. {x. 0. 6}. MaxSteps -> 10000]]. {x. 0. 4.5}. 
PlotRange -> {-1.5. 1.2}]: PlotRange -> {-1. . 5}]: 





Plot[Evaluate[u[x] /. Plot[Evaluate[u[x] /. 
NDSolve[{u' '[x] - (x*2 - 5.00001) *u[x] -- 0, HDSolve[{u' ‘ [x] - (x*2 - 6.99999) *u[x] -: 0. 
u[0] -- 4, u' [0] -- 0}. ux]. {x. 10%. 10}. u[0] -- 0, u' [0] -- 4}, ufx]. {x. 10%, 10}, 
HaxSteps -> 10000]]. {x. 0. 6}. HaxSteps -> 10000]]. {x. 0. 6.5}. 
PlotRange -> {-1.5, 1.2}]: PlotRange -> {-1. .5}]: 
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Plot[Evaluate[u[x] /. 
HDSolve[{u' *“[x] -¢x*2 - 7.00001) *u[x] -- 0. 
u[O] -- 0, u' [0] =: 1}. ufx]. {x. 10%. 10}. 
HaxSteps -> 10000]]. {x. 0. 6.5}. 
PlotRange -> {-1. .5}]: 





Problem 2.56 


The Schrodinger equation says = Pay! = Ey, or, with the correct energies (Eq. 2.27) and a = 1, "+ (nr)? = 
0. I'll start with a “guess” using 9 in place of 7? (that is, I’ll use 9 for the ground state, 36 for the first excited 
state, 81 for the next, and finally 144). Then I’ll tweak the parameter until the graph crosses the axis right 


at xc = 1. The results (see below) are, to five significant digits: 
energies are these numbers multiplied by h?/2ma?.) 








9.8696, 39.478, 88.826, 157.91. 








(The actual 
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Plot[Evaluate[u[x] /. Plot[Evaluate[u[x] /. 
NDSolve[{u' '[x] + (9) *u[x] =: 0, u[0] =: 0, u' [0] =: 1}. NDSolve[{u' ' [x] + (36) xu[x] =: 0, u[0] -- 0, u' [0] =: 41}. 
u[x]. {x. 10% 1.5}, HaxSteps -> 10000]]. u[x]. {x. 10°, 1.5}, HaxSteps -> 10000]]. 
{x. 0, 1.2}, PlotRange -> {-.5, .5}]: {x. 0, 1.2}, PlotRange -> {-.5, .5}]: 














Plot[Evaluate[u[x] /. Plot[Evaluate[u[x] /. 
WDSolve[{u' ' [x] + (9.86959) xu[x] -- 0, u[0] = 0, NDSolve[{u' ‘ [x] + (39. 47803) xu[x] -: 0, u[0] -- 0, 
u'[0] 4}. ufz]. {x. 10%, 1.005}. u' [0] =:1}, ufx]. {x. 10%, 4.005}, 
HaxSteps -> 10000]]. {x. 0.99999, 1.00001}. HaxSteps -> 10000]]. {x, 0.99999, 1.00001}, 
PlotRange -> {-.00001, .00001}]: PlotRange -> {-. 00001, .00001}]: 
0.00001 0.00001 
5xi07* 5xio-* 
0.99999 0.999995 1.00001 1.00001 0.99999 0.999995 1.00001 1.00001 
-5xio-* -5x10-* 
-0.00001 -0.00001 
Plot[Evaluate[u[x] /. Plot[Evaluate[u[x] /. 
NDSolve[{u' ' [x] + (81) «u[x] =: 0, uf0] =: 0, u' [0] == 1}. MDSolve[{u' * [x] + (144) xu[x] =: 0, u[0] =: 0, u' [0] =: 1}. 
u(x]. {x. 10°, 1.5}, MaxSteps -> 10000]]. u[x]. {x. 10%, 1.5}, HaxSteps -> 10000]]. 
{x, 0, 1.2}, PlotRange -> {-.15, .15}]: {x, 0, 1.2}, PlotRange -> {-.1, .1}]: 





Plot[Evaluate[u[x] /. Plot [Evaluate[u[x] Le 
WDSolve[{u' ' [x] + (88. 82630) xu[x] =: 0. u[0] =: 0. NDSolve[{u' * [x] + (157.9129) xu[x] -: 0, u[0] =: 0. 
u' [0] =: 1}, ufx]. {x. 10%, 1.005}. u'[0] 1}. ufx]. {x. 10%. 1.005}, 
HaxSteps -> 10000]]. {x, 0.99999, 1.00001}. MaxSteps -> 10000]]. {x. 0.99999, 1.00001}. 
PlotRange -> {-.00001, .00001}]: PlotRange -> {-.00001, .00001}]: 


0.00001 0.00001 

















sxio* sxton8 


0.999995 





0.99999 1.00001 1.00001 





0.999995 1.00001 1.00001 0.99999 







-5x107* -5x107* 


-0.00001 -0.00001 
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Chapter 3 


Formalism 


Problem 3.1 


(a) All conditions are trivial except Eq. A.1: we need to show that the sum of two square-integrable functions 
is itself square-integrable. Let h(x) = f(x) + g(x), so that |h|? = (f + g9)*(f +9) =\fP +lol? + fo torf 


and hence x 
finPar= f\sPact figPar+ f pgae (| sae) 


If f(x) and g(x) are square-integrable, then the first two terms are finite, and (by Eq. 3.7) so too are the 
last two. So f |h|?dz is finite. QED 


The set of all normalized functions is certainly not a vector space: it doesn’t include 0, and the sum of 
two normalized functions is not (in general) normalized—in fact, if f(a) is normalized, then the square 
integral of 2f (a) is 4. 


(b) Equation A.19 is trivial: 


(glf) = [io g(a) “reas = (fr f(a ney) = (flg)*. 


Equation A.20 holds (see Eq. 3.9) subject to the understanding in footnote 6. As for Eq. A.21, this is 
pretty obvious: 


(f\(blg) + elh)) = f Ho) (bg(x) + ch(2)) jan =o fp gdcte ff hde = bflg) + ctf Ih). 


Problem 3.2 
(a) 


1 


1 
Uif= fede = pasa] = 
0 0 


aaa 





Pa peere |, 
2v+1 ) 








Now 0?”+? is finite (in fact, zero) provided (2v + 1) > 0, which is to say, |v > —}.| If (2v +1) < 0 the 











integral definitely blows up. As for the critical case vy = —5, this must be handled separately: 
: 1 
(f\f) =} a de =Inz|, =In1 —m0=0+ 00. 
0 
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So f(x) is in Hilbert space only for v strictly greater than -1/2. 





(b) For v = 1/2, we know from (a) that f(x) is in Hilbert space: | yes. 














Since af = x°/?, we know from (a) that it is in Hilbert space: [yes. 




















For df /dx = $x~'/?, we know from (a) that it is not in Hilbert space: [no. 
[Moral: Simple operations, such as differenting (or multiplying by 1/x), can carry a function out of Hilbert 
space. | 





Problem 3.3 
Suppose (h|Qh) = (Qhlh) for all functions h(x). Let h(x) = f(x) + cg(x) for some arbitrary constant c. Then 
(h|Qh) = (f + g)|Q(f +¢9)) = (f1QF) + e(f1Qg) + (gl OF ) + lel? (91Qg): 
(Qh\h) = (Q(f + ea)I(f + ¢9)) = (QFIF) + QF la) + &* (Qalf) + lel?(Qalg). 
Equating the two and noting that (f|Qf) = (Qf|f) and (g/Qg) = (Qglg) leaves 
c(f|Qg) + e*(glQF) = (Qf lg) + &(Qalf)- 


In particlar, choosing c = 1: 


(f1Q9) + (glQS) = (Qfl9) + (Qglf), 


whereas if c = 12: 


(f1Q9) — (glQF) = (Qflg) — (Qalf). 


Adding the last two equations: ’ : 
(f1Q9) = (Qflg). QED 


Problem 3.4 
(a) (f\(H + K)g) = (f\Hg9) + (f|K9) = (Af lg) + (Kf lg) = (H+ 4)flg). ¥ 


(b) (flaQg) = a(f|Qg); (aQflg) = a* (Qflg). Hermitian = | a is real. 























(c) (f|H Kg) = (Af|Kg) = (KH f\g), so HK is hermitian @ HK = KH, or|(H, K] = 0. 





(d) (flég) = f f* (vg) da = f(xf)*gdx = (#f\g). Vv 
(née) = fr (- wag tV)ode=-2 fp ofac+ fr Vgde. 


Integrating by parts (twice): 
Fe pita’ dg a a f* 
[ ree-rg Teen te a | +f Gare 


But for ee f(a) and g(x) in Hilbert space the boundary terms vanish, so 











ae df* dg df* 











d2 * 
te pd 7 qo q oe) 7 gdx, and hence (assuming that V(r) is real): 
x x 


a oe 2 2 * -” 
(sl) = [ (- i mat VS) gde = (Ef lg). ¥ 


2m dx? 
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Problem 3.5 
(a) (flxg) = f f*(xg) da = f(axf)*g dx = (xf\g), so lal =a. 
(fltg) = ff" @g) dz = f(—if)*9 dx = (—if|g), 80 |i! = —4. 


co oo * + 
y= pe 2 de = fg -f (4) gdxz = —(xf\g), so (=) =-£. 


(—ip + mwa). But p and x are hermitian, and it = —i, so (a4)! = 









































(ip + mwa), or 








Oe 2himw 
(a4)' = (a_). 














(c) (fI(QR)g) = (Qt flRg) = (RIQ* |g) = (QR)! flg), so (QR)' = RIQh. v 


Problem 3.6 








, 20 Qn df* dg 20 df* 27 Qn d2 f* 
(sia) = | ee w=r elf Baars) - Sal +f Grade. 


As in Example 3.1, for ce ae (Eq. 3.26) the boundary terms vanish, and we conclude that (f |Qg) = 
(Qflg), so Qi is henniitian’ yes. 


A d? f +./q¢ 
Of = af > Fa = af > fa(d) =| Ac vee, 


The periodicity condition (Eq. 3.26) requires that \/q(27) = 2nmi, or \/¢ = in, so the eigenvalues are 
q=—n’, (n=0,1,2,...).| The spectrum is | doubly degenerate; | for a given n there are two eigenfunctions 


(the plus sign or the minus sign, in the exponent), except for the special case n = 0, which is not degenerate. 

































































Problem 3.7 
(a) Suppose Of =f and Qg = qg. Let h(a) = af (a) + bg(a), for arbitrary constants a and b. Then 


Qh = Q(af + bg) = a(Qf) + 0(Qg) = a(agf) + (49) = q(af +g) =qh. Vv 


da? x d x x dg d? —2@ d —2x£ —2x 
@) Gen ge Eeae=h T= Ble )- Ee) netas 


So both of them are eigenfunctions, with the same eigenvalue 1. The simplest orthogonal linear combina- 


tions are 








7 1 x —2x — -_ av xc ee _i 
sinha = 5 (e —e ahs g) and cosh = 5 (¢ +e V5 (idea) 








(They are clearly orthogonal, since sinh x is odd while cosh is even.) 
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Problem 3.8 














(a) The eigenvalues (Eq. 3.29) are 0, +1,+2,..., which are obviously real. VY For any two eigenfunctions, 
f = Aqe*% and g = Age “4 ® (Eq. 3.28), we have 
20 
Qn 4 u(q—-q')¢ A* Ay 7 oot 
= Ajay | eit e-t'b ag — AXA, — = [ella r 4 
Ae Y, wTig-q)|,  a-4) 





But q and q/ are integers, so e4-1)2" = 1, and hence (fg) = 0 (provided q ¥ q’, so the denominator is 
nonzero). ¥ 


(b) In Problem 3.6 the eigenvalues are g = —n?, with n = 0,1,2,..., which are obviously real. J For any 
two eigenfunctions, f = A,e*'"® and g = Aye*'” *, we have 
27 











20 +i(n'’—n)o 
* Find tin’ * € 
(flo) = Ag Aa i ATP gt? dis Ag Ag’ 7 


ti(n’ — n) 











exi(n'—n)2n —1/=0 











= Ay Ad 4 
ti(n’ — n) 


(provided n 4 n’). But notice that for each eigenvalue (i.e. each value of n) there are two eigenfunctions 
(one with the plus sign and one with the minus sign), and these are not orthogonal to one another. 


Problem 3.9 
(a) | Infinite square well) (Eq. 2.19). 

















(b) | Delta-function barrier | (Fig. 2.16), or the finite rectangular barrier (Prob. 2.33). 














(c) | Delta-function well | (Eq. 2.114), or the finite square well (Eq. 2.145) or the sech” potential (Prob. 2.51). 





Problem 3.10 
From Eq. 2.28, with n = 1: 


P(x) = dP in (Ee) = ee cos (=2) 5 | i cot (22)| ¥1(2). 


Since pw, is not a (constant) multiple of w,, WY, is not an eigenfunction of p: [no. | It’s true that the magnitude 
of the momentum, /2m£, = ah/a, is determinate, but the particle is just as likely to be found traveling to the 
left (negative momentum) as to the right (positive momentum). 




















Problem 3.11 


1/4 1/4 oe) 
Vo(z,t) = Te, : — en? —iwt/2.  @ __ 1 (mw : ~iw/2 —ipa/he— Bea? g 
Ole, ) = th e € ’ (p, t) = ch Fi e e e Xx. 


From Problem 2.22(b): 








®(p t) = 1 oe Me mit 2 mh |p? /2mwh _— 1 eo?) /2muh .—iwt/2 
: V2rh \ th mw (mmwh)1/4 : 
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1 e 1 
|S(p, t)|? = ee?” /meh Maximum classical momentum: 2 = £ = = 
Tmmuh 2m 2 


hw => p = Vmwh. 


So the probability it’s outside classical range is: 


—Vmwh oOo Vmwh 
p= | jePap + JoPdp =1~2 f |®|?dp. Now 
—oo Vv 0 


mw 


Vmwh Vmwh 
1 2 2 muh 
®|7d -—_ | e P/M dn Let z = 4/——p, so dp= dz. 
| |®|"dp ran p Von? Ip 5 


v2 1 
eo? dz = F(V2) — 57 in CRC Table notation. 





“val 


P=1-2 crv) - 5| =1-2F(V2)+1=2 [1 - F(v2)| = Oi57. 





To two digits: |0.16 | (compare Prob. 2.15). 











Problem 3.12 
1 


V 2th 


(a) = f woud = [ la e Pt /Nep* (pl bdo aay [eto tito}. 


From Eq. 3.55: U(a,t) = 





/ e'Pt/h@(p, t)dp. 








But xe’??/? — —ine (ciPe/h) so (integrating by parts): 
p 

x f ereihe dp = / Ad (ipzinyg dp = or | — Le Sip: 0) dp. 
i dp i Op 


=o = ff ~in'2/Map* (pl) cert] a oe ay] hitdna 


Do the z integral first, letting y = x/h: 


1 


say . a . , 
anh cP t/heipa/hdy — = jee? dy = 6(p—p’), (Eq. 2.144), so 


= [[eo.900-0)|- F500, a0'a= for@.o|-2200.9]ap. gen 
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Problem 3.13 
(a) [AB,C] = ABC —- CAB = ABC — ACB+ ACB-—CAB=A[B,C|+[A,C|B. Vv 
(b) Introducing a test function g(x), as in Eq. 2.50: 


gaa 20s (x"g) = poe nary + or = ihna"~"g. 
idx 1 dx 


So, dropping the test function, [z”,p] =ihna™t. Vv 
_hdg hd... ,hdg a(¢ 





eng Se idx idz 


df df 


Ce) [Lee fo57 "5 Go) =fe50 7-5 Fo + pf) = nto inn = ind. L 


idx idz idx 1% 


dx 


Problem 3.14 


2 
p 1 
E a v| ~ Im [z,p"] +[2,V];  [x,p?] = ap? — p?x = xp? — pap + pzp — p*x = [x, plp + p[z, p]. 


2 
die 


1 ih 
Using Eq. 2.51: [z,p”| = ihp+ pih = 2ihp. And [x,V]=0, so E 5 | ne 
m 


= — 2ihp = —. 
om? m 


The generalized uncertainty principle (Eq. 3.62) says, in this case, 


aot > (LW) =(Lon) soen> Ao) pp 


2im 2m 


For stationary states oy = 0 and (p) = 0, so it just says 0 > 0. 


Problem 3.15 


Suppose Pf, = Anfn and Ofn = Unfn (that is: f,(x) is an eigenfunction both of P and of Q), and the set {f,} 
is complete, so that any function f(a) (in Hilbert space) can be expressed as a linear combination: f = > ¢n fn. 
Then 


[P, Q\f = (PQ = QP) Weds = P (ye Catln Jn) a Q Os CnAnJn) a SG = SS Gidnlinta = 0. 


Since this is true for any function f, it follows that [P,Q] = 0. 


Problem 3.16 





dv | 
Ge = lia ~ tala) + (P))W = (at (2) + <p) |v 
dx h h 
dv a i(p) _af 2 i(p) 
Tn F(-e+ e+ dx = InW = 5 ee ee ate St + constant. 
2. . 
Let constant = — wre + B (B anew constant). Then Inv = x (e — (x))? + MP) +B. 


UW = ei (e-(2))? pi(p)a/A QB _ Ae Ue {2))? /2h gilp)a/h where A= c®. 
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Problem 3.17 





d 
(a) 1 commutes with everything, so a (L|G) = 0] (this is the conservation of normalization, which we origi- 











nally proved in Eq. 1.27). 





d 


(b) Anything commutes with itself, so [H, H] = 0, and hence ae ) = 0] (assuming H has no explicit time 











dependence); this is conservation of energy, in the sense of the comment following Eq. 2.40. 





= Eq. 1.33). 
= (Eq. 1.33) 


(c) [H,2] = ce (see Problem 3.14). So ach = : ( a se w) 














(a) pe - +Vip| VHS ine (Problem 3.13(c)). So ae) z = (int ~)) zs (>). 











This is Ehrenfest’s theorem (Eq. 1.38). 


Problem 3.18 


U(x, t) = a(n ae poe P2t/h) H?v = S [( Hd )eW Bat/* +4 (Hoe tBnt/h) | 


Ay, = EyQ > BH? = EH = Efdi, and Ap = Eze, so 


1 : : : F 
Hs a sie ee” 3s age tB2t/R) | (Beane tBrt/h ae EZ ypye*#2t/h)) 
1 : : . : 
a 5 (alae M/E Bet BHt/P + (hy |qho) et 3t/* E2 e—tBat/h 
; ; : : 1 
+ (tpalrje@4/ PETE 4/4 (apalaba) eh EDeMat/h) = (ET + E3). 


Similarly, (H) = $(£, + Ey) (Problem 2.5(e)). 


) 
1 1 1 
o}; = (H®) — (H)? = (2 + B3) — 4(By + Bs)® = +(2B? +263 — EB - 62 — 25, By — 3) 





(E] — 2E,E2 + EZ) = 





1 
(E2 — E,)*. OH = 3 (22 — Fi). 





Ale 





a ee = [(val2?hv1) + (bola? |b) + (ra? |e) er P2/F + (qo|x? |b et B2-Fv)#/%) 


(bn |2?|Wm) = - | x’ sin (=e) sin (“2 2) dx = a ee cos (7 — "x2 — cos (4 xa) ae 
a Jo a a a Jo a a 
é k 2a? k 50 /kma\? k 
Now | a” cos Ga dz = wo (Ex0) + (=) (=) i | sin (=x0)} 
0 a ken a kr a a 


0 
2a? 2a? 


= 2 cos(km) = mal) (for k = nonzero integer). 
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4nm 
(n2 — m2)?" 





abe ela i = en oy] 2a? 


nt+tm 
(n—m)? (n+m)?| — me | )) 





16a? 1 1 
i ets ee Menta ie arent Puoblen Da vale lo Ag a. 
Qn? 3. 2(n7)? 
iativ <i 1 1) 160[, | 
Th : 2 ee oe) A: Oy oo os ee i(E2—E,)t/h —i(E2—E1)t/h . 
mesa) {4 E sa| +e Se Or | 
2 cos(=27*1 1) 


Ey — Ey = (4 — 1)n7h? —_ 377h 





= 8w [in the notation of Problem 2.5(b)]. 








Rh — Ima®h  ———_ 2ma? 
2 
iy 2 Ge (ie i Oe oN a Oe 
(x*) = 5 5 372 Og? cos(3wt)}. From Problem 2.5(c), (a) = 5 1 972 cos(3wt) |}. 
7 2 
bei » a4 5 64 64 32 ‘ 
So 04 = (#*) — (x) = z 5 ae cos(3wt) — 1+ —> 972 7 c0s(3wt) — on? cos*(3wt) |. 
2 1 2 2 h 
C= 7 E - os - (=) cos? (Bu). And, from Problem 2.5(d): ao) = — sin(3wt). 











h? (d(x) \? 
Meanwhile, the energy-time uncertainty principle (Eq. 3.72) says o7,02 > oe (<2) . Here 


cht = taney? | - Be (x) cota] = tona?(): [5 ea (Se) eto] 


h2 (dic\\* (Rh 8h \*? . » 8 ho 2aw 
=a = (Gs) sin® (3wt) = ex hwa)? sin? (3wt), since el 


T 








So the uncertainty principle holds if 


aN 70% - 2B ga: \? 8 \" 
7 3 _ An _ One cos? (3wt) 372 sin? (3wt), 


which is to say, if 


1 5 B2\n). s ARNG Ag Sia 
eee ae ag ty=(—). 
7 ee (=) cos” (3wt) + (G2) sin“ (3wt) oat 

1 5 32 


‘ ° 2 ‘ 
Evaluating both sides: 3 — 75 = 0.20668; ea) = 0.12978. So it holds. (Whew!) 


Problem 3.19 


From Problem 2.43, we have: 



































d(x) hl | » 1 1+ 6? 2hat 1% 1 9 
ROS tO a i | On Gee qq? | Where p= SP ot al) 
p 
We need (H?) (to get a7). Now, H = =, so 
m 
1 1 1 oe 
FH? 7 ®(p, t)|?dp, where (Eq. 3.54): ®(p,t) = / ~tPe/hY (st) da. 
(H) = Fale") = Ga f vhl(7.0)Pap, where (Ba, 3.54): (0,0) =e fe! (0, fa 
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2 1/4 1 y ; : 
From Problem 2.43: U(x, t) = (=) = ae ments) /O+48), 
T a 
1/4 7 ; 
So &(p,t) = : ze : - ey ew ivt/hea(ia+ ga) /A+®%) gy Let y=anx- - 
27h \ 7 1+ 70 a BS 2a 
1/4 3 
= 1 2a : 1 —I?/4a_,pl/2ah —ipy/h,—ay? /(1+i0) 
aah rae” e e€ e€ dy. 
T T rt —0oo 
[See Prob. 2.22(a) for the integral.] 
1/4 : 
= 1 2a A 1 e-2/4agpl/2ah m1 + 0) Pas) 
2nmh\ 7 1+ 70 a 
1/4 Sas 
-(s) “Etec ar 
A ant 
8(p, 1)? = ee tenPagpi/atig-p?/zan? Lae 3et ee) p/n? 20, 





V/2an a hy/ 2a hy 2an 











1 ia 2 
4) 4 )—(I—p/h)? /2a EAP Sy. sp = 
(p*) an | we dp. Let = l=z, sop=A(z+1). 
1 = 2 
= h° (z+1)*e~* /*%dz. Only even powers of z survive: 
hy/2at pera 
ie oe Mee 2 he [3@a)* (2a) 
= 2446271? + t)eW* /2%dz = — |“ * Van + 61? V2an + 4200 
V2aT Joo ( ) V2an 4 2 
4 
= hi (3a? + 6al? +1*). +, (H?) = (30° + 6al? + 1*). 
oy =(H?\ —(HY = Te ag + 6al? + 1* — a? — 2al? — 1*) = FT (20? + dal?) = ue + 217) 
oe 4m? 4m? 2m? , 











hia 


1 Qhat\7) AAI? a 2hat \? 
2-22, i 2 I = —_—_ 
chet = alot ae )ge [i+ (AB) | = Fa(1+ an) + (AE) | 
ni fe (R\? Pe A 
= ( ) (>) , so it works. 


> 
— 4m? 4\m 4 dt 











Problem 3.20 


h\d 
For Q = a, Eq. 3.72 says oo, > 3 ae : 
uncertainty principle of Problem 3.14. 


h 
But (p) = mo, SO 0,0 > Sy |? which is the Griffiths 





Problem 3.21 
P?|8) = P(P|@)) = P((alB)|a)) = (alB)(Pla)) = 18) (1a) |e) = (a|9)|a) = P|). 


1 
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Since P?|3) = P|3) for any vector |3), P? = P. QED [Note: To say two operators are equal means that 
they have the same effect on all vectors.] : . 7 
If |y) is an eigenvector of P with eigenvalue A, then P|y) = A|y), and it follows that P?|-y) = AP|y) = A?|7). 


But P2 = P, and |y) £0, so \? = A, and hence the eigenvalues of P are |0 and 1.| Any (complex) multiple of 














|a) is an eigenvector of P, with eigenvalue 1; any vector orthogonal to |a) is an eigenvector of P, with eigenvalue 
0. 


Problem 3.22 
(a) | a] = —#(1| — 2(2| + 43]; (GB) = —4(1] + 263]. 

















(b) (al@) = (—#(1| — 2(2| + #(3]) (a1) + 2[8)) = (2) (@) 1D) + (@)(2) (3/8) = [1+ 2%. 
(Bla) = (—4(1] + 2(3)) (@]1) — 2[2) — 4]3)) = (-t 

















Nw 
— 
= 
YN 
— 
= 
_ 
~~ 
| 
T 
— 
NO 
N= 
— 
es 
YN 
— 
309. 
w 
~~ 
lI 
es 
| 
NO 
2 
lI 
— 
as 
D 
a 
* 
* 























10 2% 
A= | 21 0 —4 ]. |No,|it’s not hermitian. 
10 


Problem 3.23 
Write the eigenvector as |w) = c1|1) + c2|2), and call the eigenvalue E. The eigenvalue equation is 


Aw) = €({1)(1| — [2)(2| + [1)(2| + |2)(1]) (ex[1) + €2|2)) = € (ex|1) + e1|2) — e2|2) + c2|1)) 
= €|(e1 + €2)|1) + (cx — €2)|2)] = Ely) = E(eq|1) + e|2)). 


I 


E BE 
ey +¢2) = Ea > oe = (= _ 1) a; €(Cc1 —C2) = Eg >a = (4 + 1) C2. 
€ € 


2 
a= (2-1) (+1) =(=) -l=1 sS/)/BE=4v2e. 
€ E € 


tha) = en [|1) + (V2 - 1)12)]. 


























The eigenvectors are: c = (V2 —1)c¢. > 

















The Hamiltonian matrix is H=e € é 











Problem 3.24 


|) = do cnlen) oe Qla) - Yo enQlen) > S"(enla)gnlen) — (=: ile) fe) => ) = S> anlen) (enl- v 


n 
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Problem 3.25 





























1 
1 
le1) =1; (exler) = f ldx=2. So||le{)=—. 
1 ife1 t v= 
fi er 3 
lez) = a; (eile) = Zz fede =; (ealea) =f 2de = oy So | |e) = 52 
i 1 2 
— 2 ! See 2d. =—-, ! =/2/ 3d pa 
le3) = a; (e\|es) =f? v 54 (e5|e3) Le Xv 
7 Dies 2 | 
So (Problem A.4): Jes) = Jes) — —==|e}) = 2° -— =. 
23 3 
‘ iy: CD NP De Hh ee Be 
My) OM Deine dz = ees arr at ee ae So Sh Sees BG 
(e3!es) | (« 5) : (= 3 ig )lz SOO 4a. 

















Pa NS at ndz=0; (ehlea) = Jif ade = re . 
V2 J-1 De fea 2.5 
ile = 3 ($29 — 5° Jar =0. |e) = lea) ~ (eben) le) = 2° — [s2yse—a8— Se 
(len =f (e882) ae= [E282 21) 
ley) = SE(# f 3) = 5 (5° - 3°). 


Problem 3.26 
(a) (Q) = WIQ¢) = (QTY) = —(QUlv) = —(WIQd))* = —(Q)*, so (Q) is imaginary. ¥ 
(b) From Problem 3.5(c) we know that (PQ) = Qi Pt, so if P = Pt and Q = Qt then 
[P,Q]' = (PQ- QP)! = QIPt — PIQt=QP- PQ=-IP,Q]. v 
If P= —Pt and Q = — Qt, then [P,Q]t = QtPt — Ptgt = (-Q)(—P) — (—P)(-@) = -[P, Q]. 
So in either case the commutator is antihermitian. 


2 12 = 18 8 


ca a eo 


To 7325" 
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Problem 3.27 
(a) |v1. 














(b) |b; (with probability 9/25) or bz (with probability 16/25). 











(c) Right after the measurement of B: 


e With probability 9/25 the particle is in state ¢1 = (3U1 + 4W2)/5; in that case the probability of 
getting a, is 9/25. 


e With probability 16/25 the particle is in state d2 = (41 — 3u2)/5; in that case the probability of 
getting a, is 16/25. 





9 9 16 16 337 
So the total probability of getti is + t+ 5+ a = | ee = 0.5892. 
o the total probability of ge Me 149 oe a5) OB 55 625 
[Note: The measurment of B (even if we don’t know the outcome of that measurement) collapses the wave 
function, and thereby alters the probabilities for the second measurment of A. If the graduate student 
inadvertantly neglected to measure B, the second measurement of A would be certain to reproduce the 
result a. 











Problem 3.28 


nn h? 


D 
V,(z, t) = [Zin (2) eth, with Ey = So. 
a Ma 


1 A uh 1 Des Qos 
b.(P.1) = a= | e Pt/PY, (x,t) dx = ny Ze teat f eWtve/¥ sin (“*a) dx 


= 1 ewtBnt/nL [ jeteneecene _ eoruecene) dx 
tha 2% Jo 

| ei(nm/a—p/h)x ei(—nn/a—p/h)x | 

a 


(na/a—p/h)  i(—na/a— p/h) 


Q 











3 


1 " 
et Ent/h 
wha 21 











3 


0 














—1 sen sig ei(nm—pa/h) 4 en i(nmtpa/h) _ 1 
= ee n i: | ei | 
2V tha (nt/a— p/h) (nt/a+p/h) 
=1 -iEnt/h [ee —]1 a (—1)"e—#a/h =| 
2V aha (nm — ap/h) (nx + ap/h) 


= 1 Q -iEnt/h ant n—ipa/h 
~ 2V\ The (nm)? — (ap/h)? ( ine 1 


= A ne-iEnt/h ; imei 
— |W Ge Capra tS 





3 











Noting that 


cos(pa/2h)  (n odd), 


eid nN o—tpa/h _ oe ipa/2h eipa/2h _ -] n o—tpa/2h = Qe~ipa/2h 
1) Cy) isin(pa/2h) (n even), 


©2005 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. This material is protected under all copyright laws as they 
currently exist. No portion of this material may be reproduced, in any form or by any means, without permission in writing from the 
publisher. 


74 CHAPTER 3. FORMALISM 


we have 


>»  4ma_ cos?(pa/2h) >  16na — sin*(pa/2h) 
deat eae pesca (a a 
1®1(p.2) ea. = 





h [n? — (pa/h)?]°’ 


Mathematica has no trouble with the points p = +nah/a, where the denominator vanishes. The reason is that 
the numerator is also zero there, and the function as a whole is finite—in fact, the graphs show no interesting 
behavior at these points. 











|, | |®,| 

JIN ; NK. 

p p 
S An?ra [°° p” cos? (pa/2h) ap 
2) = 21®,,(p, t)|? dp = / a let «= — 
(p*) fi? (pt)! dp= —S— f mm)? — (ap/m2e L sin’(pa/2n) f [ anh 

Anh? [°° x? Anh? 
= | cmp lde= el 
where 


Fe) = { sin?(nma/2), if n is even. 


The integral can be evaluated by partial fractions: 


a | 
(2-12 4|(@-12 @+l?' (@-1l (@t+) 


roche [pcbrpnonees [chgraote- [chyna 


For odd n: 


[te (B= [pot Fore] [joo (Sw 


—oo 


_ f{ cos*(nma/2), if n is odd, \ 

















For even n: 


ec wa [a7 as i. az sin? [Fw = | dy = [- ae sin® a) di 


In either case, then, 








Therefore 





2 
PS a a= a 


_ Anh? = Anh? nx? = (= 
a 


2 
) (same as Problem 2.4). 
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Problem 3.29 





1 oo . 1 nd 
rip) ,0 = ce ipa/hyy x,0 dx = a! eil2n/A—p/h)x qa 
(P,0) V2rh Le (2,0) 2 ntAr J—nr 
1 ei(2n/A—p/h)x na 1 e227 e—ipnaA/h) _ e127 pipnA/h) 








~ O/nmhr (20/A—p/h)|_,,  2Vnahr i(2n/d — p/h) 


_ jo eee 
| V nm (p\ — 2th)’ 
_ Ah sin?(npA/h) 


1 
Ni 2-7 (LN - |® 2 = oe A ee 
Ha, OP =F (—mr<a<md); 80,0? = 














2. 
IY ||? 





4 t > t 
“nA nh % 2nh/r P 





The width of the |W|? graph is | wz = 2nA.| The |®|? graph is a maximum at 27h/A, and goes to zero on either 


























Qrh 1 Qrh 
side at = 1+ x) SO | Wp = ~ Asn > ©, Wz — oo and w, — 0; in this limit the particle has a 
n n 
well-defined momentum, but a completely indeterminate position. In general, 


2rh 
nA 


so the uncertainty principle is satisfied (using the widths as a measure of uncertainty). If we try to check the 
uncertainty principle more rigorously, using standard deviation as the measure, we get an uninformative result, 


because 2(npd/h) 
Ah [°° gsin*(npA/h 
2 2 
(P’) a (pA — 2h)? Te 

(At large |p| the integrand is approximately (1/\?) sin?(npA/h), so the integral blows up.) Meanwhile (p) is 
zZer0, SO Jp = O°, and the uncertainty principle tells us nothing. The source of the problem is the discontinuity 
in W at the end points; here pV = —ihdW/dz picks up a delta function, and (W|p?V) = (6 V|p V) — oo because 
the integral of the square of the delta function blows up. In general, if you want o, to be finite, you cannot 
allow discontinuities in W. 


WaWp = (2nd) =4rh > h/2, 


—Co 


Problem 3.30 
(a) 








ss 1 as 1 1 x 1 a\]|~ 
1 = |Al? —— =214P | —_—____ dr = 2/A/?—~ | —~_ + -t 1() 
a I. (a? + a?)? ae a 9 (a+ a?)? 7 aI 2a? | x2 + a? “a a a/ Io 
1 gl 4 T 2 2a 
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(b) 
cas x 
By Rog a eh ee d 
= ae ey Se 
(2?) = 2? [ode [Let y= 3, e = ayy, de = 5 ay) 
7 2a" {" y/? re 2a 1(3/2)T (1/2) = 2a? (./m/2)(/7) _[e 
aw Jo (1+y)? 7 T(2) T 1 - 
Ox = V (x?) — (x)? =a. 
(c) 
®(p,0) = a : eee : dx. [But e~?*/" — cos (=) —isin (=) and sine is odd.] 
: VIth Joo e2t+a2— h h/’ ‘ 
= 2A °° cos(px/h) isc 2A (= ePn) = = [germ 
V2th Jo z+ a? V2rh \2a h 
om oa Daf eran 
® a ees —IIpla/h gy — “& =A 
[e.oPar= 5 fete ap = 2 (Sa Jah 
(d) 
(p) = ;/ pe *lrl4/" dp =| 0. 
3 2 
Bi ay 2,-2pa/h y, 245 ( R\ _| RO = pe —| 
(p") ef pre dp a2 (= 542° | Te = Vv iP") — (P) We. 
h hh 
(e) Oz0p = 4 RNS 5 v 
Problem 3.31 
d 
Equation 3.71 > ait?) = + ((H, xp|); Eq. 3.64 => [H, 2p] = [H,z]p+2|H,p]; Problem 3.14 => [H,2] = 
ne. * pishlen S07). (Apne Se 
m dx 
d 4 ih dv | _ p dV, dV 
© (ap) = +] — 2) + ane 2y| = (2) — (eZ) = 2¢ry-@X). Qup 


In a stationary state all expectation values (at least, for operators that do not depend explicitly on t) are 
time-independent (see item 1 on p. 26), so d(ap)/dt = 0, and we are left with Eq. 3.97. 
For the harmonic oscillator: 








1 dV dV 
v= ama = ae mun > c= mura? = 2V => 2(T) = 2(V) > (T) =(V). QED 
In Problem 2. ae ) we found ors (T) = (V) = $hw (for n = 0); (T) = (V) = 2hw (for n= 1). ¥ 
In Problem 2.12 we found that (T') = $(n 4 Vi, while (x?) = (n+4)R/mw, so (V) = $mw? (x?) = $(n+ 4) hw, 


and hence (T) = (V) for all ne states. / 
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Problem 3.32 


V(z,t) = F_ (ye tBu + pge P/M), (W(x, t)|/U(w,0)) =0> 


v2 


5 (e/a Iya) + EFI (aby faby) + ef B24/F (aby lb) + ef B2t/F (oho lah9)) 


= = (etZt/h +4 eens) = 0, or eibat/h s age’, so ei(H2—E1)t/h 5 8 eee 


Thus (£2 — E,)t/h = m (orthogonality also at 37, 57, etc., but this is the first occurrence). 


fs gas But AE =oy7 = 5 (Bs — EF) (Problem 3.18). So AtAE = 7 v 


*“At=- ; 
- TT Ey — Ey 


Il 


Problem 3.33 


: tees hh Oe [him _ faz|n) =Vn4+1|n+1), 
Equation 2.69: x= Imp at + 2): p=t a (44 — a-); Eq. 2.66 : ee 


(nlain') = yf =" (nla, + a_)In') = y/ [Va FT (nln! +1) + Vink (nln! — 1)] 
=4/ sv nm + lon 41+ Vi! bnn’ 1) =| 4/ (Wi bat nt at We Oe ao) 


a me (Vib nat ~~ Vn! bnn!—1): 


Noting that n and n’ run from zero to infinity, the matrices are: 

















(n|p|n’) 























Oak Os 10 TOF 6 Gal iO. 1G Gs 
v1 0 ¥2 0 0 O v1 0 -v2 0 O O 
_f hk | 0 720 V0 0 p—;,/mm|o v2 0 -v3 0 0: 
~ Ame | 0.00, V3 De ao ON eS eo 85 a 
000 740 V5 Oi. Oe - af —-V5 
Squaring these matrices: 
1 0 vV1-2 O 0 0 
h 0 3 Or w/es. 6 0 
5 V1-2 0 5 O° -afsedes sO! Sls 
Is 0K ales. 7 0 V4-5 
ei O W122 -0 0 0 
0 =3 0 V2-3 0 0 
2 mhw 3 
Sage [vie et 0 —5 0 V73-4 0 : 
0 V2-3 0 a7 0 V4-5 
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So the Hamiltonian, in matrix form, is 





1 ny nw 5 
H = 5—P? + ——X 
ee ee a 0 0 
my | 02, =e “Or ees.0 0 
=-7|vr2 0 -5 0 vVB4 0 | 
O53 O° Ay O- q/4e5 
1 OG Wie <a 0 0 1000 
0 3 Os ° 4/253. 0 0 0300 
fw -| | ]o0050 
+ |vi-2z 0 5 0 va4 0 i]=|> 
0 v3 0 F 0 WES 0007 











It’s plainly diagonal, and the nonzero elements are Hy», = (n + 5) hw, as they should be. 


Problem 3.34 


Evidently (a, t) = coyo(x)e7*2t/" + cy (a)e~*™"/", with |co|? = Je1|? = 1/2, so co = e289 /V2, cy = 1 /V2, 
for some real 6, 61. 


(p) = col? (olpbo) + leal? (1 pdr) + ch cy et Bo Bu)t/B hal py) + ch cge’(#1—20)t/® aby [pabo). 


But Ey — Eo = (3hw) — (Shw) = hw, and (Problem 2.11) (wo|pdo) = (v1|py1) = 0, while (Eqs. 2.69 and 2.66) 


(oles) = Hf 2" ol (as. — a_)ar) = ay = [ol 22) — (WolVTdo)] = ~ay/ “SY: (evo) =f . 
; . h 0 i [h 
(p) = ze" =e et (-: ie 1 ae yet (: ie 
hm 


W 


2 


| 








a a hmw Jer tet) di ere) ee sin(wt + A — 61). 











The maximum is | \/fimw/2;| it occurs at t = 0 & sin(9) — 61) = —1, or 6; = 09 + 7/2. We might as well pick 
Oo = 0, 6; = 7/2; then 








U(x, t) ee [oo t*/? of yet os pe (who a idne **) : 








1 
7) 
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Problem 3.35 




















h h h i 
(a) (2) = (ala) = 4 5 (al(as + a_)a) = 4 5 ((a-ala) + (ala—a)) =) 4/5 (a + a"). 
mw mw mw 
pr _ (ay +a,a_+a_a,+a7). But aay =[a_,ay]+a,a_ =1+a,a_ (Eq. 2.55). 
h 
= >—— (ag + 2aza_+1+ a>) : 
2mw 








(a?) = = (al (a3 + 2a,a_+1+a7)a)= ue, ((a2 ala) + 2(a_ala_a) + (ala) + (ala.a)) 









































2m 2mw 
= a [(a*)? + 2(a*)a+1+a7] = as [1+ (a+ a*)?] 
(2) = (alpa) = if "* (al(a, — a)a) = iy“ ((aala) — (ala-a)) =| ~iy/ "(a — a"), 
oS a (a4. — a4a_ — a_ay+ an) = mie (a4 —2az,a_—-14+ a?) : 
(p*) = — ne ay (a4. —2a,a_—1+a?)a)= ee ((a? ala) — 2(a_ala_a) — (ala) + (ala?.a)) 
hmw *)\2 * 2) iias, himw *)\2 
= -—3— |e")? - 2(a*)a- 147] =| —— [1- (@-2*)"]. 














(b) 


=a 


otecihslle <cadencak ae deen tO omy 


(c) Using Eq. 2.67 for Wn: 
Cy = (Wn |a) = 


n 


1 Seas acts: SAD iy a 

wae vola) = Vai voll) a) = Fae (Wola) = Tye ve 
2 2S 2n a 5 

(d) 1= i eo? = \eo|7e!*! => |eo=elt/?, 














ae. = a” —/ —i(n Ww et’ anlar 
(e) |a(t) = de etEnt/hin) — ae Jal? /2e-i(m+5)wt |) — ee Jal?/2/n), 


n=0 


Apart es, the overall phase factor e~*/? (which doesn’t affect its status as an eigenfunction of a_, or 
its eigenvalue), |a(t)) is the same as |a), but with eigenvalue a(t) = e~*“’a. Vv 














(f) Equation 2.58 says a_|to9) = 0, so | yes, ] it is a coherent state, with eigenvalue | a = 0. 
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Problem 3.36 


(a) Equation 3.60 becomes |z|? = [Re(z)]? + [Im(z)]? = 5 nN | + | : 


2 
5 2 - “| ; Eq. 3.61 generalizes to 
i 


2 


chek > [5 (lo +s] + [2 rt) — cole] 


But (f|g) — (g|f) = ([A, B]) (p. 111), and, by the same argument, 


(flg) + (glf) = (AB) — (A)(B) + (BA) — (A)(B) = (AB + BA — 2(A)(B)) = (D). 


So o40R > — ((D)? +(C)?). Vv 


(b) f B= A, thn GC =0, D=2 (2 = (A)?) 5 (D) = 2 ((4?) = (4)?) = 20%. So Eq. 3.99 says 


040% > (1/4)404, = 04, which is true, but not very informative. 


Problem 3.37 


First find the eigenvalues and eigenvectors of the Hamiltonian. The characteristic equation says 


(a-—E) 0 b 
0 (c-E) 0 = (a— E)(c— E)(a— E) —0?(c— E) = (c— E) [(a— E)* — 8] =0, 
b 0 (a-E) 








Either E =c, or else (a— E)? =b? = E=a+b. So the eigenvalues are 
Fy, =c, Fo =a+t+b, E3=a-—b). 


To find the corresponding eigenvectors, write 











a0 b a a 
0c0 8B) =E, | 6 
bO0a Y Y 
(1) 
aa+by = ca => (a-—c)at by = 0; 
cB = cB (redundant) 57 = [(a—c)? -—Wla=0. 
ba + ay = cy > (a-—c)y+ ba = 0. 
So (excluding the degenerate case a — c = +b) a = 0, and hence also y = 0. 
(2) 
aa + by = (a+ b)a > a-y=90; 
cB = (a+b)6 => B = 0; 
ba+ay = (a+b)y — (redundant). 








Soa=vyand 6 =0. 
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(3) 
aa+by = (a-—bla=> a+ty= 0; 
cB = (a-b)B => 6 = 0; 
ba + ay = (a—b)y (redundant). 


So a=-—vy and 6 =0. 


Conclusion: The (normalized) eigenvectors of H are 


0 1 1 1 1 
|51) = 1 ’ |S2) = 0 ’ |s3) ate ed 0 
0 2\4 2\-4 

















(a) Here |S(0)) = |s1), so 
|S(t)) = eee) a en ict /h 1 
(b) 
1 
|S(0)) = Ta (|s2) + |83)) - 
|S(t)) = = (e-*2#/M 159) + e-#Bt/M|55)) = 1 | tar ne/n ‘ $ ela b eh 0 
Va v2 "A 1 v2 \_4 
; ea ibt/h 4. eibt/h cos Gti) 
= Ze viat/h 0 = eo iat /h 
eibt/h _ pibt/h —isin oe 











Problem 3.38 
































(a) H: 
1 0 0 
Ey = hw, Eg = E3 = 2hw; |hi) = 0 5 |ho) = 1 ; |h3) = 0 
0 0 1 
A: 
—a xX 0 
A =-a 0 =a7(2\—a) — QA —a)? =0 >) a1 = 2A, ag =A, ag = —d. 
0 0 (2A—a) 
010 a a AB = aa 
A{100 B)=al6)|)z> Aa = af 
002 Y 7 2\y7 = ay 
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(1) 
AB = 2Aa => B = 2a, 0 
Aa = 218 > a = 28, a=8=0; |l|a1) = 10 
2r\y = 27; 1 
(2) 
AB = rAa => B=a, 1 (i 
Aa = AB >a= BZ, |az) = = {1 
2y =A > ¥ = 0. 2 \o 
(3) 
AB = —AJ\a => 8 = —a, 1 1 
ha =-\3 sa =-8,} |las)=— | -1 
ah Saya 9, v2 \ 0 
B: 
(2u—b) 0 0 
0 —b w| =b?(2u— b) — (Qu — b)w? =0 >] b; = 2p, bo = pw, b3 = —p. 
0 pp —b 
200 a a 2ua = ba 
BLOOL| (SB) =5(8) > 4 wy =66 
0107 \y a] HB = by 
(1) 
2a = 2a, 1 
wy = 2B > y= 28,7 B=y=0; ||b)= 10 
UB = 2wy => B= 24; 0 
(2) 
2ua = wa > a=), 1 0 
uy = ub => 7 = B, Iba) = 1 
up = py; > B= 4. 1 
(3) 
2ua = —wa > a=O0, 1 0 
Pl SB Ys Ibs) = 5 
pp = —py; => B= —7. 1 











©2005 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. This material is protected under all copyright laws as they 
currently exist. No portion of this material may be reproduced, in any form or by any means, without permission in writing from the 


publisher. 


CHAPTER 3. FORMALISM 


(b) 


100 


83 
































Cy 
(H) = (S(0)|H|S(0)) = hw (cf cc) 1020] {co} =| hw (ler? + 2\ca|? + 2Ics|) - 
002 c3 
010 C1 
(A) = (S(0)|A|S(0)) = A (cf cB c§) [100 co | =| A (fee + cer + 2I\c3|7) . 
002 c3 
2 0 0 C1 
(B) = (S(0)|B|S(0)) =p(cy os c3) 001 ce) = tt (2|ei|? + chez + c5c2) - 
010 C3 


|S(0)) = ei|hi) + ca|h2) + €3|hs) 


=> 






































































































































|S(t)) _ cye F1t/P lp) +4 ce *Bat/P lp. +4 cge *E3t/Flp,\ = eye * hy) 1 coe” 2#*t| ho) ob ce” t/ha) 
; 1 0 0 cet 
= et Vere? 10) +eo [1] +c3 | 0 = |e 2t C2 
0 0 1 C3 
H: | hy = hw, probability |c,|?; he = h3 = 2hw, probability (|c2|? + |e3|?). 
cet 
A: |a1 = 2A,| (ai|S(t)) = e~** (0 0 1) C2 =e *#te3 = | probability |c3|?. 
C3 
2iwt 1 ae ee iwt 
ag =A,| (a2|S(t)) = e “*' — (110 Cc = —e (qe +02) > 
2 (a2|S(t)) Ee ) . a (c1 2) 
oT. 1 * —twt * dwt 1 2 2 * —twt * wt 
probability = 5 (cle + 3) (cie* + c2) = 5 (\e1|? + |ea|? + cfeze + ccie”) . 
2iwt | aos Qiwt iwt 
a3 =—A,| (a3|S(t)) =e “** — (1 -10 Cc = —~e "(ce — co) > 
3 (a3|S(t)) aa ) 2 95 (1 2) 
oT. 1 * —twt eo dwt 1 2 2 * —twt * wt 
probability = 5 (cle - C3) (cie - C2) Zhe (e1| + |ca|“ — cfcge — c5cye ) : 
Note that the sum of the probabilities is 1. 
. cet 
B: |b) =2py,| (di lS(t)) = e7 7" (100) | co | =e7?%e, =| probability |ci|?. 
C3 
. 1 cet 1 
bo =p,| (b2|S(t)) = e7"”' — (0 1 1) C2 = re" (ep +. €3) > 
i 2 a 
sy: 1 * * 1 2, 2 * * 
probability = 5 (cj +6) (a +e) = 5 (\e1|? + lea]? + cfe2 + cer). 
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wet 
: 1 CLE 1 : 
bs = —p,| (b3|S(t)) = e “* — (0 1 -1 C2 = —Le7*t (ep — 3) > 
v2 ( ee v2 








probability = 5 (ch — c3) (C2 — 3) = 5 (\e2|? + |es|? — che3 — ee2) - 


Again, the sum of the probabilities is 1. 











Problem 3.39 


(a) 
Expanding in a Taylor series: f(x + x => = af ae f(z) 
Pp g Y 0) ari n! 0 d 
_hd d ip ~ 1 _ pipxo/h 
But p= Sap ae ee Therefore f(x + 2) =e (7 Y's f(z) =e f(2). 
(b) 


s Lf OV 
n=0 ~ 


Note: It is emphatically not the case that ih = H. These two operators have the same effect only when 
y Bt Y 
(as here) they are acting on solutions to the (time-dependent) Schrédinger equation.] Also, 


PONS 120 ov 3 


provided # is not explicitly dependent on ¢t. And so on. So 
_ = 1 n a . _ ,—iHto/h 
U(x,t+to) = dae (- 7H) UW = eA to/Py (gt). 
(Qhetto = (U(x, t + to) Q(z, p, t + to)|U(x,t + to)). 
But U(2,t+ to) = e *Hto/hY (x, t), so, using the hermiticity of H to write (e~tHto/myt = etHto/h , 


(Q)itto = (U(x, t)leM/"Q(a, p,t + toe */"|W(a, t)). 


If to = dt is very small, expanding to first order, we have: 


(Qh + Phar = wie.n| (1+ Fat) [ote.n.e) + Hat] (1 Sat) wie.) 
—_——_--——-————r eases =’ 
* 
& = Q(z, p,t) + itQ = o( =a) + at = Q+- (H, Q|dt + at 


= (Q)t+ + ((H, Q])dt + (Qyae. 
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_ XQ) _ 4 aQ 
gq = BMG) + (a). QED 


Problem 3.40 
(a) For the free particle, V(x) = 0, so the ae aa Schrédinger equation reads 











ow h? a?U 
SS >  — WU ere 
a Ot 2m a ee) = Pt) aes 
ow O® ou pe hs 
—— eipa/h = ipa /h 
FE val DE dp, a2 af me a e @®dp. So 





on enn nde] n= ie see ap 


But two functions with the same Fourier transform are equal (as you can easily prove using Plancherel’s 


theorem), so 















































O® . 1 } : 
a a oo Sai dt => | ®(p,t) =e? */?™G(p, 0). 
(b) 
—ax? ila 2a — 
W(x,0) = Ae ee", A=(— (Problem2.43(a)). 
T 
De (Dane os 1 
®(p, 0) SEE (=) i eit /he—a2? pile ga — ane (Problem2.43(b)). 
1 2 «2 1 2 
® Sey ee —(l—p/h)* /4a_,—ip*t/2mh, ® t —(l—p/h) [2a 
(p, ) (Qnahe)1/4 © € ? | (p, Nie wna. 
(c) 





co 1 oe _ : , 
/ p|®(p, t)|? dp = ae pe l-P/h)? /2a dy 


aa ue = (p/h) —1, sop = h(y +1) and dp = hdy.| 


= 
T 


iY +lDe¥ 7/28 dy [but the first term is odd] 





V274 
2hl ay 
— dy = 


V2Ta Jo V 27a 





2h 
> =[hl] [as in Problem 2.43(d)]. 























(y? + 2yl + P)e“¥"/4 dy 


co h2 
2) 216(y. t)|2 dp — iS 2.—(l- p/h)? /2a ty — 
(p") [#09] p = pe DS Tae 
2h? hi —y? /2a —y? /2a 
Sip / yre¥ /? a+? fo eu /2 ay 
2h? ay" 9 /Ta 
bv (V9) +e /¥] - 
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a+l?)h?| [as in Problem 2.43(d)]. 


I 











— 





currently exist. 
publisher. 


86 CHAPTER 3. FORMALISM 





(d) H= Fr (H) = : (pe y= FF (P44) = Bigs ole But (H)o = : (p?\o = his (Problem 2.22(d)). 


i ~ 2m 2m 2m ~ 2m 2m 
So (H) = Sa + (H)o. QED Comment: The energy of the traveling gaussian is the energy of the 


same gaussian at rest, plus the kinetic energy ((p)?/2m) associated with the motion of the wave packet 
as a whole. 
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Chapter 4 


Quantum Mechanics in Three 
Dimensions 


Problem 4.1 
(a) 











[x,y] = cy — yx =0, etc., so| [ri,r;] =0. 


[ pes hof ho (hOof\ | i Of ony xi) 
Re a Oe \ 4 Oy idy\idr) — OxdOy Oydx) 
(by the equality of cross-derivatives), so | [p:,p;] = 0. 


def OF 0 _ hf of Of sk 
[v, Pal f = («3 = Fle) = 7 («3 ae -1) a thf, 


a 




















so [x, Px] = ih (likewise [y, py] = if and [z,p.] = th). 


h 0 O ho 0 0 
[y, Pal f = ; (vz! (uf) roe (vz! v5) =0 (since = 0). So [y, pz] = 0, 











and same goes for the other “mixed” commutators. Thus | [r;,p;] = —[p;, ri] = thd;;. 


day at 


(b) The derivation of Eq. 3.71 (page 115) is identical in three dimensions, so a 7 lt x]); 











2 
ses a hppa, pe ee 
[H, «] = [E+ vial ir 5p Pe + Py + Pz 2] = 577 Per @| 
1 1 ; A 
ae. (Pe[Px; ©] se [ 2) T)Dx) aa [(—th) po als (—ih)pz| = —t— Dz: 
2m 2m m 
_ dz) i A ae! [dry 1 
os (-2w.)) = 7 (Pe): The same goes for y and z, so: aa | \P): 
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Mie) = =Uitpalls (Eps) = |X + Vine] = Wipa| = ine (Ba, 3.65) 
= OoV\ _/ OV | d(p) 
i = (ih) ( x)= (3) . Same for y and z, so: met (-VV). 














Nilo 


h 
==. Generally, | or,op; = =6ij- 


1 1 
From Eq. 3.62: ogcp, > |—((e, p5))| = | <i 
(c) From Eq. 3.62: oz0p, (les) i ; 














Problem 4.2 


e 2 2 2 
(a) Equation 4.8 = —— eee + oo + a = Ew (inside the box). Separable solutions: w(a,y, z) = 


X(x)Y (y)Z(z). oa ‘this in, and divide by XYZ: 


1@X 1PX 10Z _ 2m 
X dx? ' Y dy? | Z dz he 


The three terms on the left are functions of x, y, and z, respectively, so each must be a constant. Call the 
separation constants k?, k7, and k? (as we'll soon seen, they must be positive). 


PX 3 ey Stee “EE 2 27 wi Peete 48 8 
Solution: 


X(#) = A,;snk, c+ B,cosk,2; Y(y)=A,sinkyy+B,cosk,y; 2(z) = Az,sink,z + B, cos k,z. 


But X(0) = 0, so B, = 0; Y(0) =0, so By = 0; Z(0) = 0, so B, = 0. And X(a) =0 = sin(k,a) =0 > 
ky = Nz /a (Nz =1,2,3,...). [As before (page 31), n, # 0, and negative values are redundant.] Likewise 
ky =nyt/a and k,=n,1/a. So 


W(a,y,z) = A, A,A; sin (2) sin (“y) sin (=) , F= ee + a +n?). 


2m a? 


We might as well normalize X,Y, and Z separately: A, = Ay = Az = \/2/a. Conclusion: 





272 


3/2 
x 3 A 
V(2,y, 2) = (=) sin (=r) sin (““y) sin (“ “2) >; B= f (nz + nz + n2); Nz, Ny, Nz = 1,2,3,... 
a a a a 








2ma2 
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(b) 





Ne Ty Ye (nt tng +n?) 





1 11 
1 1 2 
1 2 1 
2 1 1 
de 24 2: 
22 sil f 2 
2! eed 
1 1 3 
1 3 1 
3.1 1 
2 2 2 
L253 
iL, 23> 22. 
2 1 3 
2 3 1 
3 1 2 
3.2 «1 





3 


9 
9 
9 


11 
11 
11 


12 


14 
14 
14 
14 
14 
14 

















Energy Degeneracy 
B= suk d=1 
B= 62", Ga 
By = 92", d=3 
m=, d=3 
Es = pe d=1 
By = 4 =6. 














(c) The next combinations are: 














E7(322), Es(411), F9(331), F19(421), £11(332), E12(422), Fy3(431), and 


£14(333 and 511). The degeneracy of E14 is |4.| Simple combinatorics accounts for degeneracies of 1 


(nz = Ny = Nz), 3 (two the same, one different), or 6 (all three different). But in the case of Ej, there is 
a numerical “accident”: 3? + 3? + 3? = 27, but 5? + 17 +1? is also 27, so the degeneracy is greater than 
combinatorial reasoning alone would suggest. 


Problem 4.3 





1 1 
Eq. 4.32 => Y¥?2 = ——P®(cos@); Eq. 4.27 = P®(x) = Po(x); Eq. 4.28 > Po(x) =1. | ¥2 = ——~. 
q 0 Jar 0 ( ) q 0 ( ) 0 ( ) q 0 ( ) 0 Jar 
Vals ep ead: BiG) oa/taat ae) 
2 An 3-2 2 Ys. da 
La 2 1 1 
P(x) = re; (=) (2? — 1) [2(a? — 1)2a] = 5 [z? —1+2(2x)] = 5 (3a? — 1); 


P(2) = Vi-a® [502 


dx |2 


1 
5| = /1— 2232; P3(cos 0) = 3cosOsin 0. 




















1b. 
Yo =—-1/ = e'® sin O.cos 0. 
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wT 20 
Normalization: [ [Yo |? sin 0 dd dé = . / sind / ia| = — (2)(2n) aT 
Ar 0 0 An 


27 


1 qT 
J [dP sine a9 do — = | sin? 6 cos” @sin 6 dO 
0 


1 Tv 
dd = =f cos” 6(1 — cos? 0) sin 6 dO 
87 4 Jo 


0 





_ 15 cos" | cos? 5 
— A 3 5 





0 


2 1 1 wT 2r , 
Orthogonality: i Yy Yq sin 6 d0 dé = -ze| / sind cos sin 8 | f ed6 =0.¥ 
e——_, —_—_—_—_—_““ 





ee 
(sin3 6) /3|7=0 (e*?) /i|§" =0 
Problem 4.4 
d© Als a : a 5 (sind) = (4) = 
7 _ tan(0/2) 2°°° (6/2) = 2 sin(6/2) cos(6/2) => a Therefore do (sino) = qo) = 0. 


With 1/=m=0, Eq. 4.25 reads: “ (sin (F) =0. So Aln{tan(6/2)] does satisfy Eq. 4.25. However, 





0(0) = Aln(0) = A(—co); O(7) = Aln (tan =) = Aln(oo) = A(oo). | 0 blows up at 6 =0 and at 0=7. 











Problem 4.5 


Cee e“*P!(cosé). P(x) = (1— 2”)? (4) P(x). 


a ae (21)! 





1 d\' 2 1 1 1 21/2 (4 2 l 
Pz) = sy ae (a - 1), so P(x) = 57,1. — 2°) ae (x* — 1)’. 
Now (a? — 1)! = a?! +--- , where all the other terms involve powers of x less than 21, and hence give zero when 


differentiated 2/1 times. So 


! a)” ae (21)! 
P} (a) = ay = a)? (=) 2, But (=) CS ni, so PI — III (1 =. el, 








l 
ast, oh ak CUA, ape ha ct 2 Me POR eye Ma 
pp SD aan ue a, ae gee 
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_— 620 P2(cos 8): P@)= (0-2) (4) Re Pie) = gg (2) v8 























ld 
1 1 
=e on — 1) + 8a(2? — 1) + 42” - 22] = 5 (a° — a + 2x? — 22 + 22°) = 5 (52° — 32). 
P2(x) = = (1—22) a "(5:8 Se : (1 — x?) a (152? — 3) = x a”)30x = 15a(1 — x?) 
. 2 dx 2 dx 2 
if 1 /105 45, 
Y= 4) inet + 1562 cos 0 sin? 6 = aioe e7"? sin? 0 cos 0. 
1 f+)! / 1)! 
Check that Y;! satisfies Eq. 4.18: Let i rey (-5) =A,so_ Yj = A(e’?sin6)!. 
oy oy; 
a = Ae"? l(sin 0)'~! cos 0; sin aa = Icos 6Y;; 
O oY; oy; 07! 
sind (sino Ah -) = Icos 6 (sino St ) — sin? 6Y/ = (1? cos? 6 — I sin? 0) Y/ Te? =-FPy}. 


So the left side of Eq. 4.18 is [1?(1 — sin? 6) — a 9 —1?] Y! = —l(1+1) sin? 0 Y/, which matches the right side. 


1 : 
Check that Y? satisfies Eq. 4.18: Let B = Ae so Y? = Be?! sin? cos 0. 
1 
OY? 0 OY? 0 
AGE = Be? (2 sin 6 cos” 6 — sin? 0) ; sin O55 (sin g— 0 :) = Be”? sin O-5 (2 sin? 6 cos” 6 — sin* 0) 


= Be”? sin 6 (4 sin 6 cos® @ — 4sin? 6 cos 6 — 4sin® 0 cos 0) = 4Be”"® sin? 0cos 0 (cos? 6 — 2sin? 0) 


oY? 
= 4(cos” 6 — 2sin? 0)Y?. Bee = -4Y?. So the left side of Eq. 4.18 is 


4(cos? 6 — 2sin? 6 — 1)¥? = 4(—3sin? 0) ¥? = —I(1 +1) sin? 6 Y?, 


where | = 3, so it fits the right side of Eq. 4.18. 


Problem 4.6 


[ Pe@r@de= saan f [() (2? - u' (4) (2? u'| ie 
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If 1 4 I’, we may as well let 1 be the larger of the two (I > lI’). Integrate by parts, pulling successively each 
derivative off the first term onto the second: 


, 


ani2t rr [ P(a)Fr(a)de = (z) (0? - u' [(z) (2? - u'| 
= i (z) (* — u' (4) («? - u'| dx 


1 Ul 
= ...(boundary terms)... + (-0! f (a? — 1)! ( i ) (2? — 1)" de. 


a da 


1 





But (d/dx)!*! (x? — 1)" = 0, because (x? — 1)" is a polynomial whose highest power is 2I’, so more than 2I' 
derivatives will kill it, and l’ + 1 > 21’. Now, the boundary terms are of the form: 


(z) (0? - u' a (0? - u'| 


Look at the first term: (x? — 1)! = (x? — 1)(x? — 1)... (x? — 1); I factors. So 0,1,2,... ,1— 1 derivatives will 
still leave at least one overall factor of (~? — 1). [Zero derivatives leaves | factors; one derivative leaves | — 1: 
d/dx(x?—1)! = 2lx(x?—1)'—1; two derivatives leaves 1-2: d?/dx?(x?—1)! = 21(2?—1)'—!+21(I-1) 2x? (x?-1)'-?, 
and so on.] So the boundary terms are all zero, and hence lees P,(x) Py (x)dx = 0. 

This leaves only the case | = I’. Again the boundary terms vanish, but this time the remaining integral does 
not: 


41 
,n=1,2,3,...,1. 








-1 


-1 


1 1 21 
tay? f (ryder =(-1)' f (@-1)'(Z) @- alae 
“4 dx 
Nee SS ey 
(d/dax)?" (a?!)=(21)! 


= (-1)'(21)! [ (a? — 1)'da = 2(21)! [fo — 2”)! de. 


-1 


Let x = cos, so dz =—sindd0, (1—27)=sin?6, 6:2/2—0. Then 


1 0 n/2 
i (1—2?)!de = [is i= sin6)ao = | (sin 0)?!" do 
(2)(4) --- 20) (2't!)? (2't!)? 


HAG) ). 129220, Cre: 





fe re. al (iN)? 2 s ai 
2 f [P(@)Pae = are ers i = T+ So ie Pi(a) Py (x)dx = M1 QED 


Problem 4.7 
(a) 





nae) ae x x 


1 d [cosz _ cosx sine 
at 
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von CSL) 




















d .: —xsin x — cosx sin x 4: cos x 

=-2£ 
dx 73 
x?cosx—2asinz —a*sinx — 3x? cosx 

mad 4 rh 76 

xr 
cos x sinz sinx 3cosx 3 1 3)C«; 
— 2 5 ; ao a cosz — — sina. 
x x x x x x x 











(b) Letting sinxz ~ x and cosa ~ 1, and keeping only the lowest power of a: 





ny(“) ¥ -— +-—"% |/-—.| As x > 0, this blows up. 























1 
no(a) ( é ) Sa & a which again blows up at the origin. 





Problem 4.8 
(a) 





w= Anil) =A oS one _A aac) 


contr) 


























kr k kL (kr) 

du A [k?rcos(kr) — ksin(kr) . cos(kr) — sin(kr) 
re” | (kr2 ksin(kr) =| me ee +sin(kr)) 
du —k?rsin(kr) —kcos(kr) — k3r? cos(kr) — 2k?r sin(kr) 
te A k k 
dr? | (kr)? (ert eel | 

_ sin(kr) cos(kr) — cos(kr) sin(kr) 

= Ae Se eget? eF on) 

2 
= ax (1 aout) cost) + (a- ae) sin in| 4 
2 
With V = 0 and 1 = 1, Eq. 4.37 reads: Gu — 2 = ee = —k?u. In this case the left side is 
dr? r? he 








Ak (2 2 =) cos(kr) + i = =) sin(kr) — aay (Se Ss cos(ér)) 


sin(kr) 


Tr 


= Ak cost kr) - | = —k?u. So this u does satisfy Eq. 4.37. 
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(b) Equation 4.48 > j;(z) = 0, where z = ka. Thus 932 — %# = 0, or |tanz = z.| For high z (large n, 
if n = 1,2,3,... counts the allowed energies in increasing order), the intersections occur slightly below 
z=(n+$)r. 








h2k? h2 2 h2 2 1 
R= = e a (n 


2n 2ma2~—- Ama? 


tan z 





n/2 3n/2 5/2” Z 


Problem 4.9 


For r <a, u(r) = Asin(kr), with k = /2m(E 4+ Vo)/h. For r > a, Eq. 4.37 with 1 = 0, V = 0, and (for a bound 
state) E<0 =: 


du 2m 2 : Kr —Kr 

G2 ees u, with k = V-2mE/h => u(r) = Ce*" + De". 
But the Ce*” term blows up as r > co, so u(r) = De "". 
Continuity of uat r=a: Asin(ka) = De~"* 
Continuity of u’ at r =a: Akcos(ka) = —Dke~ 


\/2mVoa? /h? — 2? 2 
Let ka = 2; — VG “Let z= ove (z0/z)? — 1. 


— a. |—cotz= 
Zz A 
same transcendental equation we encountered in Problem 2.29—see graph there. There is no solution if zo < 7/2, 


which is to say, if 2mVoa?/h? < 17/4, or Voa? < 17h? /8m. Otherwise, the ground state energy occurs somewhere 
between z = 7/2 and z=7: 


aes 1 1 kK 
‘nti \ aivie i tan(ka) = Zor —cotka= E 

















This is exactly the 








h2k2 2 h2 h2 2 h2 2 
Bey de 2 6) 2 ye 
a 2ma? 


—52", recise value depends on Vo). 
2ma? 2ma? 8ma (P : 0) 











Problem 4.10 
Raq (n = 3,1=0): Hq. 4.62 = v(p) = D050 cjp’. 


a1 3) 


Eq. 4.76 => cq = “(1)(2) 


Co = —2e9; C= 


r 


r 1 lr 2 r\2 
Eq. 4.73 > p= 3a) Eq. 4.75 > R39 = pe Pulp) = —— Co — 2¢0 3a + 30 (=) | 
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1 Ce —r/3a Co 2,—7/3a 
= ———cp = 0. Re = — (3) e€ / (co) = (sox) re / . 


Problem 4.11 


(a) 


_ >) e /24 Tet z= S) 
2a a 


Eq. 4.31 =| \R|2r2dr =1. Eq. 4.82 > Roy = (=) (1 
0 a 


co \2 a a ca f% 1 ay Cea 24 a 
1= (2) a | (a-<) e Pdz= Sf (2-284 524 e€ dz= eer = 50: 





1 
; = 4/-.| Eq. 4.1 = Ro VY". Table 4. yo = ——, 
-| CO 5 q 5 > W200 = Rao¥o able 4.3 => Yo = 

















1 21 r 1 1 r 
“. %200 = JN a 20 (1 - =) e 7/24 =| aho09 = = (1 — >) et [2a 











(b) 





co 2 
ee ee = (2,)’ a per eee ye ae NN 
Ape ees 1= d= gS a ee 
21 ae a , we "dz = Fe 54C9, 80 | Co 






































1 1 —r/2a 1 i —r/2a { — 3 . set > 1 1 —r/2a a: tid, 
HON eqn © / ; Vat = Tea are / (r/Zsne ‘)- | ea eae /20 sin be %. 














1 1 13 1 1 
ae ree 1 _— —r/2a . 
Paro V6a 2a? i ( an ) V2ra 4a? o noe. 
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Problem 4.12 
(a) 











In =e"e* =/1.| Ly = ee (ea) =e” les* — ea] =|1l—-~7@. 








— oe d 3 ip Be —2“ —2“,,2 
[g=e (=) (e Gr =e an (2re —e a) 


=e” (Qe-* —2re7* +e * yz? — 2¢6-*) =/2—4r7 +27. 


2 
=< (2) ( e *x°) )-e(<) (-e =z a + 3x7e7*) 
d 


> ea (e “x3 — 3a7e~* — 3x7e~* + 6xe~*) 
= e* (-e7*2? + 327e"* + 627e"* — 124e"* — 6xe* + 6e~*) 
=|6 — 182 + 92? — 2°. 


























(b) 


(422°e~* — 78 e—* — 7x8 e7* + a 6-2) 
(210x* BP ae" Shae de ee ee ~® _ gle" *) 
(a) [sso%e —# — (210 + 630)x*e-* 


+ (126 + 126)a2°e~* — (214+ 7)e8e * + 2%? 


6+ 
-e(4 Ly ( (252027e~* — (840 + 3360)2%e~* 
+(840 + 1260)a*e~* — (252 + 168)x°e~* + (28 + 7)a%e* — a’e*) 
d 
=< (=) ees — (2520 + 12600)x?e~* + (4200 + 8400)a%e~* 


— (2100 + 2100)a*e-* + (420 + 210)2°e-* — (35 + 7)x%e* + 27% e-* 


= @* so10<~* — (5040 + 30240)xe~® + (15120 + 37800)x2e~* 
— (12600 + 8400 + 8400)x%e~* + (2100 + 2100 + 3150)a4e~* 
— (630 + 252)2°e-* + (42+ 7)2%e* — a" e* 
= 5040 — 35280z + 529202? — 294002" + 735027 — 882x° + 492° — 2”. 
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dx 
= — [-882(5-4-3-2)+49(6-5-4-3-2)a—7-6-5-4- 327] 


= 60 [(882 x 2) — (49 x 12)a + 42a] = 2520(42 — 14x + 2”). 


d 5 
L3=- (=) (—8822° + 492° — 2”) 











v(p) = 2520(42 — 28p + 4p”) =| 5040 (21 — 14p + 2p). 














(c) 
Eq. 4.62 > v(p) = > cp). Eq. 4.76 > c = ae = ahs 
j=0 
Reis e+. thes 9 a 
ey TT BS aye) 





2 2 C 
v(p) = co = 3¢0P + 5 C0” = I (21 —14p + 2p?).| v 











Problem 4.13 





















































(a) 
1 1 4n [% 
= —r/a nm\ n,—2r/a 20: ae ies n+2_,—2r/a 
y= aa , so (r”) = — |r e€ (r sin 0 dr d0 dé) = =f rrre dr. 
or —2r/a 4 a\4 Dies 2 os —2r/a 4 ay? 2 
m=s ree dr = 331 (5) =|5a; a ree dr = 41 (5) =e”. 
(b) 
1 
@=O] (@?) = 20%) =[2. 
(c) 


1 1 ; 
don = Ra Yy = Ta ee —r/24 sin Me? (Problem 4.11(b)). 





(x?) = ee / (r?e-"/* sin? 8) (r? sin? 0 cos? 6) r? sin 8 dr d0 dé 
Ta a 


1 i = / ic aye i ; 
= ree"! dr sin° 6 dé cos* ddd 
647a> Jo 0 0 


1 , 2-4 1 g 
= a (6) (2) (5:2") = iar. 
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Problem 4.14 


1 4 4 
= —r/a, 7 2 2 an —2r/a,,2 —_ 4 ns 2,—2r/a 
y= ea. > P= |o|"4ar* dr = ae r°dr =p(r)dr; p(r) = ae : 


d 2 
Hs 3 are-2ve a (-2"")| = Sr -2r/a (1 - “) =0=S|r=a. 
a a 


dra 


en 














Problem 4.15 
i 
J2 


2 E h2 
(Osi ae eo Ey = eke 


1 : . 
(a) U(r, t) = — (v2 116 P/F + thoy rer) = = 
4 8ma2 


V2 
From Problem 4.11(b): 


petite sin é (e’? _ e ) i 


1 
 \/ma 8a2 


Wait Yoi-1 = e~"/24 sin @ sin ¢. 


1 
 \/ma 4a2 “ 





V(r, t) = e77/24 sin O sin p e~ tE2t/h, 


a 
_—___r 
V 27a 4a2 











(b) 





(VV) = iy el Pr = : e pee sin? @ sin? ) ap sin 6 dr dé do 
Ameo r (27a) (16a*) Areg r 
1 h2 co g T 27 h2 4 
ae el fh ee are sin? 0 0 | sin? = —_——_, (3!a*) | - 
aoaTe ( 3) [ r°e ei sin” 6d : sin* ddd anne (3!a*) 5 (1) 


h? 1 1 
= | -—~ = ~F, = ~(-13.6eV) = —6.8eV | (independent of t). 
4ma? 2 2 














Problem 4.16 





E,(Z) = Z°En; E\(Z)=Z?E;; a(Z)=a/Z; R(Z) = Z?R. 











Lyman lines range from n; = 2 to n; = oo (with ny = 1); the wavelengths range from 


1 1 4 1 1 1 
~ =R{1-- oe py ce tes downto ~ =R(1—-—)=R>A\,= =. 
4 Al oo 



















































































2 4 3R R 
1 1 —8 1 _8 : 
For Z =2: Ay => 4R => 4(1.097 x 107) =/2.28 x 10°°m| to dQ => 3R =/3.04 x 10 m, ultraviolet. 
1 4 
For Z=3: ANy= oR =/1.01 x 107° m| to Az = WR =|]1.35 x 1078 m, | also | ultraviolet. 
Problem 4.17 
Mm e? filie 
(a) |V(r) =-G .| So rae GM translates hydrogen results to the gravitational analogs. 
r TE 
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3 Amey \ hi? nh 
(b) Equation 4.72: a = ( = ae so |ag= ae 
(1.0546 x 10~%4 Js)? igen 
(6.6726 x 10-!! m3/kg - s?)(1.9892 x 103° kg)(5.98 x 10%#kg)? = : 
1 
(c) Equation 4.70 >| E, = — [so (EMm)?| —. 
1 M : 1 M 
Ee = —mv? —G ae But G mn = ee my? = G a so 
2 To r2 To 2 2re 
GMm m 1 GMm? r e 
Eo = =-| (em | 2 o= ° = fe 
2ro ore | m) n2 4 h? " Qg - ag 
1.4 1014 
ro = earth-sun distance = 1.496 x 10!4 m+ n= Vee =| 2.53 x 1074, 
(d) 
AB= G? M2m?> 1 1 1 _ 1 2 ol 1 2 
7 2h? (n+1)? n?]- (n+1)2 n2(1+41/n)? ~ n? n)- 
1 1 1 2 9 G2 M2m3 
5 y 1 1 => : AE — 
" <r =| ne ( n ) n3? h2n3 





(6.67 x 1071)?(1.99 x 102°)?(5.98 x 104)3 _ ae DS is ey SHE 
AE= CSE x 10 )aSax THB = [2.09 x 107J.| Ey = AB = hy =~. 























d = (3 x 108) (6.63 x 107%4) /(2.09 x 107*1) =] 9.52 x 10° m. 
But 1 ly = 9.46 x 10° m. Is it a coincidence that 4 ~ 1 ly? No: From part (c), n? = GMm?r,/h?, so 


ch hn? 2h? GMm?ro he r3 
A= =c2rh =c =c| 27 , 

AE G? M?2m3 G? M?2m3 h? GM 
But (from (c)) v = /GM/r, = 2rr./T, where T is the period of the orbit (in this case one year), so 


T = 2n,/r3/GM, and hence | A = cT | (one light year). [Incidentally, the same goes for hydrogen: The 
wavelength of the photon emitted in a transition from a highly excited state to the next lower one is equal 


to the distance light would travel in one orbital period.] 

















Problem 4.18 




















(f|Lag) = (f|Lxg) + i(f|Lyg) = (Leflg) + i(Lyf|g) = (Le ¥ iLy)flg) = (Leflg), so (L+)' = Le. 
Now, using Eq. 4.112, in the form L-L4 = L? — L? = AL, : 
(f{" LaLa fi") = (fi |(L? — L2 = AL2) A") = (FP | [PUL + 1) — em? = Bm] fi") 
= fh [l+.1) — m(m4 1) AF) = Fe? (I + 1) — m(m +1) 
= (Lf |Last") = (Ar Ar) = APP) = An ?. 
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Conclusion: | Ay” = hy/l(l+1) —m(m 1). 








Problem 4.19 
(a) 


Lz, x] = [xpy — ype, t] = [xpy, 2] — [ypx, 2] = 0 — y[pe, z] = thy. V 


Lz, y) = [zpy — ypx, y) = [zpy, y] — (ype, y] = x[py, y] — 0 = —ihe. V 


Lz, 2] = [py — yPz, 2] = [tpy, 2] — [ypx, 2] =0-0=0.V 


Lz, Pe = [Tpy = YPx> Pz) = [tPy, Px = [YPx, Pe] a Py(®, Pe] -0= ihpy. v 


Lz, Py] = [ZPy — YPx, Py] = [XPy, Py] — [yPx, Py] = 0 — pely, py] = —ihips. V 








Lz, Pz] = [2py — yPz, Pz] = [epy, Pz] — [ypr, pz] =0-0=0. ¥ 


(b) 
[Lz, Le] = Pee YPz — ZDy| = (Lz, yDPz] _ [dows Zpy] = [Lz,y|pz aa [Pea pgle 


= -thrp, + ihp,zz = 1h(zp,— @p,) = 1hb,. 


(So, by cyclic permutation of the indices, [Lz, Ly] = ihLz.) 


(c) 
(et) = [Lz, al + [Lz, y"| + [Lz, a = [Lz,2]2 + 2[Lz,2] + [Lz,yly + ylLz,y] + 0 
= thyx + wihy + (—ihx)y + y(—iha) =| 0. 














I 


[Lz, ps] ak [Lz, D3] an [Lz, D4] — [Lz, Px |Px + Px Lz, px] Te [Lz, Py|Py + py[Lz, Py] +0 
= thpypx + Prthpy + (—ihpz)py + Py(—thpz) = (0. 


[Lz,p*| 














(d) It follows from (c) that all three components of L commute with r? and p?, and hence with the whole 
Hamiltonian, since H = p?/2m+V(Vr?). QED 
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Problem 4.20 


(a) 


d(Lz) 4 _t pe 
Equation 3.71 > resin 7 (lt Lz|). [H, Le] = an? , Lx] + [V, Le]. 


The first term is zero (Problem 4.19(c)); the second would be too if V were a function only of r = |r|, but 





in general 
[H, La] = [V, yp — zpy] = y[V, pz] — 2[V. py]. Now (Problem 3.13(c)): 
OV OV OV OV. 
[V, pz] = tha- and [V, py] = a. So [H, L,| = yiha— — ae = thir x (VV )Ja- 





Ly 
Thus we = —([r x (VV)]z), and the same goes for the other two components: 


Mt) = (ir x (-WV)}) = (N). QED 
(b) 
If V(r) = V(r), then VV = ve and r x fF =0, so a =0. QED 


Problem 4.21 




















(a) 
L,L_f = —he® & + icot os) le (55 — icot 2) 
= ~1els| ew “ a ( csc 0 + cot Pal 
+icot ies (55 —icot oct) +e —% (a5 — icot it) \ 
= —h (SF + icse? of —icot tam + cot gt —icot? of + 7cot ae + cot? 05) 
a cot ow co 0G + i(csc? 6 — cot? az f, so 
[E,L.=-hV (5 cot ow, cot 0G | ins) QED 


h 
(b) Equation 4.129 > L, = a Eq. 4.112 > L? = L4L_ +L? —hLz, so, using (a): 
i 
0 


7 0 : 0 Oo? h\ O 
Ooi 39 2 si 2 
T= mn (Fs cot Oz5 cot 0 +ig) OP n(?) 3 
Oo? O oe? 0 0 = 0 I 
a) i i 204 . . ip? 
=-fA (a cot Oa, (cot* 6 4 Yop tag iz) h (= cot Op sa} 
1 0 0 A. «9? 
7 m| (sino )4 |. QED 














sin 6 00 06 sin? 6 Od? 
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Problem 4.22 


(a) | L,Y; = 0| (top of the ladder). 









































(b) 
ho ay}! 
iy) Shy} = idee =hly/, so ab = ily/, and hence Y/! = f(@)e"®. 
(Note: f(@) is the “constant” here—it’s constant with respect to @... but still can depend on 6.] 
a0 a df , . 
L,Y} =0= he’? (5 + icot ox) [f(@)e"*] =0, or a ei + if cot bile”? =0, so 
d d d 6 
= leot Of > . = leot 6d6 -{4 = if 5 d§ => In f = Un(sin6) + constant. 
In f = In(sin' 0) + K > In ( f ) =kKk= f = constant > f(0) = Asin! 6. 
sin’ 0 sin’ 0 
Y/(0,¢) = A(e’® sin @)'. 
(c) 
n eA eB Meee 9] 
1= A? iF sin”! 6 sin 6 d0 do = 271A? i sin?) 9 d@ = 27 A? pee Aa). 
, LB heee (21+ 1) 
ee ae ere 21)2 (2'1!)? 1 /(2l+0)! 
Sige NE OE Bee A= ——— 
CT dose el QED Fe TTI west 











the same as Problem 4.5, except for an overall factor of (—1)!, which is arbitrary anyway. 


Problem 4.23 


EOF cents fe . ; 
LYq = he'* (5; + ict 05 - 3 Sind cos de ‘ 
=-4/ a he'® |e’? (cos? 6 — sin? 6) + i 2 sin 0 cos 0 ie’? 
87 sin 6 
1 ; 1 
=-4/ ser (cos? 6 — sin? 6 — cos? @) = 4/ ah (e’ sin 0)” 


i 15 
=h/2-3-1-2Y? = 2hY?. e WS 3 5 (el# sind)”. 
TT 
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Problem 4.24 
(a) 





1 L? 
H=2(-=mv?)}=mv?; |L| = Qe my = amv, so L? =a’*m?v7, and hence H = —-~. 
2 2 ma? 
But we know the eigenvalues of L? : h7/(1 + 1); or, since we usually label energies with n: 
h?n(n +1) 
| aacoal =a (n =0,1,2,...). 

















(b) | Ynm(O, 6) = Y;"(0, b), | the ordinary spherical harmonics. The degeneracy of the nth energy level is the 














number of m-values for given n: | 2n + 1. 





Problem 4.25 


(1.6 x 10-19)? 











oe = 2.81 x 10715 
"e= G7 (8.85 x 10-12)(9.11 x 10-3 BOxlosp SX 1m 
L= a a Bee (=) = eae so 
2 5 r 5 
Bh (5)(1.055 x 10-34) — 
a =|5.15 x 10! m/s. 
° = Gmr — (49-11 x 10-34)(2.81 x 10-5) eA as 











Since the speed of light is 3 x 10° m/s, a point on the equator would be going more than 100 times the speed 
of light. | Nope :| This doesn’t look like a very realistic model for spin. 














Problem 4.26 
(a) 


z) =inS,. V 


ssi-ss-s5--M0)(3) CC 
(69) Co i= GS.) = 9 ( 


1 
Or0xr = é ) =1=o0,0y=0,0,, soojo; =1forj=Z,y, or z. 


a 0 : O07 ; 0 1 : 
Ox0y = et toz5 Cyoz = |, O)G= 10x} O20r=|_ 4 i 1 y; 

—1 0 2 0 -2 : 0 -1 . 
Oyox = oa 102; z0y=\_, i 12; x02 = \ 4 o)= —10y. 


Equation 4.153 packages all this in a single formula. V 


1 
0 
1 
0 


(b) 
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Problem 4.27 






















































































(a) 
ty = |A|?(9 + 16) = 25|A/? =1 >| A=1/5. 
(b) 
VR pte yt CO TNS Det 4 a 
fool Bethe Safe 
(Sx) = x'SexX = 5B 5 (—3: 4) (; ‘) G 50 (—33 4) (3;)- 59 ae t 127) =|0. 
Wg, ye POA 138 WM. Sef de h 12 
— t = ——(— = — {[ — = —(— _— =;|-— 
(5° = Syke 5 3i 4) e ley BG 3% (3) 5g (12 ~ 12) 5g 
Li etrieetA ft ON Ces ih an a 3% h 7 
L=viS.y = —- (-31 4 = — (—33 4 = —(9—16) =|——A. 
(Sz) = X'Sex = 955 (-3i I( > (2) 59 (3 (21) 50°? 16) =| 59 
(c) 
2 2: 2 h? : 2 2 he h 
(Sz) = (Sy) = (Sz) = ri (always, for spin 1/2), so 0%, = (92) — (Sz)? = ae —0, |os, = 5 
a = {Se ia(8,,\7 i 12)" ie ~— (625 — 576) = #9 2 Ce 
05 = _ = as 65, = = 
Bove ee WD 4 NOG ~ 2500 2500 ° | 50 
he 7\* he 576 12 
BS Ge) Ge Se a a 625 — 49) = ——h? = —nh. 
Cig Nal ND) age 1 eG = 3500! )= a500" > |S: = 95 
(d) 
? 
08,08, = 5° ah > *1(S2)| = . ah (right at the uncertainty limit). V 
2 
os,78, = Zh = > *1(S.)| =0 (trivial). Vv 
? 
03,08, = =h : > *I(S,)| = . ah (right at the uncertainty limit). V 
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Problem 4.28 


(S,) = : (a* b*) (; ) (5) = (a* *) (*) = A (a*b + bra) — RRe(ab"). 



































(5,) = : (a* b*) ({ =) (5) = = (a* b*) (“,) = (ata — b*b) = (lal? O12). 
ZFC) -£0)-£ aE CNC) -# 


W110) (1 0 h he 
2 =—: x ON roe Ny 2. _ 

















(S$) + ($2) + (82) = oh ate wil = 55 +1) = aH = (8%). Vv 


Problem 4.29 



























































(a) 
_h(0-t\. —r —ih/2} — \o h oe 
5,=5({ Aa ih/2 —d | A og A = += | (of course). 
h (0 -i a h fa ; 2 2 2 2 1 
—([. == —18 = a; — ali =1 =—. 
5 (; nite) 5 (5) > iG a; jal“ +|3| => lal* + lal >a Ta 
yy) _ 1 see (y) 4 1 
a a (i): ve =a (i 
(b) 
t 1 1 h 1 
CL = (x?) X= 5 (1 —i) 6 — pe) +5) with probability gla — wb)’. 
1 1 h 1 
a= (x) = Fa (1 i) 6 = ae ib); —5) with probability glat idl”. 
1 
P.+P_= 5 [((a* + ib*)(a — tb) + (a* — ib*)(a + 2b)] 
1 
His [la|? — ia*b + iad™ + |b]? + jal? + ia*b — iad* + |B|?] = lal? + |b]? =1. Vv 
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h2 
(c) T? with probability 1. 








Problem 4.30 


PSS. gas is sind sing + S,cos6 


=S.- 
ee sin 6 cos b a 0 —isin @sin d sl cos 0 
2 oes 0 isinOsing 0 0 —cosé 
an 

2 


a ( cos @ ee) au a cos 6 sy 








sin (cos ¢ + isin @) —cosé 2 \e** sind —cosd 








(Feosd—2) FerMsind |_ ag yn ag 
Ze’ sin 0 (—2 cos 6 — ) aT 6+. 75m 6é=0 5 








2_ fo 2 he 
X = 7 (sin 6 + cos Oe ae A = £= | (of course). 





wlio 











+1 —cos6) 


h( cosd e*sind@\ fa\ h(a Si ee ape ao oe eg he 
ee bana ) (5) =+5 G) =>acosé+ Be '?sind=ta; B=e — sa Q. 
ig 8in(9/2) 


Upper sign: Use 1 — cos 6 = 2sin? g sin 0 = 2sin § cos §. Then 6 =e cos (0/2) 





— 








a. Normalizing: 

















6/2) 1 6 ip i O i: cos(0/2) 
1=lol2 2 2 = 2) s/n 2t_ ee By igi. & Geet fe BO 
la|"+|Bl" = la Re 52(0/2) la la| cos2(8/2) ES OS 2° b= esin 9g? |X+ e'? sin(0/2) 
y 6 cos(6/2) cos? (0/2) 
: = 29 a_ - <a a seas fp COSMET Se 98 asf 42 
Lower sign: Use 1+ cos = 2cos 5? B= in(0/2) a; 1=|al>+ sin2(0/2) |a| |a| sin?(0/2) 
id ot 
ick a = e7i? sj ee (r) _ (e"® sin(@/2) 
Pick a= e7'? sin(6/2); then @=—cos(@/2), and |xL’ = ( ease /2)_) 











Problem 4.31 





1 0 
There are three states: y; = |0], xo= [1], x- =| 0 
0 0 1 
10 0 
SeX+ = hxs, Sexo = 0, Sex = —hy_, => |S, =h1[00 0 From Eq. 4.136: 
00-1 
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010 000 
er S+x0 = hv 2x+, ers ewah ot |; S- S4/n | 1-0-0 
S_x4+ =hvV2x0, S_xo = AV 2x_, S_x- =0 aren nile 
010 0-1 0 
1 h 1 ih 
Se = ($4 +S$_)= ay 101 ’ Sy == Se — 5S.) = = 1 0 -1 
a v2 \o10 24 v2\0 1 0 




















Problem 4.32 
(a) Using Eqs. 4.151 and 4.163: 


(@)_ @t,_ 1 Gon ee \ 
Cy = X4 X= Va (1 1) a ai Bot /2 _ V2 


Qa, a. 
[cos are + sin ze ee . 


x x 1 at . =e 
Pt \(t) = oe =- [cos 5° WOOL? oh aig 5 — err Bot/2] [cos Ser + sin 5° ae 


oe re 
al 





- ob a iyBot —iyBot 
5 t sin? 5 tin 5 cos 5 (¢ +e ) 





< bss 


1 
1+ 2sin 5 3 O85 = cos(yBot ] lie [1 + sin acos(yBot)]. 











wm _ 1 (1 
(b) From Problem 4.29(a): x4" = a er 


(yy) _ .@t, — 1 . cos $e Bot /2 4 QO iyBot/2 = .:,  -iyBot/2] . 
Ce = XH Lp -i) ie & piyBot/2 = Fy [eos 30" a STE . vin 


2 


1 . 
Ss [cos? 5 + sin? 5 + isin 5 COs 5 (et Bot _ oe) 


PYG) = Jo? = Z [cos ee +isin — 5 <ei70t/2| [cos Soe —isin Se t7Bot/2) 











1 1 
5 |} — 2sin $ cos £ sin(yBot)] =| 5 [1 — sina sin(yBot)]. 








(c) 





sin 


Oat ie cos FeV Fot/? — ang O iB : (z) _ (2) )2 Qe 
X+ = (5) 7 CL = (1 0) ( : ae iBat/2 = cos ae ot/2. PY (t) = [cl |? leaere 











Problem 4.33 
(a) 








Boh 
H = —7B-S= —7Bocoswt S$, = -? 5 cos wt G 2) ‘ 
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(b) 
a(t) : 1 
y= , with a(0) = G(0) = —. 
xi) = (3{7}) » with a(0) = (0) = Ze 
O j Boh Boh 
int =ih (5) = Hy = — 2 coswt (i & eee = cos wt & : 
B iyBo sinwt 
a=it (=) cos wt a => ge =1 (=) cos wt dt > ha = + eae + constant. 
a 
: . 1. , 
a(t) = Aei(1Fo/2)sinwt.  4(Q) = A= =, $0 a(t) = rel 1B0/2e) sin wt, 
(t) ()=A=—, soalt) 
i . yB 1 a yarn 1 e'(1Bo/2w) sin wt 
p=-t (+) cos wt B => B(t) =, Va. Bole?) " x(t) z V2 ( Saerba/2) sinwt } ° 
(c) 
(x) (x)+ 1 ef 1Bo/22) mer 1 i(yBo/2w) sin wt —i(yBo/2w) sin wt 
Cn XX =i i 1) —i(7Bo/2w)sinwt } — 5 le ae 
2 e 2 
B 2 2 . 
= isin = sina . Pk (t) = |e 2 =| sin? Ee sin 
2w 
. 2 yBo 3 Tw) 
(d) The argument of sin“ must reach 7/2 (so P= 1) => Oa Bo = — 
Ww ao) 











Problem 4.34 
































(a) 

S_|1 0) = (8 +9) +(1)= s [(S— 1) L+(S- I) T+ 7 (S- YF 1 (S- 1). 

But S_ t=h |, S_ |=0 (Eq. 4.143), so S_|10) = — [All 40+0+4 lJ = V2h |= V2h|1 — 1).v 
(b) 

80.0) = (80) + 82) a — Lt) = Ze (Se 1) (82 W141 Y= 1 Ge 1. 

S,|0 0) = g0-hIt +A 11 0) =0; 5_|00) = sl 1-0+0-A)=0¥v 
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(c) 
9/1 1) = [(s@) + (9@)? +28 -8®)] 17 
= (S? 1) T+ 1 (8? 1) +2[(Se 1)(Sx 1) + (Sy T)(Sy 1) + (Sz T)(Sz TN] 


= Biches, 18g hw. ih. th 
Sar T+ 3h afb iS iat Bis 








= oh tt +2 (= it) = 2h? {t= 2h7|1 1) = (1)(1+1)h?|1 1), as it should be. 


S|. —1)= [(9))? + (S)? + 28@ s®] in 


= a UW er LL +2 [(Sx L)(Se 1) + (Sy L)(Sy 1) + (Se (Sz YI 


“Feaal()G)-CE)4)C 


Bg he 5 ‘ 
= 5h UL 42> [l= 2h? |= 207|1 —1). v 


Nl] o 
ass 
Soy 
ee 
Nl] o 
es 
Ny 
et 





Problem 4.35 


(a) 1/2 and 1/2 gives 1 or zero; 1/2 and 1 gives 3/2 or 1/2; 1/2 and 0 gives 1/2 only. So baryons can have 
spin 3/2 or spin 1/2] (and the latter can be acheived in two distinct ways). [Incidentally, the lightest 














baryons do carry spin 1/2 (proton, neutron, etc.) or 3/2 (A,Q7, etc.); heavier baryons can have higher 
total spin, but this is because the quarks have orbital angular momentum as well.] 





(b) 1/2 and 1/2 gives] spin 1 or spin 0.| [Again, these are the observed spins for the lightest mesons: 7’s and 
K’s have spin 0, p’s and w’s have spin 1.] 











Problem 4.36 
(a) From the 2 x 1 Clebsch-Gordan table we get 


(3.1) = Jee 2)|1 —1)4+ We 1)|1 0) + (fp 0)|1 1), 


so you might get | 2h (probability 1/15), & (probability 8/15), or (probability 6/15). 














(b) From the 1x table: |1 0)|} —4) = \/2|3 —3)+,/3 | —3). So the total is 3/2 or 1/2, with I(1-+1)h? = 





1 
15/4h? and 3/4h?, respectively. Thus you get aa (probability 2/3), or on (probability 1/3). 











©2005 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. This material is protected under all copyright laws as they 
currently exist. No portion of this material may be reproduced, in any form or by any means, without permission in writing from the 
publisher. 


110 CHAPTER 4. QUANTUM MECHANICS IN THREE DIMENSIONS 





Problem 4.37 


Using Eq. 4.179: [$?, $$] = [g¢, s{?] + [s@?, 5] + 2/8 .s@, 9). But [S?,$.] = 0 (Eq. 4.102), and 
anything with superscript (2) commutes with anything with superscript (1). So 


[57,80] = 24 SO [59,5014 9 [50,50] +-50)60), 50) 


=2{-inss?) + ins) — ans x 8®)z, 





[S?, 3] = 2n(80) SP) — $9 50)), | and [S?,S] = 2ih(SM x S@)). Note that [5?,S@] = 2ih(S@ x $M) = 
—2ih(SM x S$), so ($2, (SM + 8@)] = 01] 











Problem 4.38 
(a) 





(0p Ob Ow Te ce abee » Sin on 
= Ey. 
(3 ao + Se) + 5m (« ae te) e u 
Let (2, y, 2) = X(x)Y(y)Z(z); plug it in, divide by XY Z, and collect terms: 
Be Pde, on Bas PRG, Aas ee foe tg 2 he ag 
( 2m X da? + iva?) + ( 2m Y dy? + 5nuy?) + ( Qm Z dz + 51m?) 
The first term is a function only of x, the second only of y, and the third only of z. So each is a constant 


(call the constants E,, Ey, Ez, with E, + E,+ E, = E). Thus: 


OG Data cia Oe il Sie ea eT eg Hg 
mnie eo ee ee 2m dy? Qe me Den yar ar caters 


Each of these is simply the one-dimensional harmonic oscillator (Eq. 2.44). We know the allowed energies 
(Eq. 2.61): 


Ey, = (ne + 5) hw; Ey = (my + +) hw; E, = (nz+ 5) hw; where Nz, Ny, Nz = 0,1,2,3,.... 





So E = (ng + ny + ny + 2)hw =|(n+ 3)hw,| with n=nz+ ny tnz. 











(b) The question is: “How many ways can we add three non-negative integers to get sum n?” 


Ifn, =n, then ny =n, = 0; one way. 
Ifnz =n—1, then ny = 0,nz = 1, or else ny = 1,n, = 0; two ways. 


Ifnzg =n —2, then ny = 0,n,z = 2, or ny =1,n, =1, or ny = 2,n, = 0; three ways. 





i 2 
And so on. Evidently d(n) =1+2+3+4+---+(n+1)= (n+ Mn ) 
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Problem 4.39 


2 42 2 
Eq. 4.37: — eee [grt + OE w= Be 





md 1 oR 2 ied 
Following Eq. 2.71, let € = \/r. Then weet | 2 aE) 


2 
! = Eu, 
ee ae Om a ee 





du >  Ul+1) Sis. 
OF dé 4 ¢ + 2 —K U, where k= fw (as in Eq. 2.73). 


At large €, “3 w €u, and u~ ( ye? (see Eq. 2.77). 
p i+. 
At small €, = & aa and u~ ( )é't (see Eq. 4.59). 


So let u(é) = é+1e-$"/2u(€). [This defines the new function (é).] 


zo (1 + léle —¢ /2y) — gt2—-O/2y ee gltle GF /2y/, 
2 
a = 1b + ete“ Fy — (14 ee Fu + (14 ele F Pu! — (14 aE e-F/2y 


aa E143 87/24 = glt2——8/2y! (he Déle-8"/2y! — Elt2 2/24! ai gltle 6/2, 
= Lee teFy — (21 + 3) e+e nk + Be Fy + 2b + Hele Pr! 
= get? 27/24! Sis glt1 87 /2yy!! i. is ete OT 4 Le el te Oy — Kélte —€? /25- 
Cancelling the indicated terms, and dividing off €!+1e~§°/2, we have: 


1 
Wad (St ) +(e -a1-3)0=0. 


j(j —1)ajé~?. Then 


Ms 


& 
Il 
wo 


co co 
Let v(€) = Sa, so v! = Ss 9a; y= 
j=0 j=0 


S70 GG — lage? + 21+ 2) $7 jazé?-? — 2° jase + (K — 21-3) 5 aj? =0. 
j= 


j=2 jai j=l 


In the first two sums, let 7 > j + 2 (rename the dummy index): 


ee 


(F + 2G + Vajrol? + 201+ 1) S09 +2) OS 900s (K -21-3)) > a;é7 =0. 
j=0 j=0 7=0 


&. 
ll 
oO 
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Note: the second sum should start at 7 = —1; to eliminate this term (there is no compensating one in €~') we 
must take aj = 0. Combining the terms: 





! . ; (27 +21+3-K) 
2 21 . K —2j —21— J|=0, 8 49 = 3 
(7 + 2)(7 + 214+ 3)aj42 + ( j 3)a;] =0, so | aj;+o G +29 + 21+ 3)% 











& 
ll 
oO 


M: 


Since a; = 0, this gives us a single sequence: do,a@2,a4,..... But the series must terminate (else we get the 
wrong behavior as € — 00), so there occurs some maximal (even) number jmax Such that aj,,,.,. =0. Thus 


1 
K=2jmax + 21+3. But E= aiwk, so EF = (Ginx + 8+ 5 5) he. Or, letting jmax +l =n, 





Ey, = (n+ 3)hw,| and n can be any nonnegative integer. 
(Incidentally, we can also determine the degeneracy of E,,. Suppose n is even; then (since jmax is even) 
1=0,2,4,...,n. For each | there are (21 + 1) values for m. So 











n n/2 n/2 n/2 
d(n)= S > (21+1). Let j=1/2; then d(n) = °(49+1)=4)°7+501 
1=0,2,4,. j=0 j=0 = j=0 
ny(M4y 1 2 
DE ou +($+1)=($4+1)m+1)= — as before (Problem 4.38(b)).] 


Problem 4.40 

















(a) 
d a 
“lr. “(H, 
S(r-p) = 5 (Hr pl) 
3 3 3 1 
[H,r : Pl a ye A, ripil = A, ri] Pit rl, pil) = Ss (Sarde + rlV.eil) ; 
i=1 i=1 i=1 
3 3 3 
[p?. ri] = So [pyp;.ri] = 9— (pslp3, ri) + Ls, rilps) = S— [pj (—i6i3) + (—ihdiz)pj] = —2ihpi. 
j=l j=l j=l 
av Selina) OV 
[V, pi] = os (Problem 3.13(c)). [H,r-p] = » (21a +17; (n=) 
2 2 
=in(-E+r-vv). pia a See. 
m dt m 
For stationary states “or -p) =0, so 2(T) = (r- VV). QED 
(b) 
e 1 ee 1. eA 
VS ee oe ae 


But (T) = (V) = Ep, so (T) — 2(T) = En, or (T) = —En; (V) =2En. QED 
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(c) 
i 
v= wr => VW =mu"rf sr. VV = mu?r? =2V. So 2(T) = 2(V), or (T) = (V). 


SVS, orn = VS 5 En QED 


Problem 4.41 





ih Lh, 
(a) V-J= sn [VU -Vu* + W(V7W*) — VU" Vu —- (Vv) = on [w(V7w*) — w*(V7W))] . 
sige . OV Pe oe 
But the Schrédinger equation says ihe = So W+VW, so 
m 
2m ow 2m ow* 
aa a Aye — ee se 

VU = Re (vw ih BE i Vu ip (vw + ih mn ). Therefore 





V-J= ie E (ve soe ) -v (vein) 









































2m h? Ot Ot 
i ow* ov O 0 
= ih ( wu = Wh) =-_|b/?. ¥ 
he ( bef =) go ee 
1 1 —r/2aQ: id ,—iEot/h : : 
(b) From Problem 4.11(b), W211 = — —~re sin 6e'?e '?"/"_ ‘Tn spherical coordinates, 
7a 8a? 
ov 10W . 1 ow. 
Uw =— ff oy 0 oS x 
y ar + OB Taine Od Ge oe 
VW211 = en (1 - =) e—7/24 sin Det e—tBat/h p 4 1 enr/2e cos Oe? e— *F2t/h § 
7a 8a? 2a r 
d re/24 sin O ie! e*E2t/h 6 = (1 _ >) F+cotOd+ = b ties. 
rsin@ 2a sin @ r 
Therefore 
pe! (1-2) r+eotad-~— 6— (1-7) #-cotd-  ] Wor? 
~ In 2a pene sin 0 2a : sin 8 pee 
ih (—2i) p40 Pe L, A pee sin? O h ae mo 
SS —— WU => = UL Gog 0 ‘ 
2m ra. aril ¢ m ta 64a4 rsin 6 e 64nma> ee 
h 2,-r/a ~ a : ~ 7 A aa) : 
(c) Nowrx J = r-e sin (# x 4), while (7 x 6) =-6 and 2-6 = —sin8, so 
647ma> 
<3 h 2—r/a os, 2 
rxJ,= aan e€ sin* #, and hence 
h 2,—r/a gr 2 2a: 
L, = m= (r e€ sin 0) r“ sin 0 dr dé do 
647ma> 








= 








= Te fe rte"! dr fe sin® 6 d0 i. dé = Tes (4!a°) e (27) = 
64ra> Jo 0 0 647a® \ 3 
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as it should be, since (Eq. 4.133) L, = him, and m = 1 for this state. 


Problem 4.42 
(a) 


1 —rf/a 1 1 —ip-r —r/a : 
Vga / = 60) = Gaze |e Pr/he-r/472 sin 6 dr dO dd. 


With axes as suggested, p- r = prcos@. Doing the (trivial) ¢ integral: 
a 2m 1 pe 2,—-r/a i —ipr cos 0/h .: 
o(p) = sane | re / e sin 6 dé dr. 


i. e7 iPr cos 8/F gin 9 dg = A en = Ah (oe on gh) a oe (=) ; 
0 ipr 0 ipr pr A 





1 1 Qh [* r 

banat ae ee (PE Na 

(Pp) 1/2 (ahs? p : re sin ( =) Ti 

| re—"/* sin (=) dr = ED / re ?/4eipr/hadp -{ pele elas 
0 h 21 0 0 


=a 1 1 | 1 (2ip/ah)2 


© 8 [Gjaaviny ative | 2 ajay? + wiry?) 
(2p/h)a? 


~ [1+ (ap/h)2)? 








_ 21 1 2pa3 1 _ 1 2a ue 1 
d(p) = ee mp h [1 + (ap/h)2]° | a (=) [1 + (ap/h)2]?" 











(b) 
ye a ee a 
[iP atp=ae [ Pld n= ana (Z) ff i+ (ap/npy 


From math tables: | oe dx = ae so 
0 


aoe Ga) =a elas G) eG) 4 
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(c) 


(p*) i *\6/? dp : (72) 4 E a dp. From math tables 
P)= | P Ne A a T ————j ap. rom m : 
mh o [1+ (ap/h)?]? 





oS x T 3 4 (2a\2 (h\*> « (h\~? Rh 
ee ee —3/2 Die So ae Sou) aes ee as) 
[ mee (35) EE AD (=) (=) 32 @ 











(d) 








1 1 fh he m? e \? m e \? 
vi 2m (P") 2ma* 2m h4 (=) 2h (=) = 


which is consistent with Eq. 4.191. 











Problem 4.43 
(a) From Tables 4.3 and 4.7, 








4 1 r\2 15 . 1 1 d 
W321 = R32Y> = — (“) e7 7/34 |_,/ — sin 6 cos Oe’? | =| -—=——-r?e7"/*4 sin 0 cos be”. 
811/30 a3/? \a \ 87 Vm 81a7/2 











(b) 





— p sagt ff (rter?r/% sin? 9 cos” 6) r? sin 0 dr dé do 


a’ 


= ane poe 77/30 ar [ (1 — cos? @) cos? 6 sin 6 dO 
0 0 


A af (2) ] seme : 


0 


ata! 2 3:5 4 
=a GOO De [5-2] =4*2 o=1. v 








e Ages TAL pS 
S\ __ s 2,2 Soi eo ec s+6 ,—-2r/3a 
(r =f r°|R3a|°r°dr = (=) 30 a. rere dr 


- ant 91(#)""-[o+n() aap $8) 


Finite for |s > —7|. 
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Problem 4.44 
(a) From Tables 4.3 and 4.7, 





1 1 r\3 35 ; 1 : 
— Se, —r/4a - 3 ~Ap3id } 3,,—1T/4a o:3 931d 
asa = Raa¥? = Fe ee cam (GZ) &™ (-\zes ene )- Guano ee 











(b) 
(r) = jrvPae = moan sin® 6) r? sin 6 dr dO dd 
Ta 
= 1 Pe iba [swt [ 
= oa | r-e dr ‘ sin‘ 0 d0 ‘ do 


: 1 2-4-6 
= Fae W120") (252) en) = [ike 


(c) Using Eq. 4.133: L2 + L2 = L? — L? = 4(5)h? — (3h)? = 























11h?, with probability 1. 








Problem 4.45 
(a) 


47 D 4 a a 2r 
2 33 2r/a,,2 2 2r/a 2r/a 
p= fw d r =| e / r dr = |S e / + —e / (-=- )| 


2r ar? : 2b 
=— (+2425) en 2r/a =|1— (14242 on 
a a a 


a2 














0 








(b) 














(c) 


(d) 


4 10-8 ~=\? 4 3 A 32 
P=-—(—W——__) =-(2x1075)°==-8x107-% = — x 107 =/1.07 x 107". 
3 (as is) ge aa es oe - 
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Problem 4.46 


1 In — 
(a) Equation 4.75 > Ry(n-1) = —p"e Pv(p), where p= ss Eq. 4.76 => ¢ = (n—n) ast 
7 ae (1) (2n) 
So v(p)=co, and hence Rpip—1) = Nye. whee oN, = = 
na 








oo oo na 2n4+1 2 n 9 
1= | |Ri?r?dr — (Wa)? f pene 2r/na dy = (Nn)?(2n)! (=) ; Nn _ ( ) 
0 


0 











(b) 


(r') = i |RiPr't dr _ Nap pantl —2r/na gy, 
0 0 


iy = (2) Apert (“ey = (n+ 5) 


(r\ = (2) ent 2)! en = (2n + 2)(2n + 1) (“) = (n+ 5) (n +1)(na)?. 


na 









































n+1/2) V2n+1 
Rio Bag R26 25 
a r 6a r 50a. 
dRyn— 2 Let 
Maxima occur at: a = 05 (n—1)r?-2e-7/74 _ ph —le-r/na — 9 > ry = na(n—1). 
f° na 


Problem 4.47 


Here are a couple of examples: {32, 28} and {224,56}; {221, 119} and {119, 91}. For further discussion see 
D. Wyss and W. Wyss, Foundations of Physics 23, 465 (1993). 
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Problem 4.48 
(a) Using Eqs. 3.64 and 4.122: [A, B] = [x?, Lz] = x[z, Lz] + [x, Lz|a = 2(—ihy) + (—ihy)x = —2ihey. 








1 2 
Equation 3.62 > 040%, > 55-2 (ea) = h? (xy)? >| oaop > hl(ry)|. 
i 











(b) Equation 4.113 > (B) = (Lz) =mh; (B?) = (L2) =m?h?; so. op = m*h? — m7h? =|0. 














(c) Since the left side of the uncertainty principle is zero, the right side must also be: | (xy) = 0, | for eigenstates 
of Ly. 











Problem 4.49 
(a) 1=|AP2(1+4+44) =9|A)?2; [A=1/3. 




















h Brn 
(b) 3? with probability 9° — 5 








with probability - co _ 4 - (-5) ed Lae 














(c) From Eq. 4.151, 

















h 1 h 1 h 2h 
a with probability ] ie with probability = (S,) = ae + = (-5) =|. 

















(d) From Problem 4.29(a), 





oe 1-2 1 1—4i 1+16 17 
(y) _ (y) 7 Soe at POP Oe . (y))2 _ _ 
a = () . aya ( 2 a0 ey” ones = IB; 
Sad 1-2 1 1 1 1 
Oe OD Ve 7 ee 
cf) = (x2!) X= 3g ltt ( 2 )- Bas 0 appt ag 








18’ 2 18° 





h 1 h 1 17h 1 h 4h 
2 with probability ae —zx, with probability —.| (Sy) = nn + — (-5) A ee 

















Problem 4.50 


We may as well aad axes so that a lies along the z axis and bis in the xz plane. Then gs) = SM), and Ss?) = 
cos 0 S)?) + sing SY). (0 0,50 5 |0 0) is to be calculated. 


1 


sg 19 0) = a [5% (cos 0.5) + sino $2] (t1 — lt) 
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= s [((S, T)(cos0S, | +sin@S, |) — (S, |)(cos 6S, T +sin 6S, T)] 


~ Son ($0) 008 )]-C49) on Qo) ne) era 


he 1 ; 1 he . 1 
== os #(- Test) fom Ut so 1] eee | — cos6jo 0) ries (jl 1)+|1 - 1») ’ 





h2 i he 
so (SYS) = (0 015M 50 0) = 7 (00 - cos 6|0 0) + sind5(L Debi 1») = — cos 6(0 0/0 0) 


h2 
(by orthogonality), and hence (sD) 5) =~ 7 00s 0. QED 


Problem 4.51 
(a) First note from Eqs. 4.136 and 4.144 that 


News ; ae ecm 


= Fl Vale FI) — mim + Dls m+1) + Ys(e+1) — mG — 1) Is m—1)| 


1 
Sy|s m) = 5° [S+|s m) — S_|s m)] 

h 
= 5 s(s +1) —m(m+1)|s m+ 1) — Vs(s +1) — m(m — 1)|s m—1)] 
Now, using Eqs. 4.179 and 4.147: 


S2|sm) = (sy? + (5)? + 265050 + 59959? + 505)] als 1)1$y m—4)+ Bl —3)|s9 m+) 
= Af (S215 $))|so m— $) +13 4) (S4ls2 m— 3) 


+2] (Selb $)) (Sels2 m—4)) + (SpE 4)) (Splsa m—f)) + (Se1d )) (Selsa m— 4) |b 





lI 
—“—s 
‘Al 
ot 
a 
Nik 
NI 
= 
DH 
Nw 
| 
Nie 
ne 
+ 
ot 
nw 
wD 
Nw 
pene 
WD 
Nw 
ao 
ray 
— 
Nie 
Nik 
haa 
wD 
N 
| 
I 
~S- 








+2/B13 — 8 ( [sale 1) — (m= Dm + Pee m+ 3) 
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+ /s2(s2 +1) —(m— 5)(m— 3)|s2 m— ») 











-B{ $115 — ¥)]o2 m-+ $) + Msalsa + 115 — ¥)ls2 m+ ¥) 








$2(82 +1) = (m+ 4)(m + ¥)|s2 m+ 3) + y/s0(s2 +1) = (m+ $)(m = F)|s2 m— 1) 


1 
bo 
cm tod 
tlt 
1) 
Nie 
a al 
Nola 
7 ™~ 

















+11 B) $+ s0(62 +1) —m— , + Ay/so(s2 +1) —m?+ abn — $)|s2 m+ 4) 


= h2s(s + 1)|s m) =rs(s+1)] 4) 2)|s9 m— 2) + BIL — })|s2 m+ »). 


A [s9(s2 +1) +4 +m] +By/s2(s2 +1) —m? +4 = 5(8 + 1)A, 
or 





























A [s2(s2 + 1) a? 38(s a 1) ; m| B $2(89 1) m2 ; = 
1 
4 


0, 
B |[s2(s2 + 1) — s(s +1) +} — m] +A4/s2(s2 +1) —m? + 4 =0, : 


eee 























where a = 89(s2 +1) —s(s+1)+4, 6 = \/s9(s2 +1) — m? + §. Multiply by (a — 5) and 6, then subtract: 


A( 


a? — m7) + Bb(a—_m) =0; Bb(a— m) + Ab? =0 => A(a? — m? — b?) = 0 > a? — b? = m?, or: 


[s2(s2 +1)-—s(s+1)+ i — 82(82 +1) +m? — ; =m’, 


[s2(s2 +1) — s(s +1) + 








1 
4 
L 
4 





= sh+s2+4= (5044)? 90 


























8o(s2 +1) —s(s +1) +4 =+(s2+ 5); 9(s +1) = 52(82 +1) F (s2 +4) +F-. 
Add + to both sides: 
’ 83 + 82-82-45 + 5 =83 
Peet ta (etd =alnt)F (a+) +4 
sh +sots2+5+ 5 =(s2+1)? 

st+Z=+82 sate 3= {908 
So ee 1 

s+4=+(s2+1) se=H(atn-g-f% 03, 

2 
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121 
































But s > 0, so the possibilities are | s = sg +1/2.] Then: 
a=si+so—(8 re 8 wee dic 
ee Fp eee gD 4 
Sts Bake See tel, Hees a tea) tae 
7 5° ee 2 oa D 





). 





1 
= ( Btot5 = ( 2t5 ape deel +m ) (2+ 5-m). 























































































































A(R (o2+ 9) +m] =A (02+ fm) =—Bb= Blt +m) (at dm) 
= Ay/s2+5Fm=+By,/s2+54m. But |Al?+|BP?=1, so 
Dee 2 
sg +5 Fm A 1 282+ 
JAP + 14? ( 2 2 ) = | [so + Em+s+ 5 em = ( 2. 1) |A|?. 
sar zp =m (sot st ) 2 (so + 5 +m) 
of la 
a5 |e of OIE |) peel gee aE lg | Bae Oe 
2so+1 ysotbim 2s9 +1 
(b) Here are four examples: 
(i) From the 1/2 x 1/2 table (sy = 1/2), pick s = 1 (upper signs), m = 0. Then 
Jaya he = 202 | 
A= a = B= = 
(ii) From the 1 x 1/2 table (sz = 1), pick s = 3/2 (upper signs), m = 1/2. Then 
Ttiqi = igh 
A= a 33 B= mi = 
(iii) From the 3/2 x 1/2 table (sz = 3/2), pick s = 1 (lower signs), m = —1. Then 
B4 44H 3_y41 
AS ae = = 4 a =e 
(iv) From the 2 x 1/2 table (sz = 2), pick s = 3/2 (lower signs), m = 1/2. Then 
g—isi 2. = g4244 = 3 
Aaya Baht =—/3. 


These all check with the values on Table 4.8, except that the signs 


(which are conventional) are reversed 


in (iii) and (iv). Normalization does not determine the sign of A (nor, therefore, of B). 


Problem 4.52 
1 


0 0 0 
BS=[o]s BH=lo]; BB=ll]s BB=[p|-  Bauation 4136 = 
0 0 0 1 
S413 3) =0, S413 5) = V8AIS 3), S419 St) = 2A19 9), S413 |) = VBAIZ =); 
S_|} 3) = VBh|Z 5), S13 a) =2h13 SH), S13 =) = V3AIB =), S13 =) =0. 
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0V30 0 0000 0 V3 0 0 
Ses 0 20 Yn es ee tO OO. ae _|hA[ v3 0 2 0 
De DE SE ogy g/g) P= | 0. 210 Re GOEL S Sa |g op V3 
0000 0 0V30 0 0 V3 0 
eo ee V3 2 0 
SN) BO 4/8) S478. 0 = 
0 2 -A,\ V3 0 V3 —\ hace 
0 0 VB-X 


=A [29 + 34 40] - v3 [V3a? — 3V3] = At - 70? - 3.7 +9 = 0, 


























or A*— 104? +9=0; (A? —9)(A?7-1) =0; A=+3,4+1. So the eigenvalues of S, are| 3h, Zh, —Zh, —3A. 


Problem 4.53 


From Eq. 4.135, S,|sm) = fim|sm). Since s is fixed, here, let’s just identify the states by the value of m (which 
runs from —s to +s). The matrix elements of S, are 


It’s a diagonal matrix, with elements mh, ranging from m = s in the upper left corner to m = —s in the lower 
right corner: 

s 0 O -:-. 0 

Os-1 0 ::: O 


S. nh 0 0 s—2::: 0 
0 0 0 +++ —s 
From Eq. 4.136, 
Szi|sm) = hy/s(s +1) —m(m+1)|s(m£1)) =hV(s Fm)(stm+1)ls(m41)). 
(S.)nm = (n|S|m) = y/o = m)(e+ m +1) (nfm + 1) = Kbns16a (mat) = Rnb (mea): 


All nonzero elements have row index (n) one greater than the column index (m), so they are on the diagonal 























just above the main diagonal (note that the indices go down, here: s, s—1,s—2...,—s): 
0b, O O 0 
00 b,-1 0 0 
00 0 bs 0 
SES A]. s 4 . 
00 0 O - bist 
00 0 O 0 
Similarly 


(S_)nm = (n|S_|m) = hi/(s + m)(s — m+ 1) (nlm —1) = hbmdn (m1): 
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This time the nonzero elements are on the diagonal just below the main diagonal: 


0 0 0::. O 0 
b, O O--- O O 


S =h| 0 %10- 0 0 


OO seb a4!0 


To construct S, = $(S4+S_) and S, = £(S; —S_), simply add and subtract the matrices $, and S_: 
0 b, O 0 0 0 0 bs 0 0 0 0 
b, O bs-1 O 0 0 —b, 0 bs-1  O 0 0 
0 bs-1 0 bse 0 0 0 —bs-1 OO bds_o°--> 0 0 
5 =P 10 0 bas O + O Of cge 2 Pe) Or 0 bsg 0 0 0 
"2 a) SN iT otis 
0 0 0 O +) OO  bis4i 0 0 0 O -:- 0 bis41 
0 0 0 0 b_s41 O 0 0 0 0 —b_s41 0 


Problem 4.54 
LY," =h/UT+1) —m(m+DY;"*" (Eqs. 4.120 and 121). Equation 4.130 > 


he’? & + icot os) Bm ei™? P™ (cos 6) = Ay/U(L + 1) — m(m + 1) Bt e+ D2 p™+1 (cos 6). 





oo 


Bi" (5 —mcot 0) P"(cos 6) = s/I(i+ 1) — m(m + 1)B"** P™** (cos 6). 








cos 6 x d dx d d d 
Rua Ne roe SIRES ae ioe ao abd ae op 
d x 1 dP” 
m | __ Spee mM. pay m 2 l I ml _ _ pRBm pm+l 
Bi | l-«x ies ms] P (x) = —B; f= (1 - 2") aes tmaP"| = —Bj”" P; 





= VJi(l+1)—m(m+ DBP (sc) = | BM = —____B". 


Now I(1+ 1) — m(m+ 1) = (l—m)(l+m +1), so 

















a Fa a Spe Se ee A BD 
: Vvi—mVvl+1+m Vhjie. -" TAT TRD Jit —1)f/E+ DE+2) °’ 
—1 -1 
B; es BP, ete. 


See 
Vi-ate3 | J0+3ae+ 0+ DIU 0-2) 
Evidently there is an overall sign factor (—1)”, and inside the square root the quantity is [(J+ m)!/(l — m)]]. 
(l—m)! 
(J+ m)! 





Thus: | Bj” = (-—1)™ C(1) | (where C(l) = B)), for m > 0. For m < 0, we have 














0 
=—1 =. By H oe = a 1 0 
B; —- ’ B, ~~ B, a B; ’ 
JCM J/CtaC=)) C+ UC+ DICED) 
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Thus B;™ = By”, so in general: Bl” = (—1)™ Pe On Now, Problem 4.22 says: 

















(l+|m|! 
We ; 
y/ = a hE ei sin 0)! = Ble”? P!(cos@). But 
4 Tv 
Ed Lae (1—22)'/2 ( g@\ (21)! 
1 2\1/2 2 l 21 2\1/2 
Pie) = (1— @?)/ (=) an (+) Cea = ar (=) (32) = Sa (aa, 
-ee__—_— 
(21)! 
21)! 
so Pi (cos@) = _ (sin9)'. Therefore 
1 OIG aie paige! ,. 1 /@i+p! /@l+y 
SN ae (e’? sin 0)' = Ble ai (sin 0)! > Bi = (Gil = TOD! 
1 Pie 21 +1) (1 —|ml)! 
But BY = (-1)',/——c(), sof C() = (-1)'y/=*=, | and hence | By" = (-1)"*" Ee ii 
(21)! T m (1+ |m))! 




















This agrees with Eq. 4.32 except for the overall sign, which of course is purely conventional. 


Problem 4.55 
(a) For both terms, 1=1, so h?(1)(2) =|2h?, P=1. 































































































1 2 
(b) |0, P= 5,Jor]h, P= 5. 

3 

he 
(c) | 7h, 

h 1 h 2 
(d) |=, P=<=|or|--, P=“. 

2 3 2 3 
(e) From the 1 x $ Clebsch-Gordan table (or Problem 4.51): 

Self B11 0) + 31d yi 1) = S [318 - Ald B] + V3 [Sg 4H) + V3 8) 

15 8 3 1 

= (292) [3 2) + (3) 12 3). Sos= gor 4. |—A?, P= =,lor|oa?, P=<. 

1 
f) |=h, P= 
(f) | 5% 
(g) 

1 2 cps . 2 
jo? = HRaal®d SIV? Oxhxe) +2 [vrvg oda) +¥¥? Ola) | + FIP Ola) | 
HS V—S——"’” V—S——S” —S—S_S— 
1 0 0 1 
1 D:D: ee oe dB Bs 
= 3! Rail? (Yr |? +2|¥7 |?) = aaa aah ee f E cos? 9+ 2 sin? 7 (Tables 4.3, 4.7] 
1 1 
= aie rele, (cos? 6 +sin? 6) = cee ree T/e, 
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(h) 





1 
ree tle 5 prewt/4, 


1 2 0/2 7.2 1 2 1 1 
gar poe sil Odb.dd = 2|Rar| ~ 3° 9443 72a° 

















Problem 4.56 


(a) Equation 4.129 says L, = Ee so this problem is identical to Problem 3.39, with p > L, and x — @¢. 


(b) First note that if M is a matrix such that M? = 1, then 
iM ; Lng a2 | rena and Lo ang ts 
e€ =1+iM¢ + 5 (Md) + 3 (Me) sense a Lap = oe —iMa¢ foe 


= (1-50? + Tot — ++) 4iM(O— 93 + BO? — ++) = cond + Maing, 





So R = e'"7#/? = cos & + io, sin & (because 0? = 1 — see Problem 4.26) = io, =|i é ) ’ 


eh TG) 











Thus Ry+ = 1 ( 


(c) 


: .) (5) =i (?) = ix_; it converts “spin up” into “spin down” (with a factor of 2). 





R= eit ey/4 


= cos = + ioy sin = = iin = ho +i er ela 
en eT aie l= oe INO T io}|-|valu1’ 


RxX+ = S & :) a = s (4) = ale —x-) = x© (Eq. 4.151). 


What had been spin up along z is now spin down along 2’ (see figure). 

















(d) R=e’"*s =cos7+io,sinz =|-1; 
of y is arbitrary, it doesn’t matter. 


(e) 








rotation by 360° changes the sign of the spinor. But since the sign 





(a: ny)? = (OgNg + GyNy + O2Nz)(TzNz + TyNy + 72Nz) 
— on? + oun + on? + NgNy(OxTy + Cyr) + NeNz(TxOz + 0202) + NyNz (Tyo, — Tz0y). 
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Buto2 = a, = 072 =1, and og0y + OyOx = 07402 + 020 = OyTz + 020y = 0 (Problem 4.26), so 


o o 


(o-APa=netnitn? =1. So e(7)4/? = cos = + i(o-A)sin 5. QED 


Problem 4.57 
(a) 


(a1.42] = 5 [7 + (02 /A) py, 2 — (a/R) py] = 0, because [py] = [2,2] = [PysPy] = 0. 
[p1,P2] = ; [pe — (h/a") y, pe + (h/a”) y] = 0, because [y, pe] = [y, ¥] = [pr, Pe] = 0 
[a.sPa] = 5 [e+ (@2/R) Dy, Pe ~ (R/02) vy] = 5 ([0sPe] [Pps al) = 5 [ih — (—én)] = ah. 
(a2, pol = 5 [2 — (2/R) Por De + (Hifa?) v] = 5 ((e,Pel ~ [Dyoal) = 


[See Eq. 4.10 for the canonical commutators. ] 


(b) 








5 ld Sones a\* , OF a\* , 2a 
1 — 92 = 5 | + = (apy + Py) (5) Py — & + —-(apy + Py) (5) Py| = 7 UPy- 














4 h BAe RY? oh 

2 Del, 2 2 2 | 2] _ 
Pi-P2= 5 p- qa (Poy + YPx) + =) Mean, a2 (Ped + YPx) =) “| = ~ Tg YPe- 

h a? 
So 53 (qi — 93) + af Pl — pz) = Upy — yPx = Lz. 

(c) 
H 1 ee 2,2 a? aap h H( ) 
=> Zw x = — 2 = H(z,p). 
am? *32 on Qa? »P 
a”, h » 8 h 9» 

Then H(q1,p1) = opel + aq2% = Ay, H(q2,p2) = aRbo ype Bee be ee, 


(d) The eigenvalues of Hy are (n; + 5)h, and those of Hz are (nz + 3)h, so the eigenvalues of L, are 


(ni + $)R— (n2 + $)h = (ni — n2)h= mh, and m is an integer, because n1 and nz are. 


©2005 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. This material is protected under all copyright laws as they 
currently exist. No portion of this material may be reproduced, in any form or by any means, without permission in writing from the 
publisher. 


CHAPTER 4. QUANTUM MECHANICS IN THREE DIMENSIONS 127 


Problem 4.58 


From Problem 4.28 we know that in the generic state x = (5) (with |a|? + |b|? = 1), 


h . ‘ ie 
(Sz) = 5 (lal? —|b?), (Sz) =ARe(ab*), (Sy) = —Alm(ab*); ($3) = ($3) = =e 
Writing a = |jale’®*, b = |ble’**, we have ab* = |al|ble*“?2—%) = |al|ble, where 0 = oq — ¢y is the phase 
difference between a and b. Then 


(Sz) = hRe(|al|ble”’) = hlal|b| cos 0, (Sar = —Alm(|a||b|e’) = —hja||b| sin 6. 
2 2 rae 2) j2)p12, 2 2 2 aes 2) 12/712: 2 
og, = (Sz) — (Sz) = a h*|a|*|b|* cos” 6; os, = (Sy) 45)" = a h°|a|*|b|* sin* @. 


h2 
We want 05,08, = 7 (Se), or 
4 44 


1 — 4|a|?|b|? (cos? 6 + sin? 6) + 16|a|*|b|4 sin? 6 cos? 6 = |a|* — 2|a|?|b|? + |d|*. 


2 2 2 p2 
(1 — 4|a|?|b|? cos? 0) Z (1 — 4|a|?|b|? sin? 6) = ae (|a|? — |b]2)”. 


1 + 16|a|*|b|* sin? 6 cos? 6 = |a|* + 2|a|?|b|? + [d|* = (la? + |p|?) =1 = |al?|b|? sind cosé = 0. 


So either 9 = 0 or 7, in which case a and D are relatively real, or else 6 = +7/2, in which case a and b are 
relatively imaginary (these two options subsume trivially the solutions a = 0 and b = 0). 





Problem 4.59 
(a) 


d 
Start with Eq. 3.71: ~ = 


1 1 
H = —(p-—qA):(p—gA)+q9= = [p’-q(p-A+A-p)+¢@A’] +99. 


2m 2m 


Ha) = 5—[p?,2]- Lp A+A-p),2] 


p’, x] = [(p, + py + pz), @] = [p2, ¢] = pelpe, t] + [Pe, t]p2 = De(—ih) + (—ih) pe = —2ihipy. 


p- A, x] = (pr Ax pyAy pzAz), x] = [prAz, x = Px [Az, x] Tr [Dx tjAx = —thA;. 














Ap, x] = [(AnDa AyPy AzDz), x] = [AcPa; x] = A; [pas x] Tr [Az, x\Px = —ihA,. 








9 


1 : , th th 
H, 2] = =—(—2ihps) — 5a (-2ih Az) =-—(p2—aAz); [Hr] =-—(p— 4A). 


a) <1 (p—¢A)). QED 
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(b) 


div) 4 Ov Ov q OA 


P20). og A a ee ae 


S| 


We define the operator v = 


1 m 1 
= iw + qy = [H,v] = a lv? +aly.v]i lev] = —[v.pl. 


O Lh 
[y,p2] = ih (Eq. 3.65), so [yp] = Ve, and [p, v] = — Vy. 








Ox 
[v, ve] = [(v2 oe vw + V2), Uz] = [vz ve] 7 [v?, Vz] = Vy[Vy, vz] + eps teley ats Vz[Uz, Va] + [vz, Vz] Vz. 
1 q 
[vy, Vz] = 72 l(Pu a qAy), (Px — qAx)| = pe ([Ay, Pa] a [Py, A;]) 
a (04y .,0A,\ hg __ hg 
72 (in Da ih a= ae (Vx A), = a B,. 
1 q 
[uz, Vz => —l(pz = gA.), (De = qAz)| SS ([Az, Pe] + [pz, Az) 
m m 
_  @ {.,0A, .,0A,\ _ tha __ thq 
=-4 (in an ge) = age (YX Aly = a Bu 
ihq ihq 


- [v, ve] ae (—v,B, — Bzvy + uz, By + Byvz) = a2 [—(v x B), + (B x v).]. 


ihq 


[v?,v] = a ((B x v)—(v x B)]. Putting all this together: 
AO = 5 [EEE wx v—vxB) + Pvp] ) - 2(2), 
[>] mow) = S((v x B) — (Bx v)) +a(-Ve- =) = S((v x B-Bxv))+4q(E). Or, since 


d [px B—-Bx p] 


YBa Bey= = Gags R BSB kaw = [AxB-Bx Al. 
m m 


eal 

m 
[Note: p does not commute with B, so the order does matter in the first term. But A commutes with B, 
so B x A = —A x B in the second.| 


d(v) 


mae? a 
dt 


2m 


2 
= q(E) + (p x B-B x p) ~ —(A xB). QED 


(c) Go back to Eq. %, and use (E) = E, (v x B) = (v) x B; (B x v) = B x (v) = —(v) x B.. Then 


d(v) 


Wa q(v) x B+qE. QED 
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Problem 4.60 
(a) 


- i yk 
E=-Vy=|-2Kzk.| B=VxA=| 4/dx 0/dy 0/dz| =| Bok. 


























(b) For time-independent potentials Eq. 4.205 separates in the usual way: 


\ (tv- aA) (E9 = aA) ¥-+ 490 = Ey, or 


2m \i 


h igh 2 
5 V7b+ SV (Ad) +A: (Vi) + A? + apd = By. But V-(Ay) =(V-A)b+A-(Vi), so 





he A 2 
— a Vii + Ba (Vu) + V+ (Av) + (La? + a) = Be, 











This is the time-independent Schrodinger equation for electrodynamics. In the present case 


=F(e Os 15) ae — Bo (a? +y’), gy = Kz’. 


Oy VO 


2 
But L, == a = Gee. so hy 2y Lr y 4/4 eno —— (a? + y?) + qK2?| v = Ey. 
“Oy Ox 2m 8m 


Since DL, commutes with H, we may as well pick simultaneous eigenfunctions of both:  L,wW = mhv, 
where m = 0,+1,+2,... (with the overbar to distinguish the magnetic quantum number from the mass). 


Then 52 , ‘ 

B B 

et yeg Bok 0) (a? + y*) +qK2? y= Ba om w. 
2m 8m 2m 


Now let w) =qBo/m, w= V/2Kq/m, and use cylindrical coordinates (r, ¢, z): 


h? [1 0 Ow 1p Ay de G5 ee dl 
2m Ee (3) r2 Of? es =| cr me? (2? Ty ) + pmwg2 | ve (e+ 5mner) ue: 























2 
But L, = aap 0 So - = - LP = “3 m7 hy = —m*. Use separation of variables: ~(r,¢,z) = 
R(r)®(d)Z(z) : 
= Be igi Pe ROZ + ROL + ( Senuite? + 2 ROZ = (E+ <mhu, ) ROZ 
2m rdr \" dr dz? gir gaz gee , 


Divide by R®Z and collect terms: 


ee ORY | A. a R1ieZ 1 45 1 
pee ae Zee a = [H+ —-7 ‘ 
{ 2m a ¢ 7) | oe gir haf 2m Z dz? me g 2% \ ( as si 


The first term depends only on r, the second only on z, so they’re both constants; call them FE, and E,: 








Re [1d ( dR\ m2) 1. 5, PZ 1 5. 
[to (SF) mR] +e? R = ER; ae gee a mu32Z= EZ; E= E,+B,— 5 mihi, 
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The z equation is a one-dimensional harmonic oscillator, and we can read off immediately that E, = 
(ng +1/2)hwe, with no = 0,1,2,.... The r equation is actually a two-dimensional harmonic oscillator; to 
get E,, let u(r) = \/r R, and follow the method of Sections 4.1.3 and 4.2.1: 


U dR u! uU d ¢ dR 


= = = @. " 
HT dr fr 23/2? rs we aR dr =) vine + 7am 


ld dR\ ut uw h? ee m? u ia! 2,24 _ pu 
rdr \' dr fr 48/2? Wm\ Sr 4r2 Vr rr? V/r gl" Te "/r 


Rh? [d?u 1 _5\u 1 22 
om E : (j = =| Ve ee 


This is identical to the equation we encountered in Problem 4.39 (the three-dimentional harmonic oscil- 
lator), only with w — w,/2,E — E,, and I(l+ 1) — m? —1/4, which is to say, 1? +14 1/4 = m?, or 
(1+ 1/2)? = m?, or 1 = |m| — 1/2. [Our present equation depends only on mm, and hence is the same for 
either sign, but the solution to Problem 4.39 assumed /+ 1/2 > 0 (else u is not normalizable), so we need 
|m| here.] Quoting 4.39: 











E = (jmax +14 3/2)hw > EF, = (jmax + || + 1)fhwi/2, where jmax = 0,2,4, 





E=jmax + | 772 + 1)hw,/2 + (n2 + 1/2) hw — mhw, /2 = (ny + 5) wy + (n2 + 3) hw, 











where n; = 0,1,2,... (if m > 0, then ny = jmax/2; if m < 0, then ny = jmax/2 — 7m). 


Problem 4.61 





(a) 

Bo=VxA'=VxA4Vx(VA)=VXA=B. 

; tulcpiees _ 0 (OX O (O\ _ 
[V x VA = 0, by equality of cross-derivatives: (V x VA)» = dy (3) =e (>) = 0, etc.] 
OA! OA OA O OA 
be = oon = — —- —_ — — =_— —- —_ = 
Pe etme ty ae te (>) Be gE gg 
: OA 0 ge 

[Again: V ae av) by the equality of cross-derivatives. | 

(b) 


[tv —qA- (7A) elA/Py = g(VA)ettA/Py 4 —eA/P — gAe*tA/PD — g(VA)e4/* 
i i 


= P igh/ ATU — gAeth/hy, 
a 


h os h Fic 
[fv mg = (7A) eltA/hyy — (Fv sg “(7A)) [Feennow — gAetA/hy 
v v v 
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a S(VA- Vu eit/h 4 cla /hy2y age 


a 


(V- AjetA/hG — G?(A- VA)e thy 
gh iqA/h gh iqA/h 2 42 iqA/h 
— SE VIOA (VU) — SMA VU) FG AO 
4 4 
h, 

— Peiad/n7 a. Vw) + P(A- VA)etA/ Py 
4 


= elt\/h {1 _ eV? W + ihg(V - A)W + 2igh(A - VW) + APU] 
—igh(VA)- (VV) — @(A- VA)W + igh(VA)- (VU) + 7 (A- VA)U} 


2 
(Gv — 1A) Ww 
a 


= eiaA/h 

















2 2 
So: : (Fv-aa) + qy'| UW! = etsA/h Is (Fv-aa) joumge w 
2m \a 2m \a Ot 
ow OA O/; ow’ 
: a iqA/A pepe — _7t* apps igA/h ws 
[using Eq. 4.205] € (in a TOE ¥) the. (c v) ih a QED 
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Chapter 5 


Identical Particles 


Problem 5.1 
(a) 


(my + m2)R = MY, + Mero = MY, + mo(r1 -— r) = (m4 + m3)¥1 — mor > 


eRe = po ey 
my, +™Me My 


m 
(mz, + Mm2)R = my(ro +r) + Mere = (M1 + Mg)rg + mM Lr > ro = R—- SA ae 





Let R = (X,Y,Z), r=(z,y, 2). 


d aX 0 dx a 





(Vile = 55 = dn, ax + 3a, Oa 
_ m4 0 Op _ 
_ (—-) 5 +x =AVaet (Vr), 0 W=AVRtV, ¥ 
O Ox O Ox O 
(Vaya = z 


Bis OO Ons OF 


_ Mg O Op ' _ » 
-(" x (a5 = (Vr)e —(Vr)z, so Va> Ye Vn 





(b) 


Viv =Vi- (Vid) =V1- [Aves + vi 
m2 


TE (ves as v.¥) Me: (vee BE v0) 
meg meg m2 


2 
(=) V2 +2(V,- Vay + V20. 
ms ms 


I 
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2 
Likewise, V2 = (+) V0 — 2 (V7, -Vr) + V2. 
1 1 








h? h? 
p= Viv — dng V2¥ + Vista) 
My 
h? 2 1 7 2 
--5( gs Se eta fy ae We Vat v2) 
2 1m5 mim m4 mom? m2 





m z™mg2 1 





+Vee= 5 ib rset + — =v i )b = Ey. 
im)" 


mime ~ mima(m +m) mi+mg 


h? h? 
ie ae) Vr¥ — 9,Vr wt+V(Qr)p= Ey. Vv 


(c) Put in » = ¥-(r)~R(R), and divide by w,¢p: 
hed 


h2 
- 2(m1 aig mz) 7 Viv] + | - ae rr Ps ue ) = 


The first term depends only on R, the second only on r, so each must be a constant; call them Ep and 
E,, respectively. Then: 



































h fe 
—————_V* vr = Erwr;| |-—V7v, + V(r)dy = Epr,| with | Ep +E, = E. 
2(m, + m2) Qu 
Problem 5.2 
AE A — M M 
(a) From Eq. 4.77, E; is proportional to mass, so Ee = iF = “a ae int ) 7 ae 


The fractional error is the ratio of the electron mass to the proton mass: 
9.109 x 1073! kg 
1.673 x 10-27 ke 











= 5.44 x 10~*. The percent error is | 0.054% | (pretty small). 





A(i/A) AR Ap (1/*)AX AA 

(/A) Rp (1/A) r- 

So (in magnitude) AA/A = Au/u. But yp = mM/(m+ M), where m = electron mass, and M = 
nuclear mass. 





(b) From Eq. 4.94, R is proportional to m, so 


m(2my) mm mm 
A = P = = 7 2 2 2 
: M+2Mp, M+Mp eae ome AS eae) 





2 
M*Mp mp 


= (m+ mMmp)(M+2mMp) m+ 2m," 
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Ad. A 
a ae a ae , sof AA = ee , where A, is the hydrogen wavelength. 
r [Lb mM+2mM, 2%WNMp 2Mp 

1 arse 36 36 

Pee PP cee eee a ees hae BGS 0 a 

Xr G 5) 36° *" BR 5.097 x10) Ora” ay 

Ad = 2109x107" (6.568 x 10-7)m = [1.79 x 10m 

oe" 2(1.673 x 10-27) ee 


mm 





(c) w= = ue so the energy is half what it would be for hydrogen: (13.6/2)eV =|6.8eV. 


m+tm 2 














(d) w= ee, R« p, so R is changed by a factor Epis... BEN Me a My (Mp + ie), as compared 
Mp + Mp Mp +My  MpMe Me(Mp + Mz) 
with hydrogen. For hydrogen, 1/\ = R(1—1/4) = ?R > A =4/3R = 4/3(1.097x 107) m = 1.215107" m, 
and \ x 1/R, so for muonic hydrogen the Lyman-alpha line is at 
1 (1.673 x 107?” + 206.77 x 9.109 x 10734) 
206.77 (1.673 x 10-27 +. 9.109 x 10-31) 


joas elt a) apis Sega = 
My (Mp + Me) 


= |654 x10? im. 





(1.215 x 107m) 














Problem 5.3 


The energy of the emitted photon, in a transition from vibrational state n; to state ny, is 
Ey = (ni + $)hw — (ng + Z)hw =nhw, (where n =n; — ny). The frequency of the photon is 








E k 
pee Site splitting of this line is given by 
h 27 AV uw 
n 1 ln [k Aw 1 Ap 
Av = |—vk | -—.5A = =~ 4/ — — = =p. 
is vi ( 23/2 u) 227 Vu p om [Lb 
Now , 
MaMe 1 —1 1 Ll 
= —— _ = — _ sv SO === Cc =A c 
pg cig: age 5 (2 zy m me) me 
Me Mh 


L pAme. 1 (Am-/me) 





V = =P 7 


Using the average value (36) for m., we have Am,./m, = 2/36, and m,/mp = 36/1, so 





— 1 (1/18) 1 7 > 
Av 5436)" > GHG’ > 7.51 x 1074v. 
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Problem 5.4 
(a) 


1= [ \wsPndn 











= |A/? i [a(ri)bo(r2) + do(t1)a(r2)]* [va(ti)bo(r2) = Vo(t1)Va(r2)] d’rid’re 





=|AP | [ivetripPatrr f hio(ra)PaPra+ f vate) dolrs)dns f v(te)*velra)dn 





+f vs(er)*valrarr [ valre)*vo(ra)dn2 + f vo(esyPaer, [ ia (ta) Pan] 





= |AJ?(1-14+0-040-041-1) =2|A)? =| A=1/V2. 























(b) 


1=|A/? iL [2a(r1)Wa(re))* 2ba(r1)Pa(r2)] rid re 





i aap f \ta(r1)|?d?r1 / \ta(r2)|?d?r2 = 4| Al?. A=1/2. 











Problem 5.5 
(a) 





h? 0? oe . 
se - me = Ew) (for 0 < 21,22 < a, otherwise y = 0). 


p= yo sin () sin (==) sin (==) sin (=)| 
few - (2) sin (TE) sin (2222) + (2) sn (72) sin (=) 
= 22 | (22) sin (222) nn (2222) + (2) an (2222) ain (%2)| 
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ey dw _ T\2 Qn \? _ Ww 
(S3+53)- (5) + (2) |v= 55 


(Pep dew 57h 5h? 
— =E£ ith B= 
( dx? dx2 ) 0 Vy 2 








=5kK. Vv 








2m 2ma? 2ma? 


(b) Distinguishable: 
Qe2 = (2/a) sin (2721/a) sin (27a%2/a), with E22 =8K| (nondegenerate). 














Vig = (2/4) sin (nei a) ean (9722/4) \ , with Fy3 = £3; = 10K | (doubly degenerate). 


31 = (2/a) sin (38721 /a) sin (17x2/a) 
Identical Bosons: 
Qe2 = (2/a) sin (2721 /a) sin (274%2/a), E22 = 8K | (nondegenerate). 




















w13 = (V2/a) [sin (1a /a) sin (3722/a) + sin (3721/a) sin (tax2/a)|, E13 =10K | (nondegenerate). 








Identical Fermions: 


W13 = (V2/a) [sin (7) sin (2222) — sin (274) sin (722)], Eig = 10K | (nondegenerate). 




















wo3 = (V2/a) [sin (72+) sin (2222) — sin (22%) sin (772)], Bo3 = 13K | (nondegenerate). 





Problem 5.6 
(a) Use Eq. 5.19 and Problem 2.4, with (x), = a/2 and (2?), =a? (3 - ai) ; 


(a1 — a2)?) = 0 (3 - ape) +0? (G - phe) -2- $$? : = (= + =)}: 
(b) (2)mn = 2 ff esin (2) sin (*22) de = 2 fox [eos (x) — cos (#2) | der 
= (cot) om (2) + (ct) sn (2) 
— (sretage) 08 (SSM) — (pete) sim (si=2)| 


0 
= 3 [(cetae)'(oalom— el -0)- (onto) 


But cos[(m + n)z] = (—1)™*", so 





























*(cos|(m + n)x] —1)]. 








UA es a I yn 1 1 1 i ae. if m and n have opposite parity, 
ee 2 (m—n)? (m+n)? 0, if m and n have same parity. 








6 2? \n* m w4(m2 — n?)4° 


1 1 1 1 128 a2m2n2 
So Eq. 5.21 > ((a1 — 22)) = e| ( = :)] 8a2m2n 











(The last term is present only when m, n have opposite parity.) 
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1 1 1 1 128a?m?n? 
(c) Here Eq. 5.21 > ((21 — x2)?) =| a? i = ( + :)| + 


mw \n? om m4(m2 — n?)4° 











(Again, the last term is present only when m, n have opposite parity.) 


Problem 5.7 
(a) | (21, 22,13) = Pa(@1) Yo(#2)e(#3). 

















J la(x1)do(w2)be(zs) + Wa(21)We(t2)Yo(x3) + Wo(21) Pa(L2) Pe(x3) 


OEE ES ila hebal a lis) abs OD UA asia) Valeo HIN 








J lVa(21)W(#2)be(xs) _ Wa(£1) Ve( 2) Y(r3) a: Wp (1)Wa(£2) elas) 


ASE a) ba i us Coals a) “4h. aoa vals sea) 











Problem 5.8 





p= A[w(ri,r2,73,--- ,Vz) <= w(r2,T1,T3,--- sez) + P(re,r3,T1,.-- tz) + etc.], 


where “etc.” runs over all permutations of the arguments r1,re,... ,%z, with a + sign for all even permutations 
(even number of transpositions r; rj, starting from rj1,re,...,rz), and + for all odd permutations (+ for 
bosons, — for fermions). At the end of the process, normalize the result to determine A. (Typically A = 1/VZ!, 
but this may not be right if the starting function is already symmetric under some interchanges.) 





Problem 5.9 


(a) The energy of each electron is E = Z?E,/n? = 4E,/4 = E; = —13.6eV, so the total initial energy is 
2 x (—13.6) eV= —27.2 eV. One electron drops to the ground state Z?E,/1 = 4F,, so the other is left 
with 2E,—4E, =—2E, —[27.2 eV. 














(b) Het has one electron; it’s a hydrogenic ion (Problem 4.16) with Z = 2, so the spectrum is 





1/A\=4R (1/n2 - /n?), where R is the hydrogen Rydberg constant, and n;,n¢ are the initial and final 











quantum numbers (1, 2, 3,... ). 


Problem 5.10 


(a) The ground state (Eq. 5.30) is spatially symmetric, so it goes with the symmetric (triplet) spin configura- 
tion. Thus the ground state is orthohelium, and it is triply degerate. The excited states (Eq. 5.32) come 
in ortho (triplet) and para (singlet) form; since the former go with the symmetric spatial wave function, 
the orthohelium states are higher in energy than the corresponding (nondegenerate) para states. 
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(b) The ground state (Eq. 5.30) and all excited states (Eq. 5.32) come in both ortho and para form. All are 
quadruply degenerate (or at any rate we have no way a priori of knowing whether ortho or para are higher 
in energy, since we don’t know which goes with the symmetric spatial configuration). 


Problem 5.11 
(a) 


1 8 af / e4A(ritr2)/a 
gat, ene 
(——) (=) Vr? + rz — 2rire cos 62 ‘ . 
a SS ee 
¢ 


@=20 | eMritr2)/a i 7 eae =p Na 
0 0 V7? + r3 — 2rire cos Oy 
————— ee SS 
* 


vi 





1 
w= —4/r? + 2 — 2rire cos O2 
r1r2 





1 
ear 3 +73 + 2rire— yr +r3— arr 
0 1/2 


a — [(ra + 72) — |r — Tal] = { — . 2 - 


1 TL co 
@ = 4re 41/4 l= f ree—*72/% dry +f re*l*dr] 
rl 


0 T1 


1 f”™ 1 2 4 
Faas ree 7472/4 drs 23 fas |-grde ove 4 a (5) e 42/4 (-2 _ 1) 
T1 Jo ry 4 2\4 





2 2 
= =e 2,—4r1/a ary —4ri/a Gs, —4ry/a _ Os. 
Ars rie + 5 e + e 3° 


2 
ary e74ri/4@ ts ow e4nia 
16 


co 2 4 2 
[oe tie hr | 


id T1 





a? ar, a? a® ar, a 
=4 —4ri/a | | —8ri/a 
ve { 32r, | a 8 32rn,. 4 =| ' 





©2005 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. This material is protected under all copyright laws as they 


currently exist. No portion of this material may be reproduced, in any form or by any means, without permission in writing from the 
publisher. 


CHAPTER 5. IDENTICAL PARTICLES 139 





(b) 


1 co 
—— )= Be van f o e-4ni/a —(2+ = eg Sri/a r? dry 
lr: — ral mas o «Lf ry 









































e 1 5 ec? 1) 5Bmfe\* 5 5 
ee => = = E — 1 A = 4 C . 
o Ameo (— —) 44reg a 4 h? (—) 3 ) 3 GeV Siew 














Eo + Vee = (—109 + 34)eV =| —75 eV, | which is pretty close to the experimental value (—79 eV). 











Problem 5.12 


(a) 


(b) 


Hydrogen: (1s); helium: (1s)?; lithium: (1s)?(2s); beryllium: (1s)?(2s)?; 
boron: (1s)?(2s)*(2p); carbon: (1s)?(2s)*(2p)?; nitrogen: (1s)?(2s)*(2p)°; 

oxygen: (1s)?(2s)?(2p)*; fluorine: (1s)?(2s)?(2p)°; neon: (1s)?(2s)?(2p)°®. 

These values agree with those in Table 5.1—no surprises so far. 


Hydrogen: 7$)/2; helium: ‘So; lithium: *Sj,/2; beryllium 'Sp. (These four are unambiguous, 
because the orbital angular momentum is zero in all cases.) For boron, the spin (1/2) and orbital (1) 





angular momenta could add to give 3/2 or 1/2, so the possibilities are 2P3 /2 OF 2P, /2-| For carbon, the 











two p electrons could combine for orbital angular momentum 2, 1, or 0, and the spins could add to 1 or 0: 
160, °91,+P1,?Po,?P1,?Po,+De,3D3,?D2,?Dy4. | For nitrogen, the 3 p electrons can add to orbital angular 
momentum 3, 2, 1, or 0, and the spins to 3/2 or 1/2: 











751/29" S3/2 “Pra, *Ps/ay*Pijay*Ps/a,"Ps/2, *Ds/2,°Dsza, : 
Dyj2,°D3/2,°Ds/2)°D7/2,° F5/2,°F3/2,° F3/2,°F5/2, °F 7/2, Fo/a- 
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Problem 5.13 


(a) 
(b) 


(c) 


(d) 


Orthohelium should have lower energy than parahelium, for corresponding states (which is true). 


Hund’s first rule says S = 1 for the ground state of carbon. But this (the triplet) is symmetric, so the 
orbital state will have to be antisymmetric. Hund’s second rule favors L = 2, but this is symmetric, as 
you can see most easily by going to the “top of the ladder”: |22) = |11),||11)2. So the ground state of 
carbon will be S = 1, =1. This leaves three possibilities: °P2,2P,, and ?Pp. 


For boron there is only one electron in the 2p subshell (which can accommodate a total of 6), so Hund’s 
third rule says the ground state will have J = |L — S|. We found in Problem 5.12(b) that L = 1 and 


S =1/2, so J = 1/2, and the configuration is |? P;/2. 














For carbon we know that S = 1 and L = 1, and there are only two electrons in the outer subshell, so 











Hund’s third rule says J = 0, and the ground state configuration must be | °Pp. 





For nitrogen Hund’s first rule says S$ = 3/2, which is symmetric (the top of the ladder is |3 3) = 
+ 3)113 3)21$ 3)3)- Hund’s second rule favors L = 3, but this is also symmetric. In fact, the only 
antisymmetric orbital configuration here is L = 0. [You can check this directly by working out the 
Clebsch-Gordan coefficients, but it’s easier to reason as follows: Suppose the three outer electrons are in 
the “top of the ladder” spin state, so each one has spin up (|3 4)); then (since the spin states are all the 
same) the orbital states have to be different: |1 1), |10), and |1—1). In particular, the total z-component of 
orbital angular momentum has to be zero. But the only configuration that restricts L, to zero is L = 0.] 
The outer subshell is exactly half filled (three electrons with n = 2, 1 = 1), so Hund’s third rule says 
J = |L—S$| = |0— 3| = 3/2. Conclusion: The ground state of nitrogen is |*5372.| (Table 5.1 confirms 


this.) 














Problem 5.14 











S = 2; L =6; J =8.| (1s)*(2s)*(2p)°(3s)*(3p)°(3d)" (45)? (4p)° (4d)!°(5s)*(5p)°(4f)'°(6s)”. 





definite (36 electrons) likely (30 electrons) 


Problem 5.15 
Divide Eq. 5.45 by Eq. 5.43, using Eq. 5.42: 





Etot/Nq _ h2(30?Nq)°/? 1 2m 43 


Ep 1072mV2/3 Nq h2(3n2Nq/V)2/3 





ou 











Problem 5.16 


h2 
(a) Er = 5, (bem)??. P 


Nq N atoms moles gm Na 
= = => — . d. h C N 4 A d Ya 
V V mole m gm volume M , where V4 1S Avogadro's 


number (6.02 x 107%), M = atomic mass = 63.5 gm/mol, d = density = 8.96 gm/cm?. 
(6.02 x 107%)(8.96 gm/cm?) Se peeks 
= 8.49 x 10 = 8.49 x 10 ; 
p (63.5 gm) Ape <a 
(1.055 x 1034J - s)(6.58 x 10-!8eV - s) 
(2)(9.109 x 10-3tke) 











(377 8.49 x 1078 /m?)?/3 =| 7.04 eV. 








Ep= 
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(b) 
v? 14.08 


Hier = ye _ 14.08 
WOES. @ 511 x 108 


(0.511 x 10%eV/c?)v? > = 2.76 x 1075 => — = 5.25 x 1073, 
Cc 


1 
2 








so it’s | nonrelativistic. } uv = (5.25 x 1073) x (3 x 108) =| 1.57 x10° m/s. 


(c) 























7.04eV 


= —_______ = }817 x 104K. 
8.62 x 10-5eV/K . 











(d) 





(3m?)?/3h? 513 (3m?)?/3(1.055 x 10-34)? 











Vara 0 Seay 
Problem 5.17 

pee is AV = p= -vlh __ya(2) y= Pay = Op 

5m V 7 ae 3 3 sat, 





For copper, B = 3(3.84 x 10'° N/m?) =| 6.4 x 10°° N/m?. 











Problem 5.18 
(a) Equations 5.59 and 5.63 > ~ = Asinkx + Bcoskz; Asinka= lens — cos ka] B. So 


Asin ka A ; 
= Asin kx + —7~———__ cos kt = —-——_ [e'** 

ie Sa (e**@ — cos ka) mec (e**@ — cos ka) ie 

Aeika 


e'Ka _ coska’ 


sin kx — sin kx cos ka + cos kx sin ka] 
= C{ sinkr + e~*** sin[k(a — x)]}, where C = 


(b) If z = ka = jr, then sinka = 0, Eq. 5.64 > cosKa = coska = (—1) => sinKa = 0, so e*? = 
cos Ka + isin Ka = (—1)’, and the constant C involves division by zero. In this case we must go back to 
Eq. 5.63, which is a tautology (0=0) yielding no constraint on A or B, Eq. 5.61 holds automatically, and 
Eq. 5.62 gives 





kA — (-1)%k [A(-1)? - 0] = ane B >B=0. So [v= Asinke. 


Here w is zero at each delta spike, so the wave function never “feels” the potential at all. 














Problem 5.19 


We're looking for a solution to Eq. 5.66 with 6 = 10 and z <a: f(z) =cosz+ 10 7, 
WOR? Bee <8? ae 2 (262768) 


2m ~ Ima? 2Ba 20 











2 
eV =|0.345 eV. 








Mathematica gives z = 2.62768. So E= 
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Problem 5.20 


Positive-energy solutions. These are the same as before, except that a (and hence also 3) is now a negative 
number. 
Negative-energy solutions. On 0 < x < a we have 


ae =~, where k= vene => w(a) = Asinhkx + Bcoshka. 
According to Bloch’s theorem the solution on —a < x < 0 is 
w(x) = e **4 [Asinh «(x + a) + Booshx(a 4+ a)]. 
Continuity at r =0> 
B=e'**[Asinhxa+ Beoshka], or Asinhxa= B [e** — coshxal . (1) 
The discontinuity in 7)’ (Eq. 2.125) > 


2ma 
he 


2ma . 
zis e tka 
h2n 





nA—e**4« [A cosh ka + Bsinh xa] = B, or A[1—e~** cosh xa] = B sinhka}. (2) 


Plugging (1) into (2) and cancelling B: 





; = 2ma , i : 
(e'** — cosh xa) (1 — e~** cosh ka) = sinh ka + e~** sinh? Ka. 


h2n 


. . . . 2ma 
iK LK iKa sinh2 ka = 








e*@ _ 9 cosh ka + e ** cosh? Ka — e~ 5 sinh Ka. 
hen 
; _; 2ma , ma, 
eka 4 e-iKa _ 9d eosh ka + Fen sinhka, |cos Ka =coshka+ Ra sinh Ka. 
K K 











This is the analog to Eq. 5.64. As before, we let 3 = maa/h? (but remember it’s now a negative number), and 
this time we define z = —kKa, extending Eq. 5.65 to negative z, where it represents negative-energy solutions. 


In this region we define 


inh 
f(z) =coshz + 8 bua 





(3) 


In the Figure I have plotted f(z) for @ = —1.5, using Eq. 5.66 for postive z and (3) for negative z. As 
before, allowed energies are restricted to the range —1 < f(z) < 1, and occur at intersections of f(z) with the 
N horizontal lines cos Ka = cos(27n/Na), with n = 0,1,2...N —1. Evidently the first band (partly negative, 
and partly positive) contains N states, as do all the higher bands. 


3 . 





1! 
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Problem 5.21 


2 
Equation 5.56 says K = a => Ka= 2m at the bottom of page 227 we found that n= 0,1,2,...,N-—1. 
a 
Each value of n corresponds to a distinct state. To find the allowed energies we draw N horizontal lines on 
Figure 5.6, at heights cos Ka = cos(27n/N), and look for intersections with f(z). The point is that almost all 
of these lines come in pairs—two different n’s yielding the same value of cos Ka: 


N=1=>n=0=cosKa=1. Nondegenerate. 








N=2 >n=0,1=>cosKa=1,-1. Nondegenerate. 

N=3 >n=0,1,2 > cos kKa=1, —$, —%. The first is nondegenerate, the other two are degenerate. 

N=4 >n=0,1,2,3=>cosKa=1,0,—-1,0. Two are nondegenerate, the others are degenerate. 

Evidently they are doubly degenerate (two different n’s give same cos Ka) except when cos Ka = +1, i-e., at 
the | top or bottom of a band.| The Bloch factors e**% lie at equal angles in the complex plane, starting with 











1 (see Figure, drawn for the case N = 8); by symmetry, there is always one with negative imaginary part 
symmetrically opposite each one with positive imaginary part; these two have the same real part (cos Ka). 
Only points which fall on the real axis have no twins. 


sin(Ka) 


cos(Ka) 





Problem 5.22 
(a) 


3 
1 2 . 5rr,a\ . Tm@Bp\ . 17120 . 5rra\ . l7rxzp\ . 71xo 
W(@a,tB,tc) = = = sin sin sin sin sin sin 
V6 a a a a a a a 
. (74) i (22) . (2) ; (4) : (2) : (=<) 
| sin sin | ——— ] sin sin sin sin 
a a a a a a 

: (==) : (2) : (72) : (=) : (=) : (2) | 
+ sin sin sin sin sin sin . 
a a a a a a 






































(b) (i) 


v= (2) [om (2) se (HB) sm (22) 
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(ii) 





+= (2) foe) cae (2 
tin ("3 sn (SE) sin (SE) + sin (PEE) sin (2) sm (=) ] 





(iii) 























+sin 














: Tmza\ . l7rzBp\ . OTLC ; Trmxra\ , 572 Bp 
+sin sin sin | ——— }+sin sin {| ——— 
a a a a a 
1l77z4\ . omxzBp\ . 
——_ ] sin si 

a a 


Problem 5.23 




















3 
1 V2 % omxza\ . T7zB\ . 17720 ‘ omza\ . l7rzpB\ . 71xC 

y= = = sin sin sin + sin sin sin 

V6 a a a a a a a 

) : ( 1l77x¢ ) 
sin 
a 
(2) . (==) : (=) : (=) | 

n {| —— ] +sin | ——— ] sin sin : 

a a a a 







































































(a) hans = (n1 + n2+n3+ 3) hw = hw >ntnotn3=3. (n1, 2,73 = 0, 1,2,3 wim ). 
State Configuration # of States 
ny ng n3 (No, Mi, Neo...) 

0 O 383 
a ee 0 | [(2,0,0,1,0,0 .. -) 3 Possible single-particle energies: 
3. 0 0 
0 1 2 Eo = hw/2: Py = 12/30 = 4/10. 
0 2 1 Ey = 3hw/2: P, = 9/30 = 3/10. 
1 O 24 |(1,1,1,0,0,0 ...) 6 Ey = 5hw/2: Pp = 6/30 = 2/10. 
1 2 0 E3 = Thw/2: P3 = 3/30 = 1/10. 
2 O 1 
2 1 0 
ta | (0,3,0,0,0 ...) | 1 
































Most probable configuration: | (1,1,1,0,0,0...). 














Most probable single-particle energy: | Eo = hw. 




















(b) For identical fermions the only configuration is | (1,1,1,0,0,0 ...) (one state), | so this is also the most 











probable configuration. The possible one-particle energies are 


Eo (Po = 1/3), Fi (Pi =1/3), Ee (P2 = 1/3), 














and they are all equally likely, so it’s a 3-way tie for the most probable energy. 








(c) For identical bosons all three configurations are possible, and there is | one state for each. 











Possible one- 





particle energies: | Eg(P) = 1/3), Ei (P, = 4/9), Eo(P2 = 1/9), E3(P3 = 1/9). | Most probable energy: | E}. 
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Problem 5.24 









































































































































ry 
Eq. 5.74 Q=6]]| Nt (distinguishable), 
n=1 
Here N = 3, and dy, = 1 for all states, so: is 1 . 
Eq. 5.75 > Q= I NaN! (fermions), 
Eq. 5.77 > Q=1 (bosons). 
(In the products, most factors are 1/0! or 1/1!, both of which are 1, so I won’t write them.) 
1 
Q=6x a 1 (distinguishable), 
, 1 “1 
Configuration 1 (Ni; = 3, others 0): 4 Q = a * = =l0 (fermions), 
=/1 (bosons). 
1 
Q=6.x T*a= 3 (distinguishable), 
. 1 
Configuration 2 (Ns = 1, Ny3 = 2): oes = 
onfiguration 2 (Ns 13 34 Q= itor * yl = 0 (fermions), 
=/1 (bosons). 
1 1 ie at aS 
=6~x nat 3 (distinguishable), 
: _ = 1): 1” 1 : 
Configuration 3 (Ni, = 2, Nig = 1): Q= ay x i = 0 (fermions), 
Q={[1 (bosons). 
1 1 1 aoe Os 
Q=6x 1*n*pe 6| (distinguishable), 
eis, We ota Loge 
Configuration 4 (Ns = Nz = Ni7 = 1): Oe aa * am Y, am = I (fermions), 
= rr] (bosons). 





All of these agree with what we got “by hand” at the top of page 231. 


Problem 5.25 











N =1:- can put the ball in any of d baskets, so | d| ways. 





- could put both balls in any of the d baskets : d ways, or 
N =2: ¢ - could put one in one basket (d ways), the other in another(d — 1) ways—but it 
doesn’t matter which is which, so divide by 2. 





Total: d+ $d(d—1) = $d(2+d-—1) =| 4d(d +1) | ways. 











- could put all three in one basket : d ways, or 
N =3: ¢ - 2 in one basket, one in another : d(d— 1) ways, or 
- 1 each in 3 baskets : d(d — 1)(d — 2)/3! ways. 


Total: d+ d(d—1) + d(d—1)(d—2)/6 = 4d(6 + 6d — 6 + d? — 3d + 2) = d(d? + 3d + 2) 
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= aes er?) ways. 


- all in one basket: d ways, or 
- 3 in one basket, 1 in another: d(d — 1) ways, or 
N =4: ¢ - 2 in one basket, 2 in another: d(d — 1)/2 ways, or 
- 2 in one basket, one each in others: d(d — 1)(d — 2)/2, or 
- all in different baskets: d(d — 1)(d — 2)(d — 3)/4! 


—1 
—1 


Total: d+ d(d—1) +d(d —1)/2 + d(d— 1)(d—2)/2 + d(d — 1)(d — 2)(d — 3) /24 
= 34 (24 + 24d — 244+ 12d — 12 + 12d? — 36d + 24 + d? — 6d? + 11d 6) 
d(d + 1)(d+2)(d+3) 
24 


anes = —))! — 
The general formula seems to be f(N, d) = Bla es 2) ie i i a = (‘ vo ) 











ways. 








= d(d? + 6d? + 1ld+6) = 




















Proof: How many ways to put N identical balls in d baskets? Call it f(N,d). 

- Could put all of them in the first basket: 1 way. 

- Could put all but one in the first basket; there remains 1 ball for d—1 baskets: f(1,d— 1) ways. 
- Could put all but two in the first basket; there remain 2 for d— 1 baskets: f(2,d— 1) ways. 


- Could put zero in the first basket, leaving N for d— 1 baskets: f(NV,d— 1) ways. 


Thus: f(N,d) = f(0,d—1)+f(1,d—1)+ f(2,d—1)4+---+f(N,d-1) = es f(j,d—1) (where f(0,d) = 1). 
It follows that f(N,d) = ees f(j,d-1)+ f(N,d—-—1) = f(N—-1,d)+ f(N,d-1). Use this recursion relation 
to confirm the conjectured formula by induction: 





CONDE) ON) - aetia tn 


(d+N-1)! (d+N-1 
N\(d—1)! =( ). % 


Nl\(d— 1)! d= 1 


It works for N =0: Cad =1, and ford=1: (X) = 1 (which is obviously correct for just one basket). QED 


Problem 5.26 
A(a,y) = (2x)(2y) = 4xy; maximize, subject to the constraint (a/a)? + (y/b)? = 1. 


b (xy) 


©2005 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. This material is protected under all copyright laws as they 
currently exist. No portion of this material may be reproduced, in any form or by any means, without permission in writing from the 
publisher. 


CHAPTER 5. IDENTICAL PARTICLES 147 



































OG 20x AL 
= 2 2 = _ = 
OG 2X 2 r dM 
om = 4x + ae =0>4¢= Tae: (-=5) =>4r= ape => x =0 (minimum), or else \ = +2ab. 
2abx b : os : 
Soy =F 5g ae We may as well pick x and y positive, (as in the figure); then y = (b/a)x (and 
a a 
ame 2 

A = —2ab). oe = 0 (= ) + (7 )"= (of course), so + 5 = 1, or ar =1, or «& = a/V2, and hence 
y = ba/(aV2) > y = b/V2. A= ta 2ab. 


Problem 5.27 


(a) In(10!) = In(3628800) = 15.1044; 10In(10) — 10 = 23.026 — 10 = 13.0259; 15.1044 — 13.0259 = 
2.0785; 2.0785/15.1044 = 0.1376, or |14%|, 




















z | % 
20 | 5.7 
100 | 0.89 
(b) The percent error is: eee x 100. 50 | 1.9 
ae 90 | 0.996 
85 | 1.06 
89 | 1.009 














Since my calculator cannot compute factorials greater than 69! I used Mathematica to construct the table. 
Evidently, the smallest integer for which the error is < 1% is | 90. 














Problem 5.28 





Equation 5.108 > N = za | k?n(e) dk, where n(e) is given (as T — 0) by Eq. 5.104. 
m™ Jo 
Vo phmex V ike hk? ImE 
So N = a K? dk = > ™, where kinax is given by —™* = (0) = By = hinax = ss 





N= —_ (QmEp)*/”. Compare Eq. 5.43, which says 











Ro, 2Nq\*? _ (QmEp)3/? »Nq V on 
Er= Diy (= V 5 or a rl = 37 cia or N= Spaghe Cm Er) / : 


Here g = 1, and Eq. 5.108 needs an extra factor of 2 on the right, to account for spin, so the two formulas agree. 

















Vie. ag Vie ke a, V aS 
Equation 5.109 > Fyot = ca. ke dk = 7 a => Brot =| spa pg (2m Er) eo 





Vi? 
Compare Eq. 5.45, which says Fiot = 072 Tost imax: Again, Eq. 5.109 for electrons has an extra factor of 2, so 
the two agree. 
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Problem 5.29 





> 0 => el M/keT Sp ee) 


(a) Equation 5.108, n(e) >0=> ele) /keT _] kpT 


allowed energies €. 





>05/e>(T),| for all 











h2 
(b) For a free particle gas, E = ——k? — 0 (as k — 0, in the continuum limit), so p(T) is always negative. 





a fd. 1 1 
(Technically, the lowest energy is 5 (a + p + z) , but we take the dimensions /;1,1, to be very large 
m x y z 





212 e(h?k? /2m—p)/keT _ 
always positive, and the only T dependence is in p(T’) and kgpT. So, as T decreases, (h?k?/2m) — p(T) 
must also decrease, and hence —y(T) decreases, or 4(T') increases (always negative). 


N 1 = k? h?k? V2mkpl V2mkpT 1 
(c) == i = dk. Let r= ————, so k= YB 2. ee eee 
Vo Qn? Jo ehh? /2mkaT — 1 2nkpT h h 2 


N 1 (2mkpT\?/21 fe 2? 00 3/2-1 
= da, whe da =1T(3/2)¢(3/2). 
V saa ( ie ) >/ ae where | aug Oh PRB) 


N mkpT \?/? Qh? ( N \?2/3 
N T(3/2) = 2° 2) = 2.612 30 — = 2.612 ; T. = — | -—— : 
ow (8/2) = V/s 6(8/2) = 2.61238, 90 7 = 2612(EEF) oat (say 


Le fe ke 
in the continuum limit.) Equation 5.108 = N/V = | i ok The integrand is 
0 


dk = dx. 























(d) 


3 
N _ mass/volume _ 0.15 x 103 kg/m = 2.2 x 1078 /m’, 
V mass/atom 4(1.67 x 10-27 ke) 


























2n(1.05 x 107343 - s)? 2.2 x 10?8\ 7/8 
— =|3.1 K. 
4(1.67 x 10-27 kg) (1.38 x 10-28 J/K) \ 2.61m3 
Problem 5.30 
(a) 
27 27 h (27c)3 
w=2nv= ee sO diy = —Ty da, and plw) = ae \a(eaehe[keTX — 1)" 
1 2m1¢ = - 1677hc 
p(w) |dw| = Sha (paahclkaTN sh | ry a = p(A) dd =| pA) = \o(ezthc]keTX — 1) 











(For density, we want only the size of the interval, not its sign.) 
(b) To maximize, set dp/d\ = 0: 


a Qrhe/keTX 
0 = 16n?he 2 e (Qnic/kpT) (1 
d8(e2the/keTX _ 1) 5 (e2the/keTX — 1)2 \2 
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2nhc 
2rhce/kpTX ye Qrhce/kBTX 
=> 5(e j=e (=) : 
Let « = 2nhc/kpT A; then 5(e” — 1) = xe”; or 5(1 — e-*) = a, or 5e°* = 5 — x. From the graph, the 
solution occurs slightly below x = 5. 





























Qnhe 1 (6.626 x 10-84 J - s)(2.998 x 108 m/s) 1 
Mathematica says x = 4.966, so | Amax = & is 
Sehr eer DS BOA (4.966) kp T (4.966) (1.3807 x 10-23J/K) 
2.807 x 10-3 m-K/T. 
Problem 5.31 
From Eq. 5.113: 
E “ h ad w® hw 








Eh (kpT\* [@ 23 (kpT)4 (kpT)* . 74 mkt \ 4 
ae a a pa Se og Ss 
Ve ( h ) | ez — 1 7 T23pA3 (4)¢(4) T28h3 6 90 15c3h3 


n?(1.3807 x 10-23 J/K)4 i J 
= T* =7. ig-* 7? QED 
[= x 10® m/s)3(1.0546 x 10-4 J -s)3 aT 








Problem 5.32 
From Problem 2.11(a), 


From Eq. 3.98, 


(o)on =f evola)va(a) da = (Olan) = yf == (VE yo + VOOL-1) = yg 

















h 3h 2h 
Equation 5.1 — 29)")¢= 2mw Si mw 
(a) Equation 5.19 > ((a1 — x2)")a 2mw ’ 2mw ? mw 
2h h h 
% — 2 = — Biswctke Ioan 
(b) Equation 5.21 > ((#1 — £2)*)+ mu oe mu 
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2h h 3h 
3 i 2 ee me ae 
(c) Equation 5.21 = ((a1 — x%2)*)_ ar 2 a 











Problem 5.33 





(a) Each particle has 3 possible states: 3 x 3 x 3 =| 27. 











(b) All in same state: aaa, bbb, ccc > 3. 
2 in one state: aab, aac, bba, bbc, cca, ccb = 6 (each symmetrized). 


3 different states: abc (symmetrized) => 1. 





Total: | 10. 














(c) Only abc (antisymmetrized) => | 1. 











Problem 5.34 





2m 2 1 2m be dy 
intersection on a grid in “k-space”—this time a plane—and each state occupies an area 77/I,,l, = 77/A (where 
A = [gly is the area of the well). Two electrons per state means 


1 Nq (7° Nq\'? 
tke = > (=) , orkp= (27%!) = (Qr0)*/?, 


272 2 n2 h2k2 
Equation 5.39 => En tn, = i (3 + ) = >—, withk= & 7). Each state is represented by an 


where ¢ = Nq/A is the number of free electrons per unit area. 





_ ie ie _ V oioH theo 


a 2m 2m m 
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Problem 5.35 
(a) 





4 3 
Nail “20 1072m 3 forme a 


h?(30?2.Nq)°/3 4 R ee 2K? 9 5/3 











(b) Imagine building up a sphere by layers. When it has reached mass m, and radius r, the work necessary 
to bring in the next increment dm is: dW = —(Gm/r) dm. In terms of the mass density p,m = $rr°p, 
and dm = 4rr?drp, where dr is the resulting increase in radius. Thus: 


4 d 1677 
dW = —GanrpAnr’p — = = PGrtdr, 


and the total energy of a sphere of radius R is therefore 



























































167? # 1677 p?R® NM 
Eeray = — 2G 4d = ——__—_G. But p = ————., s 
g ae i. eae 15 mw O= 4 /3nR3’ °° 
1672R°_ 9N? M2 3, N?2M? 
Egrav = G =|-=G 
5 15 1672. R® 5 R 
(c) 
A B an (9 mie er oe 
Exot = RR where A = bam Gan) and B= 5ON MM’. 
dE tot PEEP euig piee tke pce OAD ay - oes 
= -— —_ = = 5 = —_— = =F. % 
dR Re | R Blam \4" 7) 3GN2M2 
5/3 2/3 
na |( 4) (ty | (8) se | (On) 
On 4 N2 } GmM?2 4 GmM2 N1/3 
fi ey (1.055 x 10-34 J - s)2(1/2)5/3 ae 
4 (6.673 x 10-11 Nm?/kg*)(9.109 x 10-3! kg) (1.674 x 10-27 kg)? 
=|(7.58 x 107°? m)N-1/3, 
(d) Mass of sun: 1.989 x 10°° kg, so N = i 1.188 x 10°”; N-1/3 — 9.44 x 10-79 
ae oy . ~ [674 x 10-27 nae 





R = (7.58 x 107°)(9.44 x 10~2°) m =| 7.16 x 10° m| (slightly larger than the earth). 
(e) 











he Nq a3 h On 4/8 
FE Eq. 5.48: Ep = — a = —, | —N . Numerically: 
rom Eq. 5.43 P > (= rr} mR? ( i ‘) umerically 
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(1.055 x 10-84 J. s)? On ie 


fe 1.188 x 10°7)=| = 3.102 x 10-4 
® * 2(9.109 x 10-3! kg)(7.16 x 106m)? q (1-188 x 10°") 5 3.102 x 10714 J, 








3.102 x 10714 ei 
1.602 x 10-19 


Exest = mc? = 5.11 x 10° eV, so the Fermi energy (which is the energy of the most energetic electrons) is 
comparable to the rest energy, so they are getting fairly relativistic. 


1.94 x 10° eV. 








or, in electron volts: Ep = 





Problem 5.36 




















(a) 
/3 
V oo hcV [*F 3 RcV |, 3n7Nq ? 
dE = (ick) 5k dk > FEtot = “ae ‘ ke dk = Tye fF kr = V . 
So Etot =| —= (30? g)4/8V-¥/3, 
An? 
(b) 
4 13 he 2n74/3 ( 40 =e he (9 oe 
=- Eves = —>—(30?N = = ——(-xN 
Ve aR 2 tea Gea an a | a aan Ae 
Adding in the gravitational energy, from Problem 5.35(b), 
A B he (9 ee 3 die .. AA) 
Ro ===-s here A= — (—1N d B= =GN?M?. w=--=05A=B 
eg Manns ae (Fe a) oo 5 dR R2 


but there is no special value of R for which F,., is minimal. Critical value: A = B(Ejo = 0) > 


he (9 BEB sno 2 
x (Feva) = ONO OF 








n, = yen (Be See ge ll 2 15 jg= (1.055 x 10" Js x 2.998 x 108 m/s oie (1/2)? 
OE 16 G M3| 16 6.673 x 10-11 N - m2/ke? (1.674 x 10-27 kg)3 

















=| 2.04 x 10°”.| (About twice the value for the sun—Problem 5.35(d).) 





(c 


a 


Same as Problem 5.35(c), with m — M and q — 1, so multiply old answer by (2)°/?m/M: 


(9.109 x 10-31) 


Rape 
(1.674 x 10-27) 


(7.58 x 107° m)N-1/8 = (1.31 x 1072m)N-/3. Using N = 1.188 x 105”, 








R = (1.31 x 1073 m)(9.44 x 107?°) =|12.4 km.| To get Ep, use Problem 5.35(e) with ¢ = 1, the new R, 
and the neutron mass in place of m: 














7.16 x 10°\? /9.11 x 10-3! 
Ep = 9/8 1.94 x 10° eV) = 5.60 x 107eV =156.0 Mev. 
- (SS) (Se) 94 x 10° eV) = 5.60 x 10°eV =| 56.0 MeV 


The rest energy of a neutron is 940 MeV, so a neutron star is reasonably nonrelativistic. 
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Problem 5.37 
(a) From Problem 4.38: En = (n+ 3)hw, with n =0,1,2,...; dn = $(n+1)(n+ 2). 
From Eq. 5.103, n(e) = e~#)/FBT, so Ny = B(n+1)(n+ Q)e(u— ghw)/kaT o—nhw/kpT 


CO 1 CO 
N= x Nn = see So(nt 1)(n+ 2)", where « = e~*/*2T_ Now 
n=0 








n=0 
: = Sues = Sy ne pes SS Gia 2 SS cies 
Le eet Le a dz \1l—a = (1 — a)? ae 
so Bel eh tata NS eee 
Gs? = De )a”T*, and hence dx \ =p = Oee \(n+2)a" = a 
o 2 3 1 
Th = L/kpT —shw/kpT 
So (n+ 1)(n+2)2 Taps So N=e e 2 (a esheets 


n=0 





etikeT — N(1— e~hw/keT)3ephw/keT: |, — keT [InN + 3ln(1 — e 4/887) 4 3 hw /kpT]. 











Co 1 CO 
B= 5 NnEn = sel aMieee So(n + 3/2)(n+1)(n+2)a”. From above, 
n=0 








n=0 
9773/2 co ; ad 2773/2 oo = 
Cay ee (aa) - Lr 82M Nln+2}007, o 
- Le df ae 2 31/2 33/2 arp ae 
2 aN I)(n + 2)2" = sa (z = =) = pie |: =e = 7 : — 


—hw/kpT 
a shige 2h) a au ate : 2 ) But e(h— ghw)/kpT => N(1 7 etree so 


(1 — e-hw/keT) 4° 





Sie (1 a eee) 


3 
£>% (1 — e—hu/keT) 














(b) kgT << fw (low temperature) > e~"/'8T x 0, so| E 





(uw & 2hw). In this limit, all particles 





x 
2 
e 





are in the ground state, Eo = 3 hw. 





(c) kgT >> hw (high temperature) > e~/"8T ~ 1 — (hw/kpT), so| E = 3NkpT 
(uw kpT [In N + 31n (hw/kgT)]) . The equipartition theorem says E = N#3kpT, where # is the number 
of degrees of freedom for each particle. In this case #/2 = 3, or | # = 6| (3 kinetic, 3 potential, for each 
particle—one of each for each direction in space). 
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Chapter 6 


Time-Independent Perturbation 
Theory 


Problem 6.1 
(a) 


2(0) = f2sin (a), 90 Bh = (Blas) = 2a f sin? (Me) 6(e— 9) ae, 








pie 2a. » (“ “) PEO 5 () = 0, if n is even, 
Ge geben ays) ge We 2a/a, if n is odd. 


For even n the wave function is zero at the location of the perturbation (a = a/2), so it never “feels” H’. 











(b) Here n = 1, so we need 


(wR etud) = 2 f sin (a) 6 (v— $) sim (Zr) de = sin ($2) sin (F) = “Asin (3). 


This is zero for even m, so the first three nonzero terms will be m = 3, m = 5, and m = 7. Meanwhile, 











wR? 
a saa —m?), so 
1 (2a/a)sin(mm/2) 9 — 2a2ma? [ -1 4 1 0 =1n. 1% 
ne Ey => Ee tot Gam |T=o oe Leap Tange! ee 
TAS oa He 





_ me 1. (3 get 0 rec eg LL 

= apa NO, g sin a 54 510 a 7g 0 a whe 
mai fal. 37 1 is 57 1 : 70 

= AV 9 sin Ps 3 aoe Then act eae Me 
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Problem 6.2 
(a) En = (n+ §)hw", where w’ = /k(1 + 6€)/m=w/1+e=w(1t+ ge- fe + Ge---), 80 
En = (n+ $)hwV/1 + € = (n+ $)hw(1 + $e - ge7+:--). 
(b) H! = $k'x? — tka? = $ka?(1+e€ —1) = €($k2?) = eV, where V is the unperturbed potential energy. So 
= (Wo|A" |W?) = €(n|V|n), with (n|V|n) the expectation value of the (unperturbed) potential energy 


in the n‘” unperturbed state. This is most easily obtained from the virial theorem (Problem 3.31), but it 
can also be derived algebraically. In this case the virial theorem says (T) = (V). But (T) + (V) = E,. So 


(V) = $E) = $(n+ 4)hw; | Ej, = §(n+ 4$)hw,| which is precisely the e term in the power series from 


























part (a). 


Problem 6.3 
(a) In terms of the one-particle states (Eq. 2.28) and energies (Eq. 2.27): 











2 2A? 
Ground state: W? (#1, 2) = Wi(@1) v1 (x2) = = sin (=) sin (=); EP = 2k = a 




















First_excited state: W9(21, 22) = Wa [v1 (21) Wo(x2) + Yo(x1)~1(r2)] 


2 2 9 5 272 
=| 2 [sin (222) sin (222) + sin (28%) sin (™%)],] 29-2, +m, -|22". 
a a a a a 2 ma? 





























(b) 





Ey = WY|A' |b?) = (—aVo) € ) [ [ sn? ) sin? (=) (a2 — £2) day dag 


4 e 4 4 
Atle Fk (a= 8 P itgay = | 
a Jo a aT Jo a 8 2 














= (W2|"v9) 


2 
ae) (a ") I, sin (7 ) sin (2222) + sin (=) sin (=)| 6(x1 — &2) day dx2 
. 2 
= -718 f" |sin (2) sin (2) + sin (222) sin (%)] ao 
a 0 a a a a 


8V f° 2 8K e 
=——° sin? (=) sin? (=) dz = ——~. “| sin? y sin?(2y) dy 
a Jo a a a Jo 




















8\ mn 32Vo 
--2.4f sin? y sin? y cos? y dy = —-—~ nye Gh ay 
a 0 mT Jo 
32Vo (3a 52 
— Sf 2 Loy 
T ( 8 7) = Yo 
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Problem 6.4 









































(a) 
ji 0 2 * omer Qa\ . (nt 2a. ¢~mm\ . (nt 
(W,,|H|v,) =-a ] sin (2) }6 (x - ~) sin (2) dz = —sin (*) sin (>) ; 
a Jo a 2 a a 2 2 
which is zero unless both m and n are odd—in which case it is +2a/a. So Eq. 6.15 says 
2a 1 wh? 
B= (=) —_— >. But’ Bg.2.27 says Eo =n’, 50. 
n 0 _ fo n ae 
vite sag (E° — E°) 2ma 
0, if n is even; 
2 2 1 
Th mn, odd (n et ) 
: 1 
To sum the series, note that = . Thus, 
a mtn m-—n 
ew SPs pe ( ae 
= 1 ye tds 1 1 1 sd yy. ob 
— 2\4 4 6 8 24. 2 4’ 
forn=3: l= Di laase oe 
= 6 m+ = m—3 
1,5,7,. 
1/1 1 1 Ty, oe aa 1 1 1 
= + pes citecch oe Poe lf lj) = -——., 
6\4 8 10 2 2 4 6 8 10 6 6 36 
In general, there is perfect cancellation except for the “missing” term 1/2n in the first sum, so the total 
. ot 1\_ 1 2 0, if n is even; 
On (-=) ~ (Qn)? pS Ore eg = { —2m(a/mhn)*, if n is odd. 
(b) 
ie a od 0 | FFF 4/0 1 2 . 
H = gcke > (bp l|A'|v,) = gck(mlx |n). Using Eqs. 2.66 and 2.69: 
2 A 
(m|x?|n) = ——(m|(a4. + aza_ + a_az + a” )|n) 


2mw 


Ls (n+1)(n + 2)(m|n + 2) +n(mn) + (n + 1)(mI|n) + n(n — 1)(m|n — 2)] 


2mw 
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So, form zn, WHI) = (Ske) (5) [VF IHF bnnaa + VM TY bana] 


2mw 





ctuw\? ex [VO FIA bn nse + VaR =D Finn] 
( ps (n+ 3)hw — (m+ 5)hw 


mén 


— Ahw  [(n+1)(2 +2) bmng2 + 2M = 1) bimjn—2] 
16 a mes 








mén 





hi eevee n(n =1) |-=| pln 1)(n +2) + gn(n | 











16 | n—-(n+2) | n—(n—2) 16 | 2 
=e (—n? — 3n-—2+n? pire 4n —2) = eis ee 
32 82 =e 38 2 











(which agrees with the e? term in the exact solution—Problem 6.2(a)). 


Problem 6.5 



































(a) 

Eh = (W®|H'|We) = —qE(n|x|n) =[0] (Problem 2.12). 

From Eq. 6.15 and Problem 3.33: £2 = (qE)? S~ Jenlalen 

re caer (n — m)hw 
= (GE) By Wat Tots + VR bmn al _ (GE) 5 (n+ I) bmntt + Ob n—t] 
hw 2mw an (n — m) 2mw? aor, (n — m) 
_ QE)’ [_ (n+) n _ (gE)? _|_(@B)? 
~ 2mu? n—@+1) | no@—1) “paar a 2mw?* 
he dy ha 35 : : 

(b) hee Aye. E ah Bo qEx)w = Ew. With the suggested change of variables, 








1 1 BN? E 
=mwa? — qEx |) = =mw? |a! + as —qE |\a' + 2 
2 2 mw? mw? 


2 qk 1 2 (qE)? ’ (qE)? = 1 2.72 1 (qE)? 
. mw? + oe m?w4 ae mu? gD eaeg et 








2 
= ga + mw 
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So the Schrodinger equation says 


ee oe ee: 1 (qE)? 
er es We ny 
2m dx!” oT as mv | e 2 mw? | ¥, 


which is the Schrédinger equation for a simple harmonic oscillator, in the variable x’. The constant on 
the right must therefore be (n + $)hw, and we conclude that 











_ 1 1 (qE)? 
Bn eS mw?” 











The subtracted term is exactly what we got in part (a) using perturbation theory. Evidently all the higher 
corrections (like the first-order correction) are zero, in this case. 


Problem 6.6 


(a) 


(b) 


(WS W2) = (Cag ve + B4-¥9)[(a_v? + BYP) 
= ah ar (We lbp) + a, B—(W2|bp) + Ba (WP lee) + 5 B_ (be we) 














I 
Q 








Ya_+ 6, 6_. But Eq. 6.22 > 64 =as(EL — Waa)/Wab, 80 


Et — Waa)(E* — Waa) at a 
0 0\ — 4* _|14 ( + aa =. aa = + Ww, 2 E} — Waa E! — Waa : 
(wy |~_) aa Wa* Wab \Waol? (| | a ( + ) _— )] 
The term in square brackets is: 
[] = EL EL -— Waa(E} + EL) + |Wasl? + W2,. But Eq. 6.27 > EL = $[(Waa + Woo) + ¥/], where v/ is 


shorthand for the square root term. So Ey +E! =WeatW, and 








1 1 
ELEY = 4 [(Waa + Ws)? aad (/)?] = 4 [(Waa + Wp)? — (Waa = Wop)? = 4|Wav|?] = WaaWop — |Was|?. 


Thus [ ] — WaaWop a |Wao|? — Waal(Waa + Woo) ae |Waol? + w2, = 0, so (v4 |pe) =0. QED 


(HEI A' 2) = af a (al MWe) + a4, (Wal vp) + BLo— (wWol|H' Wa) + BL 6— (be lA’ |yp) 


= a a_Waa + 04 War + BL a_Woa + BY B—Wop 





7” Waa) (Et = Waa) (Ey x Waa) (Et = Waa) 
*a— |Waa + Wa + Woa + Wi 
i | : Wap : Wai, ” Woo War 


l| 
Q 








(EL te Waa)(Et a ne | : 


= a* = Waa + EL — Waa A Wan Wi 
aa | = + By + Wop Was)? 


E}. — Waa)(E* — Waa 
But we know from (a) that (By i ) =-1l, so 


(4 | A" w®) = a a_ [E> + Ey i Waa = Woo] =0. QED 
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(c) 





























(HLIE' OE) = bon (bal Aba) + 4 C2 (Hal H Wp) + Bhos (bhlA We) + BL Gx (vol H' lbp) 








(Ex — Waa) 


Ei - Wo») 
AOE aa} 7 |W, eee Ws) = Wi 
Was | + |B4| | b Wie + Wop 


(this time I used Eq. 6.24 to express a in terms of 3, in the third term). 








= los? Waa ab Wap 





























2. (WEIA WE) = les )?(Ex) + [621?(EL) = (lasl? +18 











*) EL = Ek. QED 




















Problem 6.7 
(a) See Problem 2.46. 


(b) With a > n,b > —n, we have: 


Vo vie —2?/a? Vo [% —2? /a? Vo 
Waa = Wee = —> eae dew 7 fe da = —>-ay/n. 
Vy pe? 


W.» = e w/a? -—Annie/L gp wy =f eo (2? /a? +4nnix/L) Jp = MO /qen(emna/ tb)? 
Eos LI. Zi 


(We did this integral in Problem 2.22.) In this case Waa = Wi», and Way is real, so Eq. 6.26 > 














EL=Wiet|Wal, or EL= — va (1 + eon). 




















= Fa. Evidently, the “good” linear 


z (BL oa Waa) _ +,/m(Voa/L)e~ (27ma/L) 
(c) Equation 6.22 > B=a Was =a —Ja(Voa/L)e= @rna/Ly 


combinations are: 





1 a : 2 2 
Wy = ay, — abn = Vivi penned — ete =| 74/ Z sin ( 7) and 























2 2 
wp = an + ap_n=)4/ Zz 08 ( me). Using Eq. 6.9, we have : 








L/2 


2 eae Q7nx 
BL = (Wall's) = 5(-Vo) [ el sn? ( " ) ae, 








Be eT 7%) | e-P/® cos? () dx. 


—L/2 
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But sin? @ = (1—cos20)/2, and cos? @ = (1+ cos 20)/2, so 


V 27,2 Anna V 27,2 27,2 Anna 
1 3 _ 0 —a*/a + . — - 0! —a"/a + —a"/a 
Ey TE / e€ c COs ( L )| dx => E / e dx ij e€ COs ( 7 ) as| 


—oo 




















= ed TAF ar/re™@ana/2)") = — va [1 zr eGenai2)"| , same as (b). 





(d) Af(x) = f(—2) (the parity operator). The eigenstates are even functions (with eigenvalue +1) and odd 
functions (with eigenvalue —1). The linear combinations we found in (c) are precisely the odd and even 
linear combinations of w, and w_p. 


Problem 6.8 
Ground state is nondegenerate; Eqs. 6.9 and 6.31 > 


+= (2) an fff sme (2 2/7 \ 2 (0 a a 3a 
E = (Z a’ Vo om (<2) sin (=y) sin (=z) O(a poy 5 Oz 7) de dy dz 


= 8Vp sin? (4) sin? (5) sin? (=) BV (5) (1) (5) = DVR: 


First_excited states (Eq. 6.34): 


Waa = 8Vo Jf [sw (<2) sin? (<y) sin? (=:) O(a sy sl a) dir dy de 


=v (5) aaa) =4%. 























Wop = 8Vo [ffs (=z) sin? (71) sin? (=z) 5(a s)oly 5)6(2 a) din dy de 
= 8¥6(3) (0 (3) - 

Wee = 8Vo [ffs (2) sin? (<y) sin? (<2) 5(a soy iG a) dir dy de 
= 8Vo(1)(1) (5) 45 


Wap = 8Vo sin? (=) sin (5) sin(7) sin (=) sin (=) =0. 


Wace = 8Vo sin (4) sin (5) sin? (5) sin (=) sin (=) =8Vo (=) (1)(1)(—1) (=) co AVG. 
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Woe = 8Vosin (7) sin (=) sin(7r) sin ( ) sin (+) i 
1 0-1 (l=—A) 0 -1 
W=4%| 00 0 |] =4WD; det(D-—A)=| 0 -A O |=-AM—-A)?+A=0 Ss 
-10 1 -1 0 (1-A) 
A=0, or (1-—A)??=151-A=41SA=0 or A=2. 





So the first-order corrections to the energies are | 0, 0, 8Vo. 











Problem 6.9 










































































1 0 0 
(a) }x1 = | 0 |, | eigenvalue | Vo; x2 = | 1 |, | eigenvalue | Vo; x3 = | 0 ],| eigenvalue | 2Vo. 
0 0 1 
(b) Characteristic equation: det(H — A) = 0 Vo-Al €Vo =0; 
0 EVo [2Y—A] 





[Vo(1 — €) — Al[(Vo — A)(2Vo— A) — (eV)?] =O S | = HC — 6). 











(Vo — A)(2Vp — A) — (EM)? =0 > A? — BHA +4 (2VZ —- FPVZ) =05 






































+ /9V2 —4aV2 — Bve2 
x — B+ VIVO Bee Vo) _ Me fg Vigde] ~ 2 p21 422)). 
Vo 2 2 Vo J/1+ 4 
No = 3 (3- Vi+4e) & HA -&); da = = (3+ V1+42) x Vo(2 + €2) 
(c) 
—-100 a 
H=eVo{ 001); £3 = (x3|H’|x3) =eVo(0 01) 01 
0 10 10 
0 
= eV) (001) { 1 | =|0| (mo first-order correction). 
0 
—-100 0 0 
m|H’ 2 
R= Moca) (xi|H’|x3) =€Vo(100){ 0 01 0] =e%(100)] 1] =0, 
Ey; -E 
m=1,2 3 m 010 1 0 
0 
(x2|H’|x3) = Vo (010) | 0 | =e%. 
1 





EX — EX =2Vo-Vo=Vo. So FE} =(eVo)?/Vo =|e?Vo.| Through second-order, then, 











E3 = E} + Ez + EZ =2Vt+0+CV =Vo(2+e?) (same as we got for 3 in (b)). 
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(d) 

-100 1 i 

Waa = (xi|H’|x1) = Vo (100) { 0 01 0} =e%(100){ 0 | =—e%. 
010 0 0 
-100 0 0 

Wo = (x2|H’|x2) = «Vo (010){ 0 01 1} =e%(010){ 0] =0. 
010 0 1 
-100 0 0 

Wao = (xa|H’|x2) =«Yo(100){ 0 01 1} =e%(100){ 0] =0. 
010 0 1 

Plug the expressions for Waa, Wyy, and Wap into Eq. 6.27: 











1 1 
EL = 5 [eva +04,/2V2 4+ i i 5(-eVo +€Vo) = {0, —eVo}. 


To first-order, then, | F; = Vo — «Vo, E2 = Vo,| and these are consistent (to first order in €) with what 














we got in (b). 


Problem 6.10 

Given a set of orthonornal states {a} } that are degenerate eigenfunctions of the unperturbed Hamiltonian: 
AY = Ev}, Flee) = 61, 

construct the general linear combination, 


n 
= ay 
= Daud}. 
j=l 


It too is an eigenfunction of the unperturbed Hamiltonian, with the same eigenvalue: 
Hy? = > Qu; Hy) = FE° > aj = E°y°, 
We want to solve the Schrédinger equation Hy) = Ew for the perturbed Hamiltonian H = H® + \H’. 
Expand the eigenvalues and eigenfunctions as power series in A: 
E=F°+)\E4+ MEF 4+..., p= +rAv 4+ r2y? + 
Plug these into the Schrodinger equation and collect like powers: 
(H° + XH’) (9 + Aw) + 2? +...) = (BO + DE + MEP +... (wo + Ag + Pte) 
Hp? + ACH! + Hp) +... = EW + (Bop! + Ep) + 
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The zeroth-order terms cancel; to first order 
Hp! + Hy? = Bp! + BM? 
Take the inner product with ?: 
(WLW) + bi) = E(wS |b") + EN by ld"). 
But (bf | Hy") = (H°Yy$ |p") = E°(b} |b"), so the first terms cancel, leaving 


(bp Hp?) = E's |p). 


Now use wy? = S° aw, and exploit the orthonormality of {7°}: 
=1 


Say (9H |bP) = ETS an (h8 |?) = Elay, 
l=1 i=1 


or, defining 





Wy = (3A Wer), S 2 Wyian = E*ay. 
i=l 











This (the generalization of Eq. 6.22 for the case of n-fold degeneracy) is the eigenvalue equation for the matrix 
W (whose jl‘ element, in the {9} basis, is Wj); E' is the eigenvalue, and the eigenvector (in the {~}} basis) 
is ¥; = aj. Conclusion: The first-order corrections to the energy are the eigenvalues of W. ED 


Problem 6.11 


m {e2\7] 1 1 1 e\7 1 amc? 
F Eq. 4.70: Ey = = 2 a 
(a) From Eq Ls (=) n? gue (5 c=) ne 2n? 


(b) I have found a wonderful solution—unfortunately, there isn’t enough room on this page for the proof. 

















Problem 6.12 





2 1 2 2 1 
Equation 4.191 > (V) =2E,, for hydrogen. V=—--—-; E, =— se (=) | 5) Se 


Aneg r’ ATreg 


e 1 m Nid 1 me? 1 1 
oa = (-)=(—~.)—=— (Eq. 472). QED 
Are (*) Lz (=) n? (*) (=a) ae aye (Eq ). Q 
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Problem 6.13 


! Ss 
In Problem 4.43 we found (for n = 38,1=2,m=1) that (r°)= ero (F) : 








Ww 
lI 
Co 
— 
_ 
~~ 
| 
2 
a, 
YS 
| 
e 





(of course). ¥ 


1 5! /3a\—" 12 1 1 1 
S23 = Sg Eq. 6.55 says —— = — ). 
: 7) a) 6 3a [9a ( ee a ae = 


1 Ry a ae 2 1 2 
ws Te Nes (| ee eee ei aa gs eek S| 
: (4) 6! (=) 6-5 9a? | 135a2 ( CEN CD) SOT Ge aan) 






























































1 gue aa ye 8 1 8 1 1 1 
Sete yee) (ee Se gore Selle | Bes GGA cays 2 ee Be 
2 (=) 6! (F) 6-5-4 2703 | 40508 ( 4 BO" SAYS 905 /2)3 27 - a3 a) 


For s = —7 (or smaller) the integral does not converge: (1/r’) = oo in this state; this is reflected in the fact 
that (—1)! = oo. 





Problem 6.14 


1 
2mc? 





1 1 
Equation 6.53 > E, = — [E? -2E(V)+(V*)|. Here E=(n+-=)hw, V==muw*2? => 


2 2 


1 


pisses 
2mc? 


r 





1\* 1 i 1 
(n+ 3) 1tat—2 (n+ 4) mohmattet) + brated 


1. A 
But Problem 2.12 2) — =) 
ut Problem => (e*)=(n4+ 5 eae 


1 


Pie. 
2mc? 


r 








1\* 1 1 mu 
t Oras i DisD ag eA Gay | tS 4 
(n+ 5) h (n+ 5) howe + qm w (ae | 32 (x*). 


h2 
From Eq. 2.69: 24 = ae (a3. +a ,a_+a_ay+ a>) (a4. +a ,a_+a_—a4+ a”) ; 


h2 
(e") = Fae (nl (a4.a” +a ,a_a,a_ +a ,a_a_ay + a_a,azya_ +a_a,a_ay4 +0704) |n). 


(Note that only terms with equal numbers of raising and lowering operators will survive). Using Eq. 2.66, 


(x!) = (nl [a2 (Vn 1) n—2)) + asa_(n|n)) + a40-((n +1) In)) 
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t+a_a4 (n|n)) +a_az((n+1)|n)) + a (Vm + In +2) In +2))] 


n\ | Yn =) (Vn =I) In) + (rm |n)) + (n+ 1) (rIn)) 


4m?w? 








+n((n+1)|n)) + (n+ 1)((n+1) In) + Ve + +2) (V(r + 12) In))] 


h2 


= Tae [n(n -D ++ mt lntnntl +t)? + mt (nt 2)] 


Ne h \? 
= (——) (n?-ntrtr?tntrtntn?+in4+14n?4+3n+2) = | —] (6n?+6n+3). 
2mw 2mw 





Ei=- 
: 8c2 Am ?w? 











4 h2 hew 2 
ue -3(3n? + 2n+1) = -3( >) (2n? +2n-+1). 


me? 











Problem 6.15 
Quoting the Laplacian in spherical coordinates (Eq. 4.13), we have, for states with no dependence on @ or ¢: 
h? d d 
_Rev2 — om) 
2 dr ¢ dr 


Question: Is it Hermitian? 
Using integration by parts (twice), and test functions f(r) and g(r): 


1d cd f odg 
2) _ 72 Aes? 2 
(flp-g) = —h [ fs— = Ge 2) nr? dr = —4rh i fz (« Z) dr 











= -ann? fp oS oo ar} 
0 
i 7 a4 | “ d [ odf 
= antl {4 al Fel | re Ge ’) gar 


I 


—4rh? (agi - af) + (p* f\g). 
dr dr 0 


The boundary term at infinity vanishes for functions f(r) and g(r) that go to zero exponentially; the boundary 
term at zero is killed by the factor r?, as long as the functions (and their derivatives) are finite. So 


(flp?9) = (pv flg), 





and hence p? is Hermitian. 
Now we apply the same argument to 


EE ol Pa Fd 
Pp Pdr | dr \lrdr\’ dr : 
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integrating by parts four times: 





i 
re ~ ,ddfl1id dg 
2 2 
d 
6 i. " dr dr = dr (+ al r} 
dlfid dg df d dg ee ie 1d df\ d dg 
2 2 2 Me 2 Os Ne 20g 
+ ap |< dr (« al dr dr (« al 6 e 9 r?dr " dr) dr ‘ dr ee 
df d (adg\ , 4 ( 2df\ dg] |” 
dr dr ’ dr ' dr " Or dr | | 
Od: | Aad df \| dg 
7 2@)1 @ f oa \| ag 
- . dr |< dr ¢ al dr ar} 
d/1d (dg df d (.dg\ , d ( 2df\ dg dfi1d (o.df 
i 4 2 2 2 2 2 2 
em {[r Tap |< dr ¢ dr | dr dr ¢ Z) % dr ¢ dr ) dr : op r2 dr : dr 
“dfo.di{id [sd 
+f elalae (e)|)e*] 
dfid dg dfid df 
_ 4}. 2 2 2 2 
=a {r Tap |< dr ¢ 2) . Tap |< dr ¢ alt 0 


df d dg d df \ dg) \*° 
7 4 2 2 epea 
ane {¢ dr (« Z) dr (« +) dr 0 + (p" fla) 


This time there are four boundary terms to worry about. Infinity is no problem; the trouble comes at r = 0. 
If the functions f and g went to zero at the origin (as they do for states with | > 0) we’d be OK, but states 
with | = 0 go like exp(—r/na). So let’s test the boundary terms using 














Co 








0 


Co 











(jae. Gose ine 


In this case 








299 = _ 1 2,-r/ma 
dr ma 
d 2 dg 1 2 = / 
ee ad <= 7) r/ma 
dr ¢ Z) (ma)? G aa) ‘ 
df d 2 dg _ d —r/na d 2 —r/ma 
dr dr (« 2) ~ ha” (ma)? ree 


This goes to zero as r — 0, so the second pair of boundary terms vanishes—but not the first pair: 


1d 2dg 1 1 2ma Leen 
yi — 
r? dr dr (ma)? ri) 














d|1d[4dg 1 , Se ele 
= 2 2 = 
dr a dr (« al (ma)3r2 [ (ma)* + 2mar —r Je 
djlid dg 1 
a 7 = 2 2] .-r/ma,—r/na 
r I |< ap (« al = (mas [2(ma) +2mar—r | ent /mae—r/ 
This does not vanish as r — 0; rather, it goes to 2/ma. For these particular states, then, 
8rht (1 1 
(rio's) = 2 (4-2) + o's), 
a m n 
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or, tacking on the normalization factor, 


1 8h4 (n — 
an00 = Timapre (Wnoo |p*wmoo) = rai + (p*no0|Pmoo); 


and hence p* is not Hermitian, for such states. 


Problem 6.16 
(a) 


[L-S, Ly] = [LrSzy + LySy + L282, Le] = Sz (Le, Lr] + Sy [Ly, Le] + Sz (Lz, La] 


= S,(0) + Sy(—ihLz) + S.(ihLy) = ih( LS, — L2Sy) = ih(L x S$)». 





Same goes for the other two components, so |[L-S,L] = «A(L x S). 














(b) [L-§,§] is identical, only with L © $: |[L-$,$] = ih(S x L). 














(c) [L-S,J] =[L-S,L]+[L-S,S8] =ih(Lx $+8xL) =[0. 

















(d) L? commutes with all components of L (and S) , so | [L-S, L?] = 0. 














(e) Likewise, | [L-S,S?] = 0 














(f) [L-S,J?] = [L-S,L?] +[L-S,S?]+2[L-S,L-S] =0+0+0=] [L-S,J?] =0. 











Problem 6.17 


With the plus sign, 7 =14+1/2 (I1=j-—1/2): Eq.657>E,;= _ (En) (= -3) é 


2mc? \ j 


Equation 6.65 > El, = 





(En)? n [j(J + 1) — (9 — $)G + 4) - 3] 
) 





me? G-Diu+} 
(En)? oP? +5-4 “+97 4) _ (En) n 
me (fj — $)j(G + $) me j(j+5) 





pape ge Se (eg eh 
fs Tr so ImMc2 j jGt+ 1) 


EL foe tty ft-a(+5))} SE 6-7) 
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With the minus sign, j =1—1/2 (1=j+1/2): Eq. 6.57 > E, = or ae 3 
i minus sign, 7 = = 4 2 q. 6. tae Bad : 
En)? n {jG +) —-G+5)0 + 3)-2 
Equation Rpsevaies | ) n [5G ) (3 2( 2) i 
me Ge eG PLS) 
_ (En)? ni? +45- 7 -25-38-3) _ (Ey)? =n 
me (f+ 3)(G + 1G + 3) me? (j + 1)(9 + 3) 
a | 4n 2n | (B = { 2n | (aL 
gy = alt | + ain Leo pgs 
8 ame | F+1 "" G+DG+H)] Ime VU G+ NGFD eg 
E 2 4 EB 2 4 
se fine EN ee sie isie nhigie ph a | ne (3__4" \ opp 
2mc? j+3 2mc? j+4 
Problem 6.18 
2rhc 1 1 5 36 27hc 
a B= je SN ea Pa i E, = —13.6eV; 
Se as i(Z 7) 36) 5 eo ms 
2n)(1.97 x 107" x 106 eV - 
je ere teen. jee sae OVD pce aid ane tesa 
5 (13.6 eV) 
c 3.00 x 10%m/s _ (En)? 4n 


=> 


4.58 x 10! Hz. 








dX 6.55 x 10-7 m 





Equation 6.66 > E7, 








3- : 
2me? ( a 


For n= 2: 1=0orl=1, so j =1/2 or 3/2. Thus n = 2 splits into two levels : 














E2)? 8 5 (E>)? 5 (1\? (£1)? 5 (13.6eV)? = 
=1/2: ma! - _ _ =-—5, 107 °eV. 
(=e 2 Ime? (3 *) 2 mc? 2\4 me? 32 (.511 x 106 eV) SOO SOG Y 
E)? 8 1 (Eo)? 1 7 7 

= 2: pia_ = = 62 x 1074 eV) = -1.13 x 1078eV. 
j=3/ a Gaal (3 5) 5a 35 (3-6 x 107* eV) 3 x 1075eV 


For n= 3: | =0,1 or 2, so 7 = 1/2,3/2 or 5/2. 


Thus n = 3 splits into three levels : 

















opie ne A Bae 12\ _ (Es)? 9/1\(f)?_ 1 Die a. ip 
j=1/2: Ei= a (s ,)=-9=3 seen iy (3:62 x 10~4eV) = —2.01 x 107*eV. 
E3)? 12 3 (E3)? 1 _ a 

3/2: mia Bs 3 = = 3.62 x 1074 eV) = —0.67 x 107° eV. 
DSS ( =) ne ae 

E3)? 12 1 (E3)? 1 = a 

—5/2: gia (Bs 3 = _ 3.62 x 107*eV) = —0.22 x 107-5 eV. 
1 IE oe ( ) phe gee en Se 
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E; 
ene ry 
~ 
on 
~ Ss, 
en ja52 
Seo Ks : 
=—3/2 
. J 3/2 
j=1R2 
0 
B, 
Ss 
So 7 
OS j=3/2 
. 123 J 
j=ir 


4 5 6 


There are siz transitions here; their energies are (E$ + £3) — (E$ + E}) = (E3 — EY) + AE, where 
AE = Ei} — Fi. Let 8 = (F1)?2/mc* = 3.62 x 10-+ eV. Then: 


1 3 1 1 7 _ 
(Gs) az =|( =) ( a) | 8=~aepe = 880 x 10 Pen 














le _ i 1 tbe = 
(575): AE | =i) (-5)|4 agi = 4.61 x 10-Sev. 








et 
| re 
bo 
NY 
+ 
ao 
Ble 


_ 65 — —6 
Je 5Egg 8 = 9.08 x 10- FeV. 


( 

Gap ae=|( 

(G5): AR = (=) _ (=) a a= 36.45 x 10-8 eV. 
( 


5 19, 2 
)+($)| —*~ 8 = 49.86 x 10~* eV. 


3 
(a) az =| = 364 


Ale 


os _ 1 5\],_ 389 ,_ 2% 


Conclusion: There are siz lines; one of them (5 = 3) has a frequency less than the unperturbed line, the 
other five have (slightly) higher frequencies. In order they are: 3 3. 3 3; 5 $3 3 5; 3 $. The 
frequency spacings are: 




















Wg—-W% = (AE,—AE,)/2mh = 3.23 x 10° Hz 
v3—v3 = (AE3—AEF)/2th = 1.08 x 10° Hz 
¥%4—v3 = (AE,—AE3)/2th = 6.60 x 10° Hz 
Y3—v¥4 = (AE3—AE,)/2th = 3.23 x 10° Hz 
¥%—Vs = (AEg—AEs)/2th = 1.08 x 10° Hz 
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Problem 6.19 

















2 2 2 2 
j = 
2 jt+4 2\G+5 2° 27+ 4) 
a ee a a 
a 12 ~n-(+4)4+G4))-3;% 2-7 
n—(j+35)4+V G44) -o? IV 2) TY 2) ~ 2643) 2043) 











a 1a? is a? Poe 2% af at Sits 
a 2n2 n(j +5) 8nt Qn? 2n4 j+3 4})° 





a? at —n 3 a?mc? a? n 3 
Bees 214 1] = 1 
AO | an? * Int a | on? | *e ee | 





13.6eV a? n 3 
= 1 firming Eq. 6.67. 
7D | ae =) (4 | , confirming Eq 
Problem 6.20 
1 
Equation 6.59 > B = aie OE Say L=h, r =a; then 


A4reg me2r3 


_ oil eh 


4teg mc?a3 











(1.60 x 10719 C)(1.05 x 10784 J - s) 
4m (8.9 x 10-12 C?/N- m?) (9.1 x 10-94 kg) (3 x 108 m/s)” (0.53 x 10-10)" 


=|12 T. 














So a “strong” Zeeman field is B.x, => 10 T, and a “weak” one is Bex, «10 T. Incidentally, the earth’s field 
(10-4 T) is definitely weak. 
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Problem 6.21 
For n= 2,1=0 (jf =1/2) or l=1 (jf = 1/2 or 3/2). The eight states are: 


Jt) = 12.05 9) 
22 _ J, G/2)G/2) + G/4)] _ |, 3/2 _ 
peel p+ Somea | a aan? 
J3) = |2 15 9) 
a2 = (1/2)(3/2) — D2) + B/4)) _ | , 1? 
a= [Same |at aa 


4) = |21 3-9) 


13.6 e€ 29 
In these four cases, Enj = oN E s (; 7] = —3.4 ev(14 Zo). 








_[, , @/98/2)- WQ)+B/)] _, , 5/2 _ 
a= [bs 2(3/2)(5/2) | oa ce 


a2 (2 8 1 4 
In these four cases, E,; = —3.4 eV} 1+ ie a —-3.4eV(1+ 16% : 














4 6 

E, = -3.4eV (1+ §a’) + we Bext- 

Ey = -34 eV (1+ 407) — we Bext- 

E3 = —34 eV (1+ 07) + usBext. 
Ex = —34eV (1+ 407) — dupBoxt. 

The energies are: 

Es = —34 eV (1+ 307) + 2upBoxt- 
Eg = —34 eV (1+ 407) + 2upBoxt- 
Ez = —34 eV (1+ 07) — 2upBoxt- 
Eg = —34 eV (1+ 7307) — 2upBext- 
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B ext 


5 (slope 2) 


6 (slope 2/3) 
-3.4 (1407/16) eV 
7 (slope -2/3) 


8 (slope -2) 
1 (slope 1) 


3 (slope 1/3) 
4 (slope -1/3) 


-3.4 (145077/16) eV 


























2 (slope -1) 
Problem 6.22 
E? 4n e h?mm 
Ey, = (nlmyms|(H}. + Hi,)|nlmims) = a 3 . 
ge lena a Hg) 2mc? ; +1/2 | . 8regm2c? (1 + 1/2)(1+ 1)n3a3 
2H? 2E, Fy a? 
pew eh? e?h?(me?)3 m e \? e? 2(13.6 eV) 
— = =a . : 
8megm?c2a3 —_ 2. - Amreg?c? (4eghi?)3 2h? \ Are Atreghc 
13.6 eV 1 3 mim 13.6 eV 3 Id+1)—mm 
Ei = 2 { S = 2 : ¥ ED 
ee { (1+ 1/2) ata} “a {a i+i/ya+nf ° 





Problem 6.23 


The Bohr energy is the same for all of them: Ey = —13.6 eV/2? = —3.4 eV. The Zeeman contribution is the 
second term in Eq. 6.79: up Bext(mi+2ms). The fine structure is given by Eq. 6.82: Et = (13.6 eV/8)a7{---} = 
(1.7 eV)a?{---}. In the table below I record the 8 states, the value of (mj; +2m,), the value of {---} = 



























































= ae , and (in the last column) the total energy, —3.4 eV [1—(a?/2){---}]+(mj,+2ms) up Bext- 
State = |nlmims) (m+ 2m,) | {---} | Total Energy 

jt) = [200% 1 —5/8 | -3.4 eV [1+ (5/16)a”] + up Boxt 

2) = |200-3) =I —5/8 | -3.4 eV [1+ (5/16)a”] — ue Bext 

= pits) 2 —1/8 | -3.4 eV [1+ (1/16)a7] + 2u5 Bet 

4) = [21—-1—) =o =e | -S4e¥ (14 Ofie)o"|— 2p Bea 

5) = [210 4) 1 —7/24 | -3.4 eV [1+ (7/48)07] + we Bext 

6) = |210—%) =1 —7/24 | -3.4 eV [1 + (7/48)a7] — wp Bext 

7) = |211—2) 0 —11/24 | -3.4 eV [1 + (11/48) a7] 

8) = |21—13) 0 —11/24 | -3.4 eV [1 + (11/48) a? 
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Oo 








Ignoring fine structure there are | five | distinct levels—corresponding to the possible values of (m; + 2m,): 

















Problem 6.24 


Equation 6.72 > E! = 5— Bex (L428) = 5 Bexi2msh = 2mspp Bext (same as the Zeeman term in Eq. 6.79, 


13. e 
2G fee : (since 7 = 1/2). So the total energy is 
n? n? 4 





with m; =0). Equation 6.67 > E,; = — 


13.6 eV a? 3 
E= 5 f Pig ( )| + 2Ms HB Bext. 


n n 4 























13.6 eV 3 13.6 eV 3 
Fine structure is the a? term: Ey, = — . a (n—- ae "a? (3 i 1), which is the same as 
n n 


Eq. 6.82, with the term in square brackets set equal to 1. QED 


n> 


Problem 6.25 





2 8 FE? 8 Ei a? 
Equation 6.66 => EL = —*— (3 = —1_/(3 = Problem 6.11), s 
cer Ime ( ip) ne CO gto ona a 


E, (co 13.6 ¢ 
pi (#\(3__8 )_186eV2/;__ 8 \_ (3 _8 ). 
32 \ 2 j+1/2 64 j+1/2 j+1/2 


8 
For J = 1/2 (1, 2, Ye, vs), His = 7(3 -- 8) = —5y. For J = 3/2 (3, ba, V5, 07), Hig = 7(3 = 5) =o 





This confirms all the 7 terms in —W (p. 281). Meanwhile, H! = (e/2m) Bext(Lz+2S.) (Eq. 6.71); U1, Wa, U3, Wa 
are eigenstates of DL, and S,; for these there are only diagonal elements: 


(HZ) = oO Boxelm + 2m,) = (mp +2ms)8; (Hz)u=8; (Hz) =—-B8; (Hz)s3 = 28; (Hz)a4 = —28. 


This confirms the upper left corner of —W. Finally: 





(Lz +28.)\vs) = +hy/$l1 0)15 3) ho _ a. 

(Le +282)Io) = —Py/30 0015 2) | rr = (2/890, 

(Lz + 252)|7) = —hy/3|1 0)|5 — 9) ae = Aa ou ~(V2/3)8, 
(Lz +28.)lys) = —Ay/ $11 13-3) J (HY)r3 = (Her = -(V2/3)8, 


which confirms the remaining elements. 
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Problem 6.26 
There are eighteen n = 3 states (in general, 2n”). 
WEAK FIELD 
13.6 eV a? 3 3 a? 1 1 
1 =-—1.51l eV /1+ — | ——~ - -]}]. 
a [+S (apa) vies (saa- a) 


Equation 6.76 > E = gymjpupBext- 


Equation 6.67 > E3; = 















































State |3 17 m;) gx(Eq. 6.75) | 4 (an = 1) Total Energy 
1=0, j=1/2 | |30 2 4) 2 1/4 ~1.51 eV(1+ 2) + pp Box 
1=0, j=1/2 | (305-5) 2 1/4 -1.51 eV(1+ ©) — pe Bext 
1=1, j7=1/2 | [31 2 3) 2/3 1/4 ~1.51 eV(14+ 9%) + Fup Bext 
b=1) 9 S1/2)| |B Po =) 2/3 1/4 AS Levee. — $B Bext 
1=1, 7=3/2 | [31 3 3) 4/3 1/12 ~1.51 eV(1+ $5) + 2up Bext 
ba 1,49 = 32) || |B es) 4/3 1/12 =i eve. Ve 2B Bext 
1=1, 7 =3/2 | [31 2-32) 4/3 1/12 -1.51 eV(1+ 9) — 2up Bex 
1=1, 7=3/2 | |31 2-3) 4/3 1/12 —1.51 eV(1 Ae) Oe Boe 
1=2, 7 =3/2 | [322 2) 4/5 1/12 -1.51 eV(1+ 5) + Sp Bext 
1=2, 7 =3/2 | |32 2 2) 4/5 1/12 ~1.51 eV(1+ 25) + 2ysBoa 
1=2, 7=3/2 | |32 2-32) 4/5 1/12 ~1.51 eV(14 95) — 2upBext 
1=2, 7 =3/2 | |32 3-3) 4/5 1/12 SSL eV( 142, — 2upBext 
1=2, 7=5/2 | |32 8 8) 6/5 1/36 -1.51 eV(1+ $5 | + Bins Dig 
1=2, 7 =5/2 | [32 § 3) 6/5 1/36 -1.51 eV(14+ $5) + 2upBext 
1=2, j=5/2 | [32 8 2) 6/5 1/36 ~1.51 eV(14+ 9) + up Bext 
1=2, 7 =5/2 | [32 8-3) 6/5 1/36 =1breV( ie") — Spe Bag 
1=2, j=5/2 | [32 8-3) 6/5 1/36 -1.51 eV(14 $5) — 2upBext 
1=2, 7=5/2 | [32 3-3) 6/5 1/36 —1.51 eV(1 +2 — 3uB Bext 




















STRONG FIELD 


Equation 6.79 = —1.51eV + (m; + 2m,) UB Bext} 





Equation 6.82 er a? 3 fr - aa || pore ve { ieee - i . 
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1 ii+1)- s ol 
Exot = —1.51 eV(1 + aA) + (mj) + 2ms) UB Bext, where A= 3 { | ( yeni | \ ‘ 


ii+1/2)(i+1) 4 





These terms are given in the table below: 























State |n lim ms) | (m+ 2ms) A Total Energy 

1=0| |300 3) 1 1/4 | -1.51 eV(1+ ©) + pe Bext 
1=0 | |300-4) a7 1/4 | -1.51 eV(1+ 5 SW 
i=1]| 3113) 2 1/12 | 151 6V(14 ) + tp Ban 
1=1/) |31-1-2) an 1/12 | -1.51eV(1+ * Oe De 
i=1| 3103) 1 5/36 | —1.51 eV(1+ 52°) + we Boxt 
i=1/] |310-3) = 5/36 | —1.51 eV(1+ 52°) — we Boxt 
f=1] [31-1 2) 0 7/36 | “1.5leV(14 

i=1| [311-4) 0 7/36 | —1.51 eV(1+ 2 

1=2]| |322 4) 3 1/36 | -1.51 eV(14 $¢) + 3upBext 
1=2) |32-2-2) ig 1/36 | -1.51 eV(1+ ) - 3uBBext 
1=2] |3214) 2 7/180 | 1.51 eV(14 225) + 2up Bext 
1=2] |32-1-2) =, 7/180 | —1.51 eV(1+ 2%) — 2ueBoxt 
1=2| 3203) 1 1/20 | -1.51 eV(1+ &) + upBoxt 
1=2] |320-2) =1 1/20 | -1.51 eV(1+ &) — peBext 
1=2| |32-13) 0 11/180 | -1.51 eV(1+ Be 

1=2]| |321-34) 0 11/180 | -1.51 eV(1+ U2 

1=2]| |3 2-24) =i 13/180 | —1.51 eV(1+ 82°) — pe Bext 
1=2] |322-2) 1 13/180 | —1.51 eV(1+ 282°) + pe Bext 





























INTERMEDIATE FIELD 
As in the book, I’ll use the basis |n | 7 m,;) (same as for weak field); then the fine structure matrix elements 
are diagonal: Eq. 6.66 > 


io fe, Oe SE as SO EO 2 
fs ~ Ome? j+1/72)  54me j+1/2 108 spre; Se)" 


13.6 eV 
y= oT a®. For j=1/2, EL = —97; for j =3/2, EL = —39; for j = 5/2, EL =—v. 








The Zeeman Hamiltonian is Eq. 6.71: H! = + (Lz + 2S)upBext. The first eight states (1 = 0 and / = 1) are 


the same as before (p. 281), so the 3 terms in W are unchanged; recording just the non-zero blocks of —W: 


: 7 (37-28) 2p (37+28) 2p 
(9 B), (97 + B), (By 23), (37 + 28), ( 28 (97 — ) ’ ( v2 6 (97 + 18) * 
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The other 10 states (1 























= 2) must first be decomposed into eigenstates of L, and S;: 











8 $) =122)18 3) = (7-38) 
5 — §) =[2-2)15 - 4) = 7 +38) 
13 8) = sl2 la — 2) + Val? DIE 2) = (7% «5 ) 
Ig 3) = /$i2 218 — 4) - 32 18 4) 3B (3y— 58) 
15 4) = \/2l2 11d — 4) + 32 013 3) Poa v8 9 
= V6 2 
I$ 4) = \/$l2 1 - 4) — \/2l2 onl 3) E8  (87— 38) 
1S — 8) = y/Bl2 13 — 3) + 312-18 8) = (058 6 
I$ — 3) = 212 od - 4) - 812-114 3) SO (37+ 38) 
I$) = of $l2-Wlg— 3) + sl 218 2) = (4 26 ) 
$- 3) = $e - 1d - 4) - 412-215 8) 6 Grt 38) 
[Sample Calculation: For the last two, letting Q = 7(Lz + 2S.), we have 
QI§ - 3) =-2y/412- 15 — 3) — 412-2918 4): 
Ql3 - §) = 2412-1 i y 2)|2 3). 
(8 $018 - $) =(-2)$-3 = $1QI3 — 3) = (-2)8 - 4 =-$ 
ee 


So the 18 x 18 matrix —W splits into six 1 x 1 blocks and six 2 x 2 blocks. We need the eigenvalues of the 
2 x 2 blocks. This means solving 3 characteristic equations (the other 3 are obtained trivially by changing the 


sign of (3): 


(s7- 56-a) (sv- 56-2) — £6? =0 = 0 + (8 12) + 4277-78) = 0. 


9 6 4 33 
(v-38-a) (37 - §6-a) = $e? = 0 +98 — 49) +4 (397 - Fo8+ 26" =0 


($s) (0 


The solutions are: 


2, 
a 


6 11 
) - $0? <0 = 07 +. 6-4) +7 (37-38) =0 
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@ = By-97+B 
€2 = 3 — 37+ 268 
6.= £3 -—y +3 


€4 = E3 —6y + B/2+ V9? + By + 87/4 


A= —6/24 6y + /(B/2)? + BY +97 és = Ex — 67 + B/2— /9P + 87+ B/4 
A= -36/2 + 27 £ 4/(8/2)2 + 86742 5 Es — 27 + 38/2+ y/? + 887+ 67/4 


€ = 
A= —B/2+ 2y + 4/ (8/2)? + BBY +7? é7 = Es — 27+ 38/2 — \/72 + 367+ 62/4 


eg = E3— 27+ B/2+ y/y? + 587+ 87/4 
€9 = Eg — 27+ B/2— s/y? + 387+ 67/4 
(The other 9 e’s are the same, but with 6 — —(.) Here 7 = Bee a2, and 3 = pip Bent. 

In the weak-field limit (3 « +): 
























































2 
64 = E3 —6y4+ B/24+3yV14+ B/9y = Es — 6y + 8/2 + 37(1 + 8/187) = By — 37+ 38. 








1 
9 
eg © E3 — 27 +38/2+ 7(14 38/107) = E3 — y+ 56. 
6 
er © Es —2y + 36/2 — y(1 + 38/107) = Es — 37+ 58. 





3 
eg © Es — 27+ B/2+ (1 + 8/107) = Es — 7 + ZB. 





2 
cy © By —27 + 8/2 — (1 + 8/10) = Bs — 37 + 38. 








Noting that y = —(£3/36)a? = oT a’, we see that the weak field energies are recovered as in the first table. 


In the strong-field limit (G6 >> +): 
e4 © F3 —6y+ B/2+ B/2,/1+ 47/6 = Es — 6y + B/24+ B/2(1 + 27/8) = E3 —5y4 GB. 


€5 © E3 — 67 + 6/2 — B/2(1 + 29/8) = E3 — 77. 





&g © Eq — 27 + 38/2 + B/2(1 + 6y/5B) = Es — oy +26. 





13 
*y Ey0: 


er By — 2y + 36/2 — B/2(1 + 6/58) = By — = 


eg © E3 — 27 + 8/2 + B/2(1 + 27/58) = Es — 27 +B. 


11 
eg By — 2 + 8/2 ~ B/2(1 +2/58) = By ~ 7. 
Again, these reproduce the strong-field results in the second table. 
In the figure below each line is labeled by the level number and (in parentheses) the starting and ending 
slope; for each line there is a corresponding one starting from the same point but sloping down. 
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3(3) 
E 
6(9/5—> 2) 
8(3/5—>1) 
2(2) 
E; 7(6/5—>1) 
E3-y 42 4(2/5—>1) 
9(2/5—>0) 
E3-3y 
1(1) 
5(1/3->0) 
E,-9y. 


Problem 6.27 
I = f[(a-?)(b-#)siné do d¢ 


= es sin 6 cos ¢ + ay sin # sin ¢@ + a, cos 6)(bz sin 6 cos ¢ + by sin 6 sin ¢ + b, cos 8) sin @ dé d@. 
20 20 20 
But | sin ddd = j cos ¢d¢é = | sin ¢cos ¢dd = 0, so only three terms survive : 
0 0 0 


T= J anbs sin? 0cos? ¢ + ayb, sin? 6 sin? ¢ + azbz cos” 6) sin 6 dO dé. 


27 


27 27 
But sin? ddd = | cos? ddd = 7, do = 217, so 
0 0 0 


Tv i 4 Tv 9 
T= | [7(Grbx + dyby) sin” 6 + 27azbz cos” 6] sin 6 dé. Bat sin? 6 dé = x / cos’ @ sin @ do = 3" 
0 0 0 


4 2 4 4 
so I =7(dzbz + dyby) 3 + 2nazbe 3 i (abs + dyby + azbz) = (a -b). QED 
(Alternatively, noting that I has to be a scalar bilinear in a and b, we know immediately that J = A(a-b), where 
A is some constant (same for all a and b). To determine A, pick a = b = k; then I = A = f cos” 6sin@ d0d¢ = 
Ar /3.] 
For states with | = 0, the wave function is independent of 0 and ¢ (Yj = 1/47), so 


3(S,-f)(Se-f) —Sp-Se eed - sey a 
(AS D685 7 =|w(r)Pr2dr} | [3(Sp-#)(Se-#)] sin 6 dO de. 
r r 
0 
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The first angular integral is 3(47/3)(S, -S-) = 4m(S,-S-.), while the second is —(S, -S,) fsin@d@dé = 
—4n(S, -S_), so the two cancel, and the result is zero. QED [Actually, there is a little sleight-of-hand here, 
since for | = 0, ~ — constant as r — 0, and hence the radial integral diverges logarithmically at the origin. 
Technically, the first term in Eq. 6.86 is the field outside an infinitesimal sphere; the delta-function gives the 
field inside. For this reason it is correct to do the angular integral first (getting zero) and not worry about the 
radial integral.] 


Problem 6.28 


From Eq. 6.89 we see that AF « (4, 


MpMea 
Eq. 6.85); the notation in Eq. 6.93 obscures this point. 


) ; we want reduced mass in a, but not in mpme (which come from 


(a) g and m, are unchanged; me — m, = 207me, and a— a,. From Eq. 4.72, a «x 1/m, so 


a — m,(reduced) =  mymp 1 207 207 207 


= 186. 


Oy Me MptMp Me ~ 1+ 207(me/my) = 1+ 207 Oy ~ Tit 





AE = (5.88 x 10-6 eV) (1/207) (186)3 = [0.183 eV. 





























2 
(Bieiese se! aoe a m,(reduced) 2 = 1 _ 1 
Ap Me Me+tMe Me 2 
2 1.67 x 10-27\ /1\° 
a -6 aN es —4 
AE = (5.88 x 10-6 eV) (=) (a . 7 (5) 4.82 x10-4 eV. 
a Mm (reduced) Mem 1 207 
: 5.59 — 2; : = = pe. = ; 
(c) g 325 My > My; aes ie Met My Me 508 

















2 1.67 x 10-27 207\° 
AE = (5.88 x 107° =]1.84«1075 eV. 
ees (5) (sone x a] (Fe os 


Problem 6.29 
Use perturbation theory: 


271 4 
H’ =-—— (;-5), for 0<r<b. AE=(y|H'|b), with v= 
0 


—r/a 








1 
€ 
V rae 


2 1 b 1 1 2 1 b b 
KB eS asin f = = \e-2r/a,2gyp — © al ren"! 4 dp — | re2"/4 dp 
Are Ta® 0 \o +r mega? \b Jo 0 























b 
stalin i}n-F-))- (er 
A | cite Ceme( 21) ~feme( 21) oo 
Ses rafal) 
--Saleme(-T)54) 46-9) -Sall-2) Com 
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Let +2b/a = € (very small). Then the term in square brackets is: 


2 2 ee @& 
1-—- 14+- 1- ———+::: 
(1-Z) +42) 5-G+) 


mt-Fs ta} -g-24 49-9 - S400 t= S408 tA 












































6 3 
2 1 40? 
To leading order, then, AF = 
Arey a 6a2 
me? Aregh? e? 
E = EB SS ee = 3 E — . 
: 2(47r€9)2h?’ me? 50 2(A7re0) 
AE_ & 2(4me9) \ 262 | 4 /b\? 
E  4neg e? 3a2 || 383\a/ ° 
Putting ina@=5 x 107-4 m 
AE 4/ 10-8 16 oa Ge =a 
Eo s(so=x) = g ~ 10 ~/-5x1ld-™. 
fine structure: KEES oF S131) a 10": 


Py CORMAG: { hyperfine structure: AE/E © (me/m,)a? = (1/1800) (1/137)? = 3 x 1078. 


So the correction for the finite size of the nucleus is much smaller (about 1% of hyperfine). 


Problem 6.30 
(a) In terms of the one-dimensional harmonic oscillator states {y,(a)}, the unperturbed ground state is 


|0) = Yo(x)vo(y)%o(z)- 


Eq = (0|H'|0) = (bo (x) vo(y)o(z)|Ax*yz|vo(x)do(y)vo(z)) = A(2*)o(y)o(z)o- 
But (y)o =(z)o =9. So there is no change, in first order. 


(b) The (triply degenerate) first excited states are 


) 
[1) = Yo(x)bo(y)¥1(2) 
|2) = Yo(x)d1(y) Volz) 
|3) = v1 (x) vo(y)vo(z) 


In this basis the perturbation matrix is Wy; = (i|H’|j), 7=1,2,3. 


(1|H"|1) = (wo (x) o(y)vr (z)|Ax*yz|Po(x) voy) v1 (z)) = A(@*)o(y)o{z)1 = 9, 
(2|H"|2) = (wo (x) (y)bo(z)|Ax* yz|do(x) v1 (y)bo(z)) = A(2")o(y)1(z)o = 0 
(3|H"|3) = (hi (x) vo(y)vo(2)| Aw? yz|v1 ()ho(y)Yo(z)) = A(@*)1 (y)o(z)o0 = 0 
(1|H"|2) = (wo (x) Woy) (z)|Ae*yz|do(x) v1 (y)bo(z)) = A(@*)o (Oly|1) (1|2|0) 


bo 


h 
= Ax—|(0|2|1)|? = (se =) fusing Problems 2.11 and 3.33]. 


2mw 
(1|H"|3) = (ho(x)Wo(y)v1 (z)|Aw?yz|v1 (x) bo(y)bo(z)) = A(0|x?|1) (y)o(1z|0) = 0, 
2)¥o(y)¥o(2)) = MOla?|1) (Lyl0)o(2)o = 0. 


(2|H'|3) = (wo(x)v1(y)vo(z)| Av? yeh 


( 
( 
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0a0 h \?2 
W=1{a00],_ where o=\(5—) : 
000 oo 
-E a 0 2 
. 3 2 h 
Eigenvalues of W : a -E 0 )=-E°+Ea* =0=> E= {0,+a} =]0, +\ {| ——] . 
0-0 SE Bee 











Problem 6.31 


(a) The first term is the nucleus/nucleus interaction, the second is the interaction between the nucleus of 
atom 2 and the electron in atom 1, the third is between nucleus 1 and electron 2, and the last term is the 
interaction between the electrons. 





sO 








w= Eh @+@]-[-@+@), 
TTEQ 
cgi tly 26102)... eae 
4reg R R? Qreg R3- 








(b) Expanding Eq. 6.99: 


1 2 2 1 2 2 e 2 2 
H = =~ (pt + pi) + 5k (a4 +22) (24 — 27) 

















2m - Atreg R? 
1 1 : 
= 5 (vt +2) + 5k (21 + 22) - TregRs 2012) = H°+H' (Eqs. 6.96 and 6.98). 
(c) 
k e? Mee 1 e? 1 e? 
pS ie ae ee ee s = eee ie 
m Qregp Rok 2 \ reg R mus 8 \ 2reg Ro mus 





1 1 e 1 e ° 
AV & =hwo}1 
as of see) = (scene) = 
1 e? 1 e? : 
1 hw 
vs 2 (str ) 8 (a) | . 


1 1 e? ee ae aco ae 
2hwo 4) \ 2reoR3muz 8 muse \2reEq/ Re 


(d) In first order: 








e2 


~ Oreo RS 





Eo = (0|H"|0) = (Wo(x1)0(#2)|e122|Yo(x1)Wo(x2)) = (x)0(z)o = 0. 


e€ 
2QregR? 
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In second order: 


B= 5 KPRLENOE Here Ie) =10)10), In) =Ira)lna), 50 





: s> > Kralea|0)!" Krall)” ase Problem 3.33] 


a ‘or Bigg aa 


n= 1ln2= 1 
"Gs ) | (2 ]ar|0)|? | (1 ac]0)|? 
ala (Shu + 5 hiwo) _ (3hwo + 3 fwo) 


1 BeNOR eye ae. oy 
mae 2hwo 2mwo)  8m2ue Qreg ) RE 





[zero unless ny = Ng = 1] 





Problem 6.32 


(a) Let the unperturbed Hamiltonian be H(Ao), for some fixed value »5. Now tweak » to Ag + dA. The 
perturbing Hamiltonian is H’ = H(X9 + dX) — H(Ao) = (OH/OA) dX (derivative evaluated at Ao). 
The change in energy is given by Eq. 6.9: 
OE, 
On 





OH OH 
dEp = E, = (?|H' |p) = (nl By len) dx (all evaluated at Ao); so = (nl By len) 


[Note: Even though we used perturbation theory, the result is exact, since all we needed (to calculate the 
derivative) was the infinitesimal change in E,,.] 


or a 


























es ie, 2520 Ue Bek 
(b) E, =(n+5)hw; A Sm ae + ym n". 
(i) 
Ey 1 AT 1 
a =(n+ ah oo = mua?) so F-H => (n+ 5h = (nimwx*|n). But 
Le 2 1 1 1 1 
V= gin", 80 (V) =(n 5 mua? |n) = gul(n+ ahs (V) = 5(n+ 5) hw. 
(ii) 
OFn ingly, OH B® _2(_P#P) _2,, 
Oho 2 Oh mda? ~ hm da?) he 





(n|T\n), or | (T) = $(n+ $)hw. 








1 2 
0 F-H => jos = 
SO (n+ 5)w i 





(iii) 





En Jel he PA 1 hed? 1/1 1 1 
2 = 0; Om + <w*e? = —— [ -—_ “mua? | = -—T + —V. 
2m dx? m m 


Om 2m2dx2 ' 2 m m \2 





1 1 
So F-H = 0 = ——(T)+ —(V), or |(T)=(V).| These results are consistent with what we found in 


Problems 2.12 and 3.31. 
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Problem 6.33 


(a) 
e 4 iT 2e 1 
a “ "So the F-H theorem says: 


OEn _ 4me _4p. = 
Oe — 32 re2h2(jmax tl +1)2 e ” de  4negr 

4 e€ 1 1 87€0 87rE9 Ly, 87€9 m e2 \7] 1 em 1 

-E, = —), or = = = = . 
e€ 2Qreg \r r e? e2n? e? 2h? \ 4reo n2 — Amegh? n? 








1 1 
( ) .| (Agrees with Eq. 6.55.) 








Aregh? 
nO =a (by Eq. 4.72), 80 
me 





But 





(b) 
. 2En ET h? 
g (21+1); so F-H says 


OEn 2me 
n’? Ol 2mr? 


Ol 32ne2h?2Gmax +1 +13 


2. POC). (4 op (A\ Amen AmB 
» OTN nl DR BI DA 


r2 r 


n 2m 





4mE 2 1 1 : 
Dik 5 news a ( ) = ———_~.|_ (Agrees with Eq. 6.56.) 














Problem 6.34 


(l+1) 2mE, 2m e \1 
Equation 4.53 ut =| Po) h2 h2 (= Tr 2 


me? 1 2nEn 2mm e? ‘ 
= — (Eq. 4.72 d = = : 
a Haan): an h? h? 2h? (—) nn?  a?n? ne 


But —— = 
™ Atregh? 





uM 
kw 
| r? ar na? 


me [ture 


$ = -| ot a = [ural ar = sf (uw) dr. 


+) 2, 1] 








)ar= fw WEED 2 + : udr=Ulb+1)(r?-*). = Srey + r 
r2 ar n@a? a na? 


dr 
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Lemma 1: eure) dr = -{ < (ur)udr = — [ (u'r'w) dr — s fury dr => 
r 


Ss 


2 f (ur*u!) dr =—s(r8-!), or [eww dr = —S(r*), 


Lemma 2: tute de = — [ww dr = —(s +1) ture) dr — fourm) dr. 
r 


2 
2 f(u'rtu) dr = —(s +1) [tre dr, or: [tre dr = — pewter) dr. 





s+l 


Lemma 3: Use % in Lemma 2, and exploit Lemma 1: 





fore) a= fe = ! | (ur?+u!) dr 
— = l(l+1) | (urs~‘w) ns (ur*u!) dr + (urs*tu’) dr 
s+1 a na 
= 5; fen (p09) 2g) eas ($$) 
=n ($58) 9-2(S eee ga 


Plug Lemmas 1 and 3 into ¢: 
































UCL + 1){r8-?) — 2 (pt) + fre) 
































2 3 FS ot s—l s(s—1) ty 
Taal | ) ji+ |e y+ fea+ay i+ 5] 5 \ )=0 
n—!!—-_-—_-_“—’ n—[]/=—]—_“— 
2s4+1 2s 
s+1 s+1 


2(s+1) 
n2a? 





2 (s? — 1) 
(r°) (2s + 1)(r°—1) + 2s [ +1- ee) (rs—?) = 0, or, finally, 


a 


(s+ 1) 





(r®\ — a(2s+1)(r°-1) + 2 ae + 41+1-s?)(r*-?) =0. QED 


(21+1)2 


n 
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Problem 6.35 







































































(a) 
1¢)-a(2)+o-0|(2)= 
2 i ' gy 2 sha Bo sacs 
=a (r) — 3a(1) + 5 [2+ 1) —lja (7) =05 50) =30-1 +a aia = 7e bn —1(1+1)]. 
(r) = 5 [3n? — 1(1+1)]. 
Ss 1 . : ae Gis as a” 2 
aa (r*) — 5a(r) + 5 [2h +1) —4la =0= G(r’) = 5az5 [3n -i@+)]- 5 [@l+ —4] 
Sr?) = ze [15n* — 5i(1 +1) — 4U(1+ 1) -14+4] = . [15n? — 91(1 + 1) + 3] 
= $2 fbn? — silt +1) +1]; (7?) = fn? — 340-41) +1, 
A) — Tar?) + ; [(21+ 1)? —9] a?(r) =0 => 
4. na? 2 3 2 2 
nat ata [5n* — 310 +1) +1] — GAld+1)—- 8a 5 Lan —1(+1)] 
aa {35n* — 211(1 + 1)n? + 7n? — [B1(U + 1) — 6] [8n? — (1+ 1)]} 
= — [35n4 — 211(1 + 1)n? + Tn? — 91(L + 1)n? + 377(1 + 1)? + 18n? — 61(1 + 1)] 
s > [35n4 + 25n? — 301(1 + 1)n? + 3/7(1 + 1)? — 61(1 + 1)] - 
(r3) = ce [35n* + 25n? — 301(1 + 1)n? + 317(1 + 1)? — 61(1 + 1). 
(b) 
o+a()- 7 [@i+1)?-1a()=05 (=) =att+1)( 5). 
(c) 











ae 7 . -| A ith Eq. 6.64. 
al(1 + (=) (1+ 1/2)n3a? em (=) i+ 1/2)( + Dntad grees wi q. 6.6 
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Problem 6.36 
(a) 


|100) = 


Ta 


1 
ee" (Eq. 4.80), Ej = (100|H’|100) = eFoxt 


sin? 6 





. fi e~?"/9(r cos 0)r? sin 6 dr dO dé. 
Ta 


Tv 














But the 6 integral is zero: | cos 6 sin @ dé = 5 =0. So E} =0. QED 
0 0 
1 1 r 
1 = te (1 ) —r/2a 
| ) W200 Ba Fe 2a € 
|2) = gera = —esyre”"/?* sin be"? 
(b) From Problem 4.11: ae ey ip 
13) = po10 =  F=TTE * cosd 
V2ra 4a? 
1 —r/2a —id 
|4) = d21-1 = 32"? sin de 
(1|Hi|1) = cay, cos # sin 6 dé = 0 
(2|H5|2) = {. alg sin? @ cos @sin 6 dé = 0 
(3|H5|3) = {. a cos” # cos 0 sin 6 dé = 0 
(4|H!|4) = ah) sin? @ cos @sin 6 dé = 0 
0, All matrix elements of H/ are zero 
()H')2) = Guia) edb =0 except (1|H/|3) and (3|H/|1) 
0, (which are complex conjugates, 
(1)H|4) = {... +f ‘ e-* dg =0 so only one needs to be evaluated). 
0 
20 
(2|H/|3) = at e '?db=0 
0 
20 
(2|H!|4) = oy e 7? dé =0 
20 
(3|H{|4) = { sia edb =0 
0 


1 1 1 1 
(1| A513) = eEext 


r 





V 27a 2a y2ra 4a? 











[( 


5 ) e1/24re-/24 cog O(r cos 0)r? sin 6 dr db db 
a 


Bex ; oo . 
eo 7G t (27) / cos? asin o.d6) (1 = =) atl a i a: 
a jo ‘ Fa : 
ewe ext 4 terlear — = | 5e—r/a ¢ _ CHext Ala? — 2-518 
8a4 st, or 2 2a 0 ss . 12q4 -@ 5, - 
ex 5 
— Sar 24a° (1 = 3) = eaLext(—3) = —3aeLoxt. 
0010 
0000 
W = —3aeEext 000 
0000 
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We need the eigenvalues of this matrix. The characteristic equation is: 


ce 5G hehe Oe 

Sho =k eto Olle eee aso. 
Do ae oo <i) leo. 
Orca, a 


The eigenvalues are 0, 0, 1, and —1, so the perturbed energies are 








Eo, Eo, Eo + 3aeKex,, Eo — 3aeEex:. Three levels. 











(c) The eigenvectors with eigenvalue 0 are |2) = and |4) = ; the eigenvectors with eigenvalues +1 


ooro 
Oo © 





ore 





sl> 


are |+) 44 








1 1 
. So the “good” states are|w211, W21-1, gl 200 + ¥210), Fm (200 — W210). 








1 
See 64a4 





ies / re-"/4 sin? @ [rsin O.cos di + rsinOsin 6) + r-cos Ok] r? sin @ dr dO dé. 


Fp wT 
sin’ 0 


=0, so 











20 27 T 
But f cos ¢d¢ = : sin ddd = 0, i: sin? @ cos 6 do = 
0 0 0 


0 








(pe)4 =0. Likewise (pe)2 =0. 














(Pe)+ = se [un + W3)?(r)r? sin 6 dr do dd 
1 1 1 Tr r 2 bs - a 
= ae —r/a : : : 7 , 2. 
oa | LC =) 8 cos 6] e"/“r(sin 8 cos $2 + sin @sin ¢j + cos @k)r* sin 6 dr dd dg 


k 1 2 
= Spa | [(1- =) + = cos6] ree—"/* cos Osin 6 dr do. 











But fj cos@sin@d0 = {7 cos? @ sin 6 dé = 0, so only the cross-term survives: 


(Pe)+ = aah (+2) / (1 - =) rcos6r°e—"/* cos @ sin 6 dr dé 
a 








a 


a) ) ie cos? sin. i (1 _ =) rte /*dr = = (<4) : ata’ _ asta" 


24a" (1 = 3) =|+3aek. 





] 
M 
aN 
|e 

s 














l| 
i] 
1 
Oo 
oe 








Problem 6.37 


(a) The nine states are: 
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1=0: |300) = Rs0¥~ 

L1ecisiiy: eR yt 
310) =RsiYf 
[31 —1) = RY, * 

1=2:|322) = R3¥? 


321) = Rgo¥h 
320) = R3.¥? 
|[32—1) = Rao, * 
[32 —2) = Rg, ? 


Hi, contains no ¢ dependence, so the ¢ integral will be: 
2r , Log 
(nim|Hi|n' Um’) = {--- +f e '™>e'm > dg, which is zero unless. m! = m. 
0 


For diagonal elements: (nlm|H{|nim) = {--- ae [P;" (cos 0)| cosOsin@d9. But (p. 137 in the text) 
P” is a polynomial (even or odd) in cos@, multiplied (if m is odd) by sin@. Since sin? 6 = 1 — cos? 6, 
[P’"(cos 6)]? is a polynomial in even powers of cos 6. So the @ integral is of the form 


7 


7 g)25+2 
[ (cos 0)7/+! sin 0.d0 = — os) 
0 


“(7+2) =0. All diagonal elements are zero. 


0 





There remain just 4 elements to calculate: 











m=m! =0: (300/H|310), (300|H2|320), (310|H{|320); m=m' =41: (31 £1)A/|32 +1). 


(30 0|H4|310) = eFext / RaoRar*dr | ¥py? cos @sin 6 d6d¢é. From Table 4.7 : 





2 1 8 1 1 2r Qr? Tr 
Rap R. 3 q a 1 —r/3a (1 _ ~) —r/3a 3d : 
/ 304131T° ar TIE a7V6 Ba / ( 3a a az) e€ Ba re r° ar 


Let «2 = 2r/3a: 


24 aa x? x 
3 ok sare = EY. Lo 4-2 
| Rooter dr = saa(>) : (1 a+ =) (1 =) ate dx 





a os, 5 5 1 a 5 5 1 
= —= 1-—- ay ag | te de = Ab 5) 6h 7) 
a ( ae a9 sit’) ae x 5 ( 7! + 756 ai”) 
= -9/2a. 
1 | se 2 
[82 cost sin 8 a9a6 = = z_[ cos cos 0 sin 8d do = V3 9. cos? sin 6 dé = ee = v3 
V4r V 40 An 0 2 3 3 














(300|H/|310) = eEFext(—9V2a) (2) =|—-3/6aeEext. 


300|H2|320) = eet | R3oRsir?dr | YqY¥_ cos @ sin 6 dé dd. 
0 
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1 
[ ¥8¥8 cos sin 80 do = ay] z3— | (3c08* 0 1) cos sin 8a do = 0 (300 |H/|320) =0. 
TT 


(310|H/|320) = cEoxt | RosRaar*ar [ ¥?¥8 cos 6 sin 0 dO dd. 








8 1 1 4 Led r 
3 = —r/3a,,2_,—1/3a,,3 
| RavRear dr Teaver a i (1 ~) re re r°dr 


94 Ba\' f% r a 1 9/5 
= aed 1—~) «%e-*de = Cee eae 
38 Bas ($) | ( =) a%e dx aa JB ¢ 37) 5 a 


J Yo Y8 sin8 cos 8.49.46 = VL aeV ee | £08 0(8 os? - 1) cos @ sin 6 dé do 
4n V 167 
v15 a v15 3 1 
= San | (3 cos* 6 — cos? 0) sin@ dd = —— |—< cos” 60+ = cos 0 
8a 0 4 5 3 








Tv 


2 
0 V1 

















2 
(3 10|H|3 20) = eEoxt (-*¥2.) (=) =|—3/3aeE ext. 


(31 +1)H{|32 +1) = cox f Ros Rsardr | (Y;*")" YS! cos @ sin 6 dO do. 















































x 1 aes 
/ (Y7"')" ¥3"* cos @sin 0 d0 dd = (= =| (= =| i: sin det"? sin 0 cos be*"? cos 6 sin 6 d0 de 











T 33 6 35 @\ | 
= eve cos? 6(1 — cos? 6) sin 6 dO = 25 eis ae 
80 0 4 3 5 6 
saul 
5 




















5 1 9 
(31 = 1|H5|32 = 1) a eEext (-»%e) (=) = — 5 de Hext. 


Thus the matrix representing H/, is (all empty boxes are zero; all numbers multiplied by —aeEext): 


(b) The perturbing matrix (below) breaks into a 3x3 block, two 2 x 2 blocks, and two 1 x 1 blocks, so we can 
work out the eigenvalues in each block separately. 


0 /20 —-r\ V2 0 














3x3: 3V3{ 72 01); |v2-A 1] =A? 4+A42A=-A(A?—3) =0; 
0 10 O°’ Ay sh 
= 0,4V3 El =0, El = 9aeBex, Ei = —9aeF ext. 
@ WOT. Nh al hs age oi 
ava CN A epee 
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300 310 320 311 321 31-1 32-1 322 32-2 

































































9 9 
B= ach, Ee = —52¢Bext. From the other 2 x2 we get Ei = Ej, Ei = E}, and from the 1 x 1’s we 





7 a 
0 (degeneracy 3) 
(9/2) aeE ext (degeneracy 2) 
get Ej = Ej =0. Thus the perturbations to the energy (E3) are: —(9/2)aeE ex, (degeneracy 2) 
9JaeEext (degeneracy 1) 
—9aeBext (degeneracy 1) 











Problem 6.38 


2 
i 
Equation 6.89 => Ei; = Semmes Se $2); Eq. 6.91 > Sq-S. = 5(S? - 5? - 53). 


Electron has spin 5, so S$? = 4 (3) h? = 3h?; deuteron has spin 1, so S37 = 1(2)h? = 2h?. 
Total spin could be 3 [in which case S? = 3 (3) h? = +?h?] or $ [in which case $? = 3h?]. Thus 
b (Bn? — 41? — 288) = B08 
(Sa-Se) = ; the difference is 5h so AE= 
5 (3h? — 3h? - 2h?) = —h? 


242 
Hogae“h 
Qrmamea? 


Qqge2h? 2qqht 3 
ae se = = 947? A Biyarogen (Eq. 6.98). 





1 
But woe => >Uo=—s, so AB= a= cau = 
c €oCc ATegMmMaMec?a mamec*a 2 Gp Ma 


h 2 4 (5.59 
Now, A = eae so Ag= Sees, and since mq = 2mMp, Aq = > (3) (21 cm) = [92 cm. 
Vy Mp 1.71 


3 














Problem 6.39 





(a) The potential energy of the electron (charge —e) at (x,y,z) due to q’s at « = +d alone is: 


eq 1 1 


V= ~ 
4nen | J(at+d?+yt+2 S(a-d?+y+2 





Expanding (with d>> 2, y,z): 
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Qe r2\ 71? 
(1 ae a + =) 














= (a? $2de td ty? + 2)? = (a? + Bde +1?) 7 = 





ween, 
8 
| 
= 
-b 
< 
wo 
+ 
XR 
i) 
Ql 




















d 2 '8 @ d| 2a 
eq x 1 2 2 x 1 2 2 2eq eq 2 2 
= 1 pies 4 =- = - 
ee ieee | a ope er? a oe | ft ae 
= 26d? +362? — Br?, where 6=—-——4 
, = Ar €9 d3 : 


Thus with all six charges in place 





= 2(A,dj + Bod5 + 83d3) + 3(G1u7 + Boy? + 8327) — r?(81 + Bo + B3). QED 


1 
(b) (100|H’|100) = aa forleH's sin 6 dr dO dé 


=Vo+ ay fle” + Boy” + 332")r? sin Odr dO de — ABS ast) = Bs) ye 7@?r/4r? sin 6 dr dO do. 


i= [re ~?r/ay2 sin O dr dO dd = anf rhe r/*dr = AnAl(5)° = 3na’. 
0 


= Ips fm (G12? + Boy” + B3z”)r? sin 0 dr dO dd 


= fr 4¢-2r/4(3, sin? 0 cos? d + J sin? 0 sin? ¢ + G3 cos? 8) sin @ dr dO dd. 


27 


20 20 
But | cos? bdo = [ sin? ¢d¢ = 7, d@=2r. So 
0 
) rt ee), [781 + G2) sin? 6 + 2733 cos” 0| sin 0 dd. 
0 0 
- 3 A Fe Bae 2 
But sin’ 0dé = -, cos* @sin@6d8 = -. So 
0 3° Jo 3 


=41(2)" Baa + b>) + | = ra (1 + Ba + Bs). 





(100|H’|100) = V4 s ma? (G1 + Bo + (33) (Pi + fa + Ba) 5s 


=|Vo. 
Tae Ta? 

















200) = Roo? 
211) =RoY; 
21-1) = Ra Y,* 
21:0); - SR VP 


Diagonal elements: (nl m|H’|nim) = Vo +3 (G1 (x?) + B2(y*) + 83(z7)) — (61 + Be + B3)(r?). 


(c) The four states are (functional forms in Problem 4.11). 
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For |200), (x?) = (y*) = (2?) = $(r?) (YP does not depend on ¢,6; this state has spherical symmetry), 
\ 


so | (200|H’|200) = (I could have used the same argument in (b).) 











nz a2 


From Problem 6.35(a),  (r?) = - [5n? — 31(1+1) +1], so forn =2,1=1: (r?) = 30a?. Moreover, 





since (x”) = {.. tf oe odd = {.. of aie bdo = (y”), and (x?) + (y?) + (2?) = (r?), it follows 


that (x?) = (y?) = 5 (ir?) — (z”)) = 15a? — =(z”). So all we need to calculate is (z?). 


mle? 





1 1 
(210|27|210) = [Perl c0s? 8(0? cos? 0)r? sin O dr dO dé 
2na 16a4 
1 co 
= eae - feta | cos* @sin@ dé = at 6la” : = 18a?; (a?) = (y?) = be? 0a? = 6a-. 


(210|H’|210) = Vo + 3(6a7 3, + 6a Bo + 18a? 3) — 30a7(31 + 2 + Bs) 
= | Vo — 12a?(8, + G2 + 83) + 36a? Gs. 














1 1 
(21 +1\27/21 +1) = wa bat [oer sin? 0(r? cos? 6)r? sin 6 dr dO dé 
ma 64a 














1 oe € 1 2 2 
= 30,5 [ eta (1 — cos? 0) cos” @sin 6 dé = 3945010" € - =) = 6a”; 


(a?) = (y?) = 15a? — 3a? = 12a”. 








Vo + 3(12a7G, + 12a? + 6a? 3) — 30a? (G1 + Bo + 3) 
=| Vp + 6a?(G, + G2 + G3) — 180763. 


(21 £1|H"|21 +1) 

















Off-diagonal elements: We need (200|H’|210), (200|H’|21+1), (210|H’|21+41), and (21—1|A’|211). 
Now (nlm|Vo|n' I’m’) = 0, by orthogonality, and (nl mJ|r?|n' lm’) = 0, by orthogonality of Y,", so 
all we need are the matrix elements of x? and y? ((|z?|) = —(|x?|) — (jy?)). For (200|2?/21+ 1) and 
(210|x?/21+ 1) the ¢ integral is ic cos? get’? db = ie cos? ¢6d¢é + idee cos? dsindd¢d = 0, and the 
same goes for y?. So | (200|H’|21 +1) = (210|H’|21+1) =0. 



































For (200|x?|210) and (200|y|210) the @ integral is f(" cos@(sin? 6) sin@d0 = sin*0/4|> = 0, so 
(200|H’|210) =0.] Finally: 














1 1 
Ta 64a4 


1 co Tw 2a ; 
= aa | rerr/sdr f sin? oad | e" cos” b de 
647ra° Jo 0 0 
——_—  — ees esawmr’' OOo — ee’ 





(21 —1|x?/211) 


if r2e—"/4 sin? Pe"? (r? sin? 6 cos” ¢)r? sin 6 dr dO dob 


I 


6!a7 16/15 n/2 
1 7167 ig 
=e IB 
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For y?, the ¢ integral is i e*¢ sin? ddd = —1/2, so (21 —1]y?|2 1 1) = 6a?, and (21 — 1]z?|211) = 0. 





(21 — 1|H’[211) = 3[6:(—6a?) + Bo(6a”)] =[-180( — Bp). 











The perturbation matrix is: 


























200 a iI A i 

200] W 0 0 0 

210! O | W—12a7(8, + Be) + 240783 0 0 

21 0 0 Vo + 6a(G1 + G2) — 120763 —18a?(3, — 82) 
21-1 0 0 —18a7(G; — 82) Vo + 6a?(B, + Ba) — 120785 











d 


The 2 x 2 block has the form ( é 


or 


? ) ; its characteristic equation is (A—\)?— B? =0,so A~-\=+B 


Vo + 24a? 3, aed 12a? Bo a 12a? G3, 
Vo = 12a? 8, + 24a? Bo 4 12a? G3. 








A}=AFB=Vo + 6a7(G, + G2) — 120783 + 18a7(8, — G2) = { 





€1 = Vo 

€g = Vo — 12a?(8, + GB — 23) 
€3 = Vo — 12a?(—26; + 82 + 3) 
€4 = Vo — 12a?(G, — 22 + Bs) 


The first-order corrections to the energy (2) are therefore: 




















(i) If 61 = Bo = Bs, then e1 = €2 = €3 = €4 = Vo: | one level| (still 4-fold degenerate). 








(ii) If G1 = Bo # G3, then €, = Vo, €2 = Vo — 24a?(A1 — 3), €3 = €4 = Vo + 12a7(31 — (3): | three levels 
(one remains doubly degenerate). 




















(iii) If all three 6’s are different, there are | four levels | (no remaining degeneracy). 





Problem 6.40 


(a) (i) Equation 6.10: (H° — £2) = —(H’ — Ep)v9. 








hr Be ode 2 Aregh? 
FO eg V7+—], since a= neon : 
2m A4teg Tr 2m ar me? 
h2 
pe a 
e 2ma? 
H' = eBetrcos0; Ej, =0 (Problem6.36(a)). 
1 
Wo = ee", yh = fre! cos 8. 
ras 
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Equation 4.13 => 








2,1 cos@ d 7h fee, Boy pes 
Mi ae =|? (se-"!*) | + Saag [sin gy os) 


a, 
dr 
—r/a 
_ cosé d [ (y’- ~f) eve] a fe da [— sin? 6] 
a 








r2 dr r2 sin 6 dO 


a cua [2r G -=f) on e(r- *y doi af) ev| 7 ENO poesia 
r a r 
= enset| (ye Sp) a(r—3s))—ard, 


Plug this into Eq. 6.10: 





e-tre, 








r r ar a 


—* cos te-"/* (Gi =f =f] 27 =f] 1 of : : jue f | aaa laa 


rae 











2 1 1 2me Eext Ay meLext 
” ‘\ 4 of 2 2 = h = . 
¢ (s at ) f r ia ( h2./7ra3 ) eS Cag here | 2h2,/7a 


Now let f(r)=A+Br+Cr?, so f'=B+2Cr and f”=2C. Then 














2 2 2 4 
2C — =(B + 2Cr) + =(B+2Cr) — =(A+ Br+ Cr?) = a 
a r r a 
Collecting like powers of r: 


r?: A=0. 

r': 2B-—2B=0 (automatic). 

ri: %-2B/a+4C-—2C =0> B= 200. 
ri; —4C/a = 4y/a> C= -y7. 





Evidently the function suggested does satisfy Eq. 6.10, with the coefficients | A = 0, B = —2ay, C = —7; 
the second-order correction to the wave function is 











wa = —yr(r + 2a)e7"/* cos 0. 
(ii) Equation 6.11 says, in this case: 


1 meLEext 


ER (6 |H’|vo) = — ag Fe cB f 07!" (rc05 8)r(r + 2a)e7"/* cos 6 r? sin 6 dr dO dd 
Beal. of i 
= mee on | (r+ 2a)e"ar f cos? 6 sin 6 d6 
2Qra?h? 0 0 





6h \" a\6 a\5 cos? @\ |* 
a eee ! \ ! 
m( = 51 (5) + aaat (5)°| ( 3 Mi 
7 cBext\” (27 6\ 2 _|__, (3eBexa?\* 
Fen Tah ga. Oh 
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(b) (i) This is the same as (a) [note that Ej = 0, as before, since ~§ is spherically symmetric, so (cos @) = 0] 
except for the r-dependence of H’. So Eq. @ => 


1 1 1 2mep 1 26 HIGR 
yor ( ) 9 = ( ) = , where SS 
f Pas In Anegh?/ra3 / 7? i i Anegh?V nas 

















The solution this time it obvious: f(r) = @ (constant). [For the general solution we would add the general 
solution to the homogeneous equation (right side set equal to zero), but this would simply reproduce the 
unperturbed ground state, 7, which we exclude—see p. 253.] So 








Wo = Be~"!* cos 0. 








(ii) The electric dipole moment of the electron is 
(De) = (—er cos 8) = —e(fp+y4|r cos OlYp to) = —e ((W9|r cos O|Yp) + 2(vh|r cos |W) + (WG|r cos O|W9)) . 
But the first term is zero, and the third is higher order, so 


1 
(De) = —2e 5 
Ta 


oO T 2 4 2 
= mep pia 20 - me“p (4 

2e (a) an f ree ar [ cos* 6 sin 6 d6 (5s E (5) | (=) 
_ me?p 3a4 2\ | me? pa = 
7 egh? 7a 8 ao Anegh? } a 


Evidently the dipole moment associated with the perturbation of the electron cloud cancels the dipole 
moment of the nucleus, and the total dipole moment of the atom is zero. 





3 f e"!"(rcos ber"! cos @r? sin 6 dr d0 de 


l 




















(iii) The first-order correction is zero (as noted in (i)). The second-order correction is 
1 ep mep _ cos0\ _ ; 
OA’ dt) = ( ) ( ) fe 8 (= e~"/“ cos Or? sin @ dr dO dé 
voVeE Ho, Vra3 4reg Aregh? V nas r2 


(ep)? [ —2r/ i 206 (ep)? a 2 
—m—— 2 nh Osin 0 d0d = —2m—— [=] [= 
Th seeg) OnE T . e dr : cos” #sin 6d es) 2aB (=) 3 


4 met p 4p? 
= =|=(4) &. 
3 2(47re9)?h? ] e202 3 \ea 





Eo 
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Chapter 7 


The Variational Principle 


Problem 7.1 
(a) 





Co 1 5 CO 
=? A2 —2Qbx? =2 A? 2 ye ebe =) = . 
(V) = 2a i xe dz = 2a 5° ; 35 BV a aE 








hb a OH) Wh la am ma \?/9 
HS ; = b-3/? — 0 => B/? = —__; b= 
\B} 2m 3 Ib Ob 2m 2/an On h2’ 




















H hh ma he a VJ 2h? ue a2/3 72/3 1 1 3 (a?h? ye 
(A) min = Sine (=) = Van mei ~ m'/3(27)1/3 (5 23 ) 2 (=) 





(b) 





a 3 T 3a m7 |2b 3a 
V) = 2aA? 4 e200" de = 2a A? = f=: 
Vee | wee w= 204" Bab)? V 26 1602 2V x ~ 16b2 


2 2 1/3 
_ hb | 3a OH) _ h 3a —~p = ya 30m. = (=) 




















(H) : me 3am W380 4h? MS EPR iat ee _ 3 3ah* ue 
en 16 \ 3am ~ m2/8 2° 4) |4 ; 











Problem 7.2 


Bad fe ge 2b3 
Normalize: 1=2\A\? | = —— 5dr = 2\A/?/—5 = —|A)?. 
ormalize | | i (x? + b2)2 x | | 4b3 2p3 | 1 
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ae moo fe 1 a 1 
Kinetic Energy: (T) = — 3,4 Lae (a2 +B) dx? (a? +B) dz. 





Bat d? 1 _d —2¢ 7 —2 ig Aa _ 2(3a? — 6?) “a 
da? (x? + b?) dx \ (x2 + b2)2} (a2 + b?)? “(o2 + BS (a? + b?)3 ? 


h2 208 f° (3x? — b?) Ah2b3 ee 1 ee 1 
T) = dz = 3 et aye eueasereeey,| 
=D Ga ae PL eee eae 
4h2b8 3 37 2 571 _ h? 

1605 3267 | — 4mb?” 














Tm 


1 ee 2 2b3 1 
Potential Energy: (V) = are | Al? 2] Cs ~ pe = mu? = a = sim’ b’. 
0 





hh? 1 A h? h? 1 
= —— + =mw??. O De fe Nes gS ci eA ea, i 
4mb2 2 


A —. : 
ae Ob 2mb3 2m?w? J/2 mw 











1 
hw|=0. hw > =hw. 
i 5 nw aaa 0.707 > 5 v 





eg ane ( 2 a)cl2 


Problem 7.3 


A(a+a/2), (-a/2<a<0), 
wa) =< A(a/2-2), (0<a2<a/2), 
0, (otherwise). 


l= Jape (5 -2). dx = ~2)4)?5 (5 -2). 


A (—a/2 <a <0), 


/2 3 
2,9 /a\% a 2. — 7/12 
= 54 (=) =SIAP:; A= (as before). 





dy ; da - a a 
a= 4-4 (<a <a/2), 5 = Ad (a+ 2) -2Ad(e) + Ad (2-5). 
0, (otherwise). 
ee -£ fv [49 ( + ~) —2A6(x) + Ad («- <)| ea ays 
~ Om 77 - 2d) om ~ im 2 
ha 12 h? 
=> Say at = mae (as before). 
_ , 7 Be 2(4\2 a 7 2 athe a 
(V) = -a fw 5(a) dx = —aly(0)/? = —aA (5) =-3-. (H) =(T)+(V) =6—5 -3-. 
2 2. 
Boi ly oe 
Oa maz a? ma 








h? 7may2 ma mo? (3 3 3ma? ma? 
AL) min = 6 3 = = so 
oe alae). 20s) ae G :) Te 
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Problem 7.4 
(a) Follow the proof in §7.1: % = ye Cans where y is the ground state. Since (w1|~) = 0, we have: 
n=1 


co 
ye, (y1|w) = c, = 0; the coefficient of the ground state is zero. So 
n=1 


CO Co 
= » En|en|? > Ere S° len|? = Ete, since E, > Eye for all n except 1. 


n=2 n=2 
(b) 
ee ee ee ee 251 [7m 2 2b 
1=|A| ite dx = |A| 2S ap > Al = 4b] —. 
h? 2 me —bx? ad? —bax? 
2 
5 (ze) = = a — (en a) et a ‘) = —2bre— bx” — Abae~ >?” + 4b223e-b@” 
xv 








2h2b [2b 1 3 
= Pap ba? + 4b22:4) e722” 2|—6b Ab? 
7) Vir =f ( “Gia? + Abas) ede = —— 2 | bar a ae + A aes 


An?b ( 3 :) _ 3h2b 


4 8 


m 2m 


eee ae eer oe oe 1 45, /2, 3 [a — 3m? 
= —=mw*|A Pde = — muddy) — 2) = 
WS pf ae pe 7 3202 2b 8b 


3h7b  3mw Si O(H) Bh? 8 mu? a we mw 
A — { 2 — = = b =S-——— 
ME Som, gi a = om ee ES OR 











(FA) min = 





STD IO Ny 8 lly 
2m 2h 8 mw 4 4 2 


This is exact, since the trial wave function is in the form of the true first excited state. 











Problem 7.5 
0 


(a) Use the unperturbed ground state (w,,) as the trial wave function. The variational principle says 
(Vesl Wes) 2 Eg But H = H+ A’, 80 (bys|H|Vgs) = (Wes Wes) + (Wgsl Hes). But (Weel A? lVes) = 
ER. (the unperturbed ground state energy), and ( abe Ibe.) is precisely the first order correction to the 
ground state energy (Eq. 6.9), so By, + Ej, > Egs. QED 


0 H' 
(b) The second order correction (E3,) is i= Se I in 1 een . But the numerator is clearly positive, 
ee 


and the denominator is always negative (since Eps < i for all m), so Be is negative. 
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Problem 7.6 


Het is a hydrogenic ion (see Problem 4.16); its ground state energy is (2)?(—13.6 eV), or —54.4 eV. It takes 
79.0 — 54.4 =| 24.6 eV | to remove one electron. 














Problem 7.7 


T’ll do the general case of a nucleus with Zo protons. Ignoring electron-electron repulsion altogether gives 


3 
Wo = £0 6-Zo(rstra)/a, (generalizing Eq. 7.17) 
Ta 
and the energy is 2Z2E). (Vee) goes like 1/a (Eqs. 7.20 and 7.25), so the generalization of Eq. 7.25 is (Vee) = 
—}Z EF}, and the generalization of Eq. 7.26 is (H) = (225 — 2Z) EF. 
If we include shielding, the only change is that (Z — 2) in Eqs. 7.28, 7.29, and 7.32 is replaced by (Z — Zo). 
Thus Eq. 7.32 generalizes to 


(H) = az? 242 (Z = 75) = 72| E, = |-22? +4ZZq - 72 Ey. 























a(H) 5 5 
“= |-4744Z,—-—| BH, =0=|Z=2Z,-—. 
az | - i : 16 
lites ek ee Noe VG 
min — 0 16 0 16 0 4 0 16 1 
5 25 5 5 25 
ne <é 2 soe ds De oes eae oe 
= ( 226 + 720 — 5g + 426 - 720 70+ =) Ey 
lifo72 2) 752). \ a Cine 
~ I a ew || 128 r 











generalizing Eq. 7.34. The first term is the naive estimate ignoring electron-electron repulsion altogether; the 
second term is (V..) in the unscreened state, and the third term is the effect of screening. 
































11 
Zo =1(H7): Z=1- 2 ee 0.688. | The effective nuclear charge is less than 1, as expected. 
Te? 121 
(1) min = Tog! = Tog! = —12.9 eV. 
Boy. 27 2 729 
Zo = 2 (He): Z=2-—=—=1. before); (H) min = —> &y = — FE, = -77. 5 
0 (He) ie AG 69 (as before); (A) min 198"! = Jog 77.5 eV 
5 43 43? 1849 
= e+ \s = — — = / — = = _ = — =| —— = —. 
Zo =3 (Lit): Z= 16 16 2.69 | (somewhat less than 3); (H) min 198 =} 198 Ey 196 eV. 




















Problem 7.8 


D = a(o(r1) 





| Hees 





1 _ 1 Stra. 1 3 
=| otra) =x, fe me 
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1 EL RILapReeG 2 as fe (EPRI Pew 
—_ | eo av +R?—2rReos8 2 sin 9 dr dO dé = if . r / e7 a VT TR? —2rR cond sin. dr. 
r 0 0 


Tae Ta? 


1 r+R 


rR |r—R| 


b= a (-&) [em [me (one de 


[esi en 9 /4y dy = 5 lene (r+R+ 5) _ e-2Ir-Ri/a (ir - R|+ 4) 

















=e jew (a? + aR) + (-0?)] = |D= a — (1 + =) e~?/2| (confirms Eq. 7.47). 














1 1 —r1/a,—Tr2/a 1 
X = a(vo(r1) =| vor) =an, fe miter aoe 
1 1 Qn * o-VPPTRP 
= | ent /te- VFR? —2rR 008 8/4 ~ 12 sin 6 dr dO d~p= = / re_t/@ | GT Ree Oh sia) dO | di 
aa2 r Ta? 0 


[a4] = leaDieG + R+a)—e7!"-Fl/4(\p — Ri + a)| 


= 2 a —R/a = —2r/a 
X= 5 ( a) le [ e€ (r+R+a)dr 


R love) 
—eFie f (Rr -+a)dr— ef | e?"/4(p — R+a)dr 
0 R 





= dyfem «crea (| -em [acon 
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co 2 
— eis (2)? g-ar/e (-= = i) 
R 2 a 





=6*(—- Fa) (-Se"/") 











2 
= _ 2 .-R/a (- = *) =—3|X =e FR/4 (1 + *) (confirms Eq. 7.48). 
a 











Problem 7.9 


There are two changes: (1) the 2 in Eq. 7.38 changes sign ... which amounts to changing the sign of J in 
Eq. 7.43; (2) the last term in Eq. 7.44 changes sign ... which amounts to reversing the sign of X. Thus Eq. 7.49 
becomes 





D-xX 
(H) = ji +28 + |B and hence Eq. 7.51 becomes 
Eto 2 D-X 2 1/a-(14+1 2m] oi 
F(a) = Det = ae da 9 je-(ltljaye (+ ee 





-Ek, R 1-I x 1—(1+a+4 27/3)e-* 
sere 2/1-(_+a2+4+27/3)e-* —1+(24+1)e-*7 + (a+ 27)e* 
— 1—(1+a+42?/3)e-* 








2 
x 


(1+ a)e~** + (2a? -1)e* 
L=(1l+@+2? /3)e— 

















The graph (with plus sign for comparison) has no minimum, and remains above —1, indicating that the energy 
is greater than for the proton and atom dissociated. Hence, no evidence of bonding here. 
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Problem 7.10 
According to Mathematica, the minimum occurs at 2 = 2.493, and at this point F’” = 0.1257. 


ry Ser a. Os 
a2 ; a m ° 


1 
Here m is the reduced mass of the proton: m= TU a =Mp. 
MptMy, 2 


3x 108 m/s _/(0.1257)(13.6 eV) a 
= = 3.42 x 10!4/s. 
“= 599 x 10-20 m) V (938 x lot ev) 2 42 * V/s 








1 1 
ah = 5 (6.58 x 10718 eV - s)(3.42 x 1014 /s) =|0.113 eV] (ground state vibrational energy). 











Mathematica says that at the minimum F' = —1.1297, so the binding energy is (0.1297)(13.6 eV) = 1.76 eV. 
Since this is substantially greater than the vibrational energy, it stays bound. The highest vibrational energy is 





L. 
given by (n+ $)hw = 1.76 eV, son= aaa ie 7.29. I estimate | eight | bound vibrational states (including 
n=0). , 











Problem 7.11 
(a) 


a/2 5 
i= fivitde=laP [cos (2) ae=lapS > any? 
—a/2 a 2 a 


h? d?a h? pr? wh? 

TT = ——— —_ = — |[{ — 2 = ———=, 

Mw) of a ae cata) fe o 2ma? 
a/2 nm /2 


1 1 2 2 3 
(V) = in f oP? dz = smu? | x” cos” (=) Ges (=) i. y” cos” y dy 
a —a/2 a a TT —1/2 


2,2 7,3 2 4 2 n/2 9129 2 
= mete UE (AY any, BOM” mite (x?) 




















mm 6 4 8 Ae Weeden “Pe N50 
(H) = woh | mwa? (1? 1). O(ff) - nh? | mua (x? i Ves Gros 
2ma? An? 6 Oa mas 2n? \ 6 





h 2 1/4 
w= (ae) 
tice = nh? mw /nr?2/6—-1 | mu (7? ue h 2 

2m? hh 2 An? \ 6 mw \i 72/6 —1 


1 7? 1 1 
=|= — —2)= ~ho (1.1 ~hw. 
5 fw 3 5 (1.136) > 5 v 


























[We do not need to worry about the kink at +a/2. It is true that d?~/dx? has delta functions there, but 
since o(ta/2) = 0 no “extra” contribution to T comes from these points.] 
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(b) Because this trial function is odd, it is orthogonal to the ground state, so by Problem 7.4 (H) will give 
an upper bound to the first excited state. 


e Tx 1 
= [taste f sin? (™)de=|BPa > B=. 
= a Ja 
ay a T 2 2 12 h2 
(y= -— futear= 5 (2) fr ar= 54, 
eer 21,2 al [* 9.29/72 Mie ONT gy 
= =MNwW xv C= tye a3 ae xv sin i ~= Be y* sin? y dy 
(V) yr d 8 ( ) d. ( ) sin? yd 
2 2 a J_o a 2a \a = 
_ mua? [y? ge od 4 y cos 2y | |" 2. mua? (27? 
—— | — — = } sin2y— = Bes ST) 
273 6 4 8 ae A? 3 


mh? mwa? (27? O(H) wh? mwa [2x 
oa 2ma? * Ar ( ) : Oa ma? z Qn? ( 3 ) oS 


h 2 1/4 
o=m/* (saa) 
nh? mw /2n2/3-1 mw? (27n? oh 2 
Al min — 1 
un Oma? WN 2 1 49 ( 3 ) mw \! 2n2/3 —1 


1 42 1 3 
= | ~=hw,/ — — 2|= ~hw (3.341 —hw. 
5 3 5 (3.3 Mets v 















































Problem 7.12 
We will need the following integral repeatedly: 


fe ope 
0 (+b FT T() 


(a) 














oo love) 27 t T A4n-1 4n—1 
l= / jwP dx =214P f ties See 5q A = ele Nee) ( 2 ) >A= pss sae Haw) ‘ 
—oo o (a? + b?) ban T'(2n) FG) r=) 
hi d?y fie ef 1 d —2nz 
oo 2m x; Ae aa - (a? + b?)" dx | (a? + b2)"t1 = 
Nie gt 1 1 2(n + 1)x? 
aera 24 pe)” 2 2Q\ntl 2 pa\nt2 da 
m oo (a? + 87)" | (x? + B2) (x? + b?) 
2nh? 1 a 
= —— A? | rr de A(n+1) f 5 dx 
m 0 (x? Oe a ( ) 0 (a? separ 








h? n(4n—1) 


~ dmb? (2n+ 1)” 


_ 2nk? _¥4"~1P(2n) 1 P(r (*) _ m+yrgyr (es) 
m V(4)T (2A) | 20-7 TQn+h 2-1 T(2n +2) 
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(V) = ae es wx? dx = 1 w?2A? i oe dx 
2 LM 2 0 (a2 +b)?" 
_ 9 Bn) 1 PP (HES) __ mat? 
~ MT Gyr (4) 23 Tn) 2(4n — 3)’ 
ap h? n(4n—-1) s mu? O(H) ks h? n(4n—-1) Ss muwb eg. ek 
Amb? (2n+1)  (4n—3) Ob 2mb3 (2n+1)  (4n—3) 
— A {n(n — 1)(4n — 3) ms 
Vimy 2(2n + 1) 
h? n(4n — 1) mw 2(2n + 1) mw? hk |[n(4n—1)(4n —3) 
(1) min = + 
4m (2n+1) h Vi n(4n—1)(4n—3)  2(4n-3) mw 2(2n + 1) 
1 2n(4n — 1) 1 8n? — 2n 1 





= 5“! Goan as) | 2 y ete 


























(b) 
= 3 BP r(3yr(*% pee ele 
ae aie | - 2n dx = ee (@) ( - = B= 3 oe) ; 
GK «Eb ) b T(2n) PG) ea) 
h? i x d 1 2nx? 
T) = -——B? d 
(P) 2m ie (Bese BA) da | re bP gee peje ‘ 
4 [. x —2nx Ana 2 An(n + 1)a3 
Om Jigs (22 + BY” | (x2 4 B2)"FE (2 4 2yMFE (G2 4 2)??? 





Anh? B? 
2m 











af dec — 2( yf ie d 
oT A n+ ory ab 
0 (a2 + B2)?"t? 0 (x2 + b2)?"t? 


Ink? b4"-3P(2n) 3 T(8)r (2) 2n4)T (3) (*=) 3h? n(4n — 3) 


























m 1 (3)T (22) | 26"! Tent) 24-1 TQn+2) | 4m’? (Qn+1) - 
er 4 4n—3 T (2)T (4%=5 272 
(VV) = smwtaB? | e am AE = Laie? 2 za z (3) ( : ) = Sue’ : 
2 o (a2 +2)” 2” 1 (8) (5) 204-5 T'(2n) 2 (4n — 5) 
(H) = 3h? n(4n — 3) = 3 mw?b? O(H) _ 3h? n(4n — 3) | 3mw?b ate 
Amb? (2n+1) 2 (4n—5) Ob 2mb3 (2n+1)  (4n—5) 
» — |B [nn =3)(4n — 5) — 
Vo mw 2(2n + 1) 
Nigar 3h? n(4n — 3) mw 2(2n + 1) é 3 mw? hh |n(4n—3)(4n—5) 
mm Am (2n+1) Ah V n(4n—3)(4n—5)  2(4n—5) mw 2(2n + 1) 
3 2n(4n — 3) 3 8n? — 6n 3 





o i hw. 
ge (2n + 1)(4n — 5) ae 8n? —6n —5 a o 
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(c) As n > co, y becomes more and more “gaussian”. In the figures I have plotted the trial wave functions 
for n = 2, n = 3, and n = 4, as well as the exact states (heavy line). Even for n = 2 the fit is pretty good, 
so it is hard to see the improvement, but the successive curves do move perceptably toward the correct 
result. 


DOODODOOCO0CO 
FN WB O10) ~] 0 


DODODODOCOCOCO 
FN WB O10) ~] OO 








Analytically, for large n, b = mg ( 


= \/—, so 
mw 2-2n , 


— 2nh 





2 % 2\n 
og + b?)" = 92" (1 + z) ww 2” (1 of > ) _ p2remux? /2h 
ry 


Zz. 


Meanwhile, using Stirling’s approximation (Eq. 5.84), in the form ['(z + 1) = z7e7’: 





wR b4"-1P(2n) pir-1 (Qn — 1) 1g- Ped) pén-1 4 ( Py i ; 7 
: = ~ Vf 2n — 3/2. 
T(3)P(Qn— 3) V® (an — 8) 8? ¢-n-s/2) Vm Ve \2n— 3 


ia 1 3 i 1 
But an) iw (1 14 x14 =1 : 
" (=) ( a) ( =) dn 8 a 


In —1 2n—-1 1 nq 2 1 2 
yw 1 ns 1/4 = ; 
(5) ( +z) | 1+1/4n = (« ) ve 


2 











4n—1 1/4 
/ TE TT TT 


1/4 1/4 
w x (=) t p2n-1/2 1 mwa? /2h = (=) é (= ) i en mwa? /2h = (=) i en mwa? /2h 
b2n 


1 1 2Qnh wh 





which is precisely the ground state of the harmonic oscillator (Eq. 2.59). So it’s no accident that we get 
the exact energies, in the limit mn — oo. 


Problem 7.13 


Zs oo s rT \3/2 2b 3/4 
1= JAP fe r? sin 6 dr d0 do = anlAp f reer dr = | Al? (=) => A= (=) : 
0 2b TT 
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‘ ad 1 2 2b 3/2 1 2 2 
(V) = : \aPan [ ener dp — a (>) 4n— = “ 2 a 
‘ r 


7 Ate . Até9 \ 7 4b ATE 7 


2 2 2 
(T) = — slap fer (V7e") r? sin 6 dr dO dé 
m 


1 d 1 —2b 
But (W227) = ( a gre) i ae. (—26re-?*) =z (3r? — 2br*) er, 


r2 dr ar r2 d r 


° 
—h2 (20\3”? ee i eapaed. HE oy a. fa 3 [x 


re (2) (3_ 3.) _ 3h 
i Nae RB OR Din 


3hb e? 2b O(H) 3h eo eT e? /22m 
(H) = 2 ; = Ee > — 
2n Ane T Ob 2n AnegV rV/d w 3h? 


CE re eS 2 Am? e? 2/2 e? eee e \? m4 8 
mm Im \Areg) a OWA = Aneg V a \ 4r€9 w3h2 \4reg) h2 \30 30 


mfe\*s [8 
oe (=) 3x | 30 oe 








~ Atreég 








l 














Problem 7.14 























1 
Let ~ = a e~"/® (same as hydrogen, but with a — b adjustable). From Eq. 4.191, we have (T) = —E, = 
2 ve h2 
Sma2 for hydrogen, so in this case (T) = amb" 
eo Ag f o.oo e 4 £” e? 4 1 e? 1 
ef oa. —2r/b 2 eat ey —(u+2/b)r a = 
ie Areg Tb? Jo ' ro “ Are, b? [ oe, Ameo b? (ts + 2/b)? Amey b(1 + 4P)2° 
(H) = h? e? 1 
~ Imb2 — Arreg b(1 + Hby2" 
OU RP ‘i e? 1 ts Ub La y ce? (1+3pb/2) _ me 
Ob mb Arreg | b2(1 + pd/2)2_ (1 + b/2)2 | mb? Arreg B2(1 + pd/2)3 
hi? 4nreg\ (14+ 3pb/2) is pt + 3yb/2) _ a 
m\ e2 J (1+ yb/2)8’ (1+ pb/2)3 








This determines b, but unfortunately it’s a cubic equation. So we use the fact that yz is small to obtain a suitable 
approximate solution. If u = 0, then b = a (of course), so wa < 1 = > wb < 1 too. We’ll expand in powers of 


b: 
: ax b (1+ ) L - “He +6 (2) | = b 1 - = (ub)? + 7 u0?| =b E — 7(ub?| 
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Since the 3(yb)? term is already a second-order correction, we can replace b by a: 


be rote ~* |! + Gon ’ 
h? e? 1 
2ma? [1 + 3(yua)?] 4r€0 a [1 + 3(pa)?] [1 + 4 (na)| 
ms 2200] — aga S04 1-297 +9) 


2ma? Ate, a 





(A) min = 3 








4 





= 1 - 5 (u)?| +2B, f nee = (ua)? = 7u)?| hh 1 abies: (ua)? 








Problem 7.15 
(a) 


H = o : ie det(H — A) = (Eq — A)(Bpy — A) — h? = 0 => 2 — (Eq + Ey) + Ea Ey — h? = 0. 
b 

















1 
A=5 (z, +E,+ VB + 2E,E) + BE? —4E.Ep +4) >|E,=} [Fo + Ey + (Eq — Eb)? +47), 











(b) Zeroth order: E® = E,, EP = E,. First order: E} = (Wa|H’|va) = 0, Et = (Wo|H’|yn) = 0. Second 


























order: : . ‘ ; 3 ‘ 
go bol Ia)? ny Mel Io)? 
; Ey — Es Epi? Ey — Ea Ey — E,’ 
h2 h2 
B_& Bag - =; Oa ® E+. 
(E,— Ba)’ "| (eB) 
(c) 
(H) = (cos$ya +sing ys|(H° + H’)|cosd ya +sin $Y) 
= 08? d (thal Hla) + sin? 6 (wo|H° lbp) + sin 6cos 6 (Wl Hla) + sin dc08 6 (Wal HWW) 
= E, cos? ¢ + Eysin? ¢ + 2hsin ¢cos ¢. 
OH 
ae = —E,2cos ¢sin¢ + Ey2sin ¢cos ¢ + 2h(cos? @ — sin? ¢) = (Ey — Eq) sin 2¢ + 2h cos 2¢ = 0. 
2h 2h sin 2 2 2 . 2 
tan 2¢ = -———— =-e where ¢€= . =-e; sin° 2¢=e*(1 —sin* 29); 
o E, 5, E,_ 5, Tan ? ( d) 
2 2 2 He 2 2 1 
or sin 2¢(1 4+ €*) =e; 0 ae Cos 2@ =1-sin Or ee 
+=1 in 2 
cos 2¢ = (sign dictated by tan2¢ = SEO —€). 


V1l+e cos2¢ 
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1 1 1 1 1 1 
2 = a7): 
cos’ 6 = ~(1+ cos2¢) = = {| 1 = ————]];_ sin’ ¢= ~(1-—cos2¢)==(1+ j 
= p(t cos26)= 5 (1F Gag): smto= 301 ~oms26) = 3 (14 Goa) 
1 1 1 1 € 1 (Ey — Ea + =n) 
1) min = 5 Ea | 1 + =F, | 1 + —— | th = - | FE, + & + 
we 2 ( ar) 2 ( are) VI+e 5| ; V1+e 


(Ey — Eq + 2he) (Ey — Ea) + ho Ae E,)? + 4h? 











But = = = (By — E,)2+4h2, So 
J 2 / 4h? / (Ep — Ea)? + 4h? 
l+e 1+ poe (Ey — Ea)? + 4h 
1 
bP) is = 5 [Fe + Ey t J (Eo -— Ea)? + 412] we want the minus sign (+ is maximum) 





=|4 [Bo + By - (e-Bay er), 

















(d) If h is small, the exact result (a) can be expanded: EF = $ (Ba + Ey) + (Ey — Ea)y/1 + mE? ‘ 

















1 Qh? 1 Qh? 
= Ey x -<F,+ Ey +(&—- Ep) |1 + —— | 8 = = |e t+ Bh t(& - E.) +—— |, 
25] LER t+ el} FI tease * Ba | 
h? h? 
so Fyre + —, ££ E- ——\, 
ee" (Ey — Ea) (Ey — Ba) 


confirming the perturbation theory results in (b). The variational principle (c) gets the ground state (E_) 
exactly right—not too surprising since the trial wave function Eq. 7.56 is almost the most general state 
(there could be a relative phase factor e’’). 


Problem 7.16 

















For the electron, y= —e/m, so Ex = +eB,h/2m (Eq. 4.161). For consistency with Problem 7.15, Ey, > Ea, 
1 0 eB ih eBLh 
oxw=x4= (5) eas) iy = Ey = an eae 


(a) 








(xaltxa) = 228 (01) (95) (2) = 224 (01) (5) =0 


eB,h 01 
(ral Hl bxe) = S* (10)(95 

















I 











eB,h 01 1 eB,h 0 eB,h eB,h 
bxalt'ixe) =F" (01) (94) (9) = S01) (1) =F 0 Jn 


2m 2m 2m 2m 











and the conditions of Problem 7.15 are met. 


©2005 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. This material is protected under all copyright laws as they 
currently exist. No portion of this material may be reproduced, in any form or by any means, without permission in writing from the 
publisher. 


CHAPTER 7. THE VARIATIONAL PRINCIPLE 209 


(b) From Problem 7.15(b), 








ie eB.h  (eB,h/2m)? eh Be 
Exe © En = = Bee es), 
8 (E,—E.) 2m (eB,h/m) am \*T OB, 














(c) From Problem 7.15(c), Egs = 3 [Fe + Ep (Ey — Ea)? 4 aie] (it’s actually the exact ground state). 








1 B.h\? Bh\’ h 
Bes = 5 (=-*) +4(¢ ) = —;_ VB? + Be 


2 m 2m 











(which was obvious from the start, since the square root is simply the magnitude of the total field). 


Problem 7.17 
(a) 


1 
(u—v); ri tr = 5(u’+2u-v to? tu’ —Qu-v+0") =u $0", 





OOF PP OPO c0's 
2 2 _ 
(Vi + V5) f(r1,¥2) et (3 Oy? O22 Ox Oy? z sa) , 


Of _ Of Our | Of Ovz 1 (3 sr). Of _ Of Ou, | Of Ov, — 1 (2 of) 
Or, OUz Ox i Ov, O21 2. ae i ; 


Ou, Ove 0x22 Uy OX 7 Ovz O22 V2 \Ouz = Ove 
Ont on ty 20 Of , of il OPf Otte oO’ f Ove Of Ous , Of Ove 
Ox? 4/2 0x, \ Our Ove J V2 \ Ou? Ox, —OUzOVz O21 OUVzDUy Ox, ~—— OV? Oxy 





Leg Of oO? f 
5(F5+ wot + ae) 


nfs ho -@ Of OF \ = Ai foe Pots Of Ovz O*f Ou, Of Ove 
Oxz = /2 Axe \Ouz Oe — /2 \Ou2 Oxy ~~ OuzOvz OX2 ~~ OUVzDUy OQ ~—« Ov? Ox 








RT 9 OF ; O° f 
2 \ du2 OuzO0v, = Ov2 ) 
OF oO Ft oF OF Poe 
So (sa + x = (Fs Pye) * and likewise for y and z: V?+V3=V24+ V2. 
ho By ot hil Gyo 5 i At ae 
A = ——(Vi,4+ Vz) + =mu*(u* + 0%) — —mw*2u 
2m 2 4 
he 1 h? 1 1 
= -=v3 + simat?| + - V2 + oe = 5 we . QED 
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(b) The energy is 3hw (for the u part) and 3hw,/1 — X (for the v part): | Egs = 3hw (1+ V1 —)). 











(c) The ground state for a one-dimensional oscillator is 


mw \ 1/4 —mwa? 
Yo(z) = (=) en mwa /2h (Ry. 2.59). 


a) 3/4 e~ mur? /2h 


ah , and for two particles 


So, for a 3-D oscillator, the ground state is yo(r) = ( 


3/2 ba 
w(t1,r2) = (=) eo BE I+), (This is the analog to Eq. 7.17.) 
3 3 
(H) = 5 lw + aie + (Vee) = 3hw+ (Vee) (the analog to Eq. 7.19). 
Xr 9 (mw 3 — Mw (p?2 472) 2 38 3 
(Vee) = ——mw (=) e # 1*T2) (py —Yr9)* d’r, d’rg (the analog to Eq. 7.20). 
4 Th Ce 


2 2 
r7—2ri-r2+7T3 


The rz -rzg term integrates to zero, by symmetry, and the r3 term is the same as the r? term, so 


3 mw 
(Vee) = “pe (=) af ees dr, d° ro 








4 wh 
— A q fw 2 Ar)? ma —mwr3 /h 2d ms —mwr? /h 4d 
= —5mw (=) (47) : e€ r5 dre : e€ ry dry 
8m4w® |1 kh | oh 3(hR\? [ah 3 
= wh3 i a 2 (=) mw | 7d 
(H) = hw — = Mw = Shue (1-3). 











The variational principle says this must exceed the exact ground-state energy (b); let’s check it: 

r 3 » a a 
aw (1-2) > Stw (1+ VI=A) 2-5 >14+VI-4 @ 1-5 >VI-X @ 1-A+T>1-d. 
It checks. In fact, expanding the exact answer in powers of A, Eg, © 3hw(1 ta 5) = 3hw (1 _ 4), 


we recover the variational result. 


Problem 7.18 


1= = [wren dro = |Al? | f v2 ar, | v3 dr. +2 f vids ary f vats ar + [v3 ar, f v2 ira 
= |A/?(1+ 2S? + 1), 





where 
= _ Vv (21 Z2)3 —(Z14+Z2)r/a = 4 sy\3 2a? _y 3 
Ss [ va(rybalr) a'r = YOO fe + Anr'dr = — (3) ae = (2) . 
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At €9 [ra = Yr2|’ 





nw = at vp+vy - 2 (24 2)) airpeatr) 


4nteg \ 1 T2 





+|-Evtevy-£ (2+ 2)| vatrvncra} 


4te€g \ ry T9 








2 a = = = 
Ae {|= : on | W1(71)a(ra) + 2+ ! aes = valriyealra)} + Vee), 
e? 1 


where Vee SS 
ATreg [ra — r2| 


The term in first curly brackets is (Z? + Z3) Ey (ri) We(r2) + (23 + Z?)v2(r1)V1(r2), so 
Hy = (Zi + Z3) Ew 
a ~~ — 
+ A e { a+ 1 eo =| eutrayvalra) + ja + 1 += — }uetroatra)} + Voc 


ATE rT T2 T1 











(H) = (Zj + Z3) Ei + (Vee) + A” (=) 


(45 +43 


u(r) + (Za — 1)(ea(re) [= 


valriyéalra))) }. 


W1(r1)b2(r2)) + +|[4+ oe 


ry 


x { (vanadate + We(ri)Y1(r2) 











{} == ponte |= 














w2(r2)) 


+ (Zo — 1) (pi(r1) 





~ wo(1r1)) (W2(r2)|v1(r2)) 





+ (Z — 1) (1 (11) |h2(r1)) (a(r2) 





~ ba(ra)) + (Za — VY) ba(r2) 








=| ya(rs)) va (r2)lva(r2) 








w2(r1)) 








va(ra)) + (Ze — 1yvalra) [= 








+ (Zz ~ 1) va(ri)hva(ra) (va (r2) [= 





+ (Zi — 1a (r2) ~ br(r2)) 








= 2(2, — 1) (+) + 2(Z, — 1) (*) + 2(Z1 — 1) (a1 |v2) (1 |= =| 2) + 2(Z2 — 1) (di |ba) (yr |= =| 2). 
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But (sy = (da(r) 


2 
ae (< ) 2 Zs — 1) Zy + =(Za — 1) Za + (Zr + Za — 2) alba) 
TT EQ a a 








=| try = 4 (5) -2. so (H) = (Zi + Z3)F 


a re 








| vs)| + (Vee). 


And (Wi |t2) = S = (y/z)’ ,80 




















1 oy V (4122)? —(Z14+Z2)r/a = y? a ee y? 
[Fd = Sia ae [entered Ta Loa] a ae 
1 2 2 3 4 
(H) = (a? — sy?) Bi + A? (=) - {(2? + 23 — (Zi + Z2)] + (w@- 2) (2) a} + (Vee) 
= (¢? — 1 2) By +4E, A? [2 = LP —a@+ ae _ 2) + (Vee) 
2 2 9 ed ee/- 
e? 1 
(Vee = tne lr: —ro| w) 
F (=) A? (th1(71)a(r2) + Wea(r1) + Y1(r2) aaa W1(11)¥2(r2) + We(r1)¥1(r2)) 








= (Ze) # [aerervvoatra 


Ar €9 





coal W1(71)h2(r2)) + 2(v1 (71) H2(r2) 


\r 





non valrs)ba(ra)) 


I 





2( ) 4B +0), where 


Ate 


B= (v1(71)¥2(r2) 





Fear Mrdvatrads C= (lvatry 





ea) Wa(ri)va(r2))- 





Z?Z3 1 
B= 1 52 poe a dr, d°rz._ As on pp 300-301, the rz integral is 
ns 1—Te2 


[pee —$— — Pro 
V7? + 73 — 2rirz.cos 2 
3 Z. 9 
= Se |i - (14 2) e2@n/4) (hq. 7.24, but with a> =a). 
Z5 TL a Ge 








ee 1 Zor 
—2Z11r1/a 1—(1 atl —2Zer1/a| ,,2 d 
Fan ep ere ae ridn 


4zy —24Z1r1/a -2(Z1+Z2)ri/a __ 22,2,-2(Z1+Za)ri/a 
= rye OT _ re BRE tL Pr DWAIN ay 
a 


3 
a” Jo 
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Ga) Gee) 


222 2122 y? y? 
a(Z, + Z2) (Z1 + Z2)? 4ax Aa? 


Z3Z3 
ee TA? | eRe oer 


~ (mas)? 





4Z3 








2B ( 1 1 Zo ) 
= a Z (Z1 + Z2)? (Z4 + Z2)? 














= (2,22)? e (A1+-Z2)(ritr2)/a ft dr, dro. 
(7a)? |r1 — ral 
4 


The integral is the same as in Eq. 7.20, only with a — Taw: Comparing Eqs. 7.20 and 7.25, we see that the 
integral itself was 


5 (na\* 5 Pa. So Cn (AB ab _ 20 (Z%)>_ _ 5’ 
4a\ 8 ) 256 (ma)? 256(Z, + Z2)® a(Z+Z2)® l6ax>’ 
2 2 6 2 2 4 
e y y dy 2 y i] by 
2 Ae aT eae re a Aa (Soe a ae a 
(5) Fe ( - 5) Piga | ( Wa ( * ag2 © 4) 


(H) = Bf? 5 =o [» 5 r+500 25 TER (ne) 


= 
l 























Fi 2_ 1a) 6 6 6|,2 1.2 Lg ye 0 y" 5y® 
—— + —2 + + 
(x® + y) f(a 94 eae aa g¢ 8 75a 5" da 16x38" 1625 
E 1 1 1 1 5 
— Gey) + («" + 274° — xy = ou — Qa + oS y? + 2x7 — 7 y® + Qay® — xy = go _ eu) 
Ey 8 he Boi AM oe 1 Tea ce Dag 
=} ——~ ( -2° + 2a + + ‘ 
(a? +9) ( x x gE YU ah Yy — sey g ty 5Y 











Mathematica finds the minimum of (H) at « = 1.32245, y = 1.08505, corresponding to Z, = 1.0392, Z2 = 
0.2832. At this point, | (H) min = 1.0266, = —13.962 eV, | which is less than —13.6 eV—but not by much! 














Problem 7.19 


The calculation is the same as before, but with m. — m, (reduced), where 


(eeduesd) MypMa Mp2Mp Mu 
m, (reduced) = = = 
. MptMa Myt2m, 14+ mM,/2mp 


m 207\ (9.11 x 10-34) 207 me 
i Ne ee Teel ig duced) = = 196m. 
Tm ( 2 ) (1.67 x 10-27) p aaPea eet) 056 Ms 


This shrinks the whole molecule down by a factor of almost 200, bringing the deuterons much closer together, 


as desired. The equilibrium separation for the electron case was 2.493a (Problem 7.10), so for muons, R = 


2.4 
2-493 (9 599 LOT im) =|6,73.56105 + an 





From Problem 6.28, m, = 207me, so 
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Problem 7.20 
(a) 








(yp Pw 
—-—|~>54+—5]=E£Ev. Let = X(x)Y(y). 
wo (Sort He) = BY Let Hay) = XC@)YW) 
yix axel _ 2m#E yy. 1 d?X a 1 d?Y _  2mE 
dx? dy 7 X dx?  Ydy® fh * 
d?xX a?y 2nE 
a —kiX; ae = —kY, with k2+ ke = — The general solution to the y equation is 





Y(y) = Acoskyy+ Bsink,y; the boundary conditions Y(+a) = 0 yield ky = = with minimum oF 
a a 
[Note that ks has to be positive, or you cannot meet the boundary conditions at all.] So 
1 
E> om (x2 + 5) . For a traveling wave k? has to be positive. Conclusion: Any solution with E < 
m a 


wh? 


8ma2 





will be a bound state. 














(b) 


Integrate over regions I and II (in the figure), and multiply by 8. 


co a 2 
Ir, = a f / (1 - x 6 208/4 dx dy. Let u= = v= = dx =adu, dy = adv. 
x=a J y=0 a a a 

















co pl 1—v)3 1 —2au |%° 
= Ara? | | (1 —v)*e- 7%" dudu = A?a” | er a | 
1 Jo 3 0 2a |, 
A2a2 “5 Aza2 ais 
Spay Ne ga 
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Lo - vy : —2a 
a5 Jt, me dx dy 


le —2a = paate f (1 —w)3 |? 
gfe [ fi (1 — uv) du du 5a Sag 


0 
Le ye 1 
= 54a : ena | Casa, = jAratente f (v? — 3u+ 3)du, 
3 Jo 6 0 


UV 





dv 


| 



































f 3 2 72 Le 
= = A2g2e-20 (2 _ 3" + 3u =| — A?a7e7-2%. 
6 3 2 9 
A?a? 11 9a? 
Normalizing: 8 20 4 — A*ate2*) = 1 => | A? = 5 —__.. 
ormalizing | 6a e at 36 ave 2a? (6 + 11a) 
h2 Ee? Oo? h2 
(H) = oa (bla t a |b) = 85 (Jr + Jrr). [Ignore roof-lines for the moment.] 


0 


—azr/a 07 ¥y —azr/a 
uma ff Sem set ga) (t-te ee 
2 2 
2 fact —2ax/a = a STS AY ld —2a 
8 FL (Jerre (2) n= (9) Som imeem 
= Agef?-f y 0? 0? xy a 
ede “(aor + 5a )0- Free 


= 0 y = “ 3 2 2 
3(2 = *t) = aE (-3) = 0, and likewise for 07/0y?.] 
phox, 


se 























= 








Not that 2 
[Note tha a2 





2 
(A) so far = =e = ae 


m 











Now the roof-lines; label them as follows: 


I. Right arm: at y=0: Ky. 
II. Central square: at x =0 and at y=0: Kyr. 








III. Boundaries: at x = +a and at y = ta: Ky7r. 


2 co a 2, 2 
Ky =4(- 3) 4? | / (1-H) no ( 24 2) (1-H) cea ay 
2m saa ae a C Oy? a 








Cm ly| 1 2 
pa (1-2) == (000) - 3(-w(-0)] = - 2510 
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2 co a 
Kr= a f ePalae | (1 — wt) E =5(y) dy 
m r=a =-a a a 

















& a 
—2ax/a | —2a 
a e e = a ey a = ee 
(—2a/a) |, (—2a/a) 2a a 
WA d 4, [2 2h? 
— Ce A es K; = — —2a 42 
a m Jo" (4) 1 ma” 











aly| OF Fos zlyl\ a 
ate 5 =) fe of 0- ay) (at pe eer Te e dx dy 
sep aly| 2x 
ae ee 28) [Saya 
on A? 4, a on 4, 
ae # (4) | xdx; higa © 20 
KS’ 


h2 a a+e oe? a 
Ki =8(~ 5) fg, (der + aya Oana 


fv y/o? )e-* (a <a) 


i v/a) en 2H/4 (y > @) 














In this region (x, y both positive) w=A , or 


y= a({1 — - 4 —a)+ —6(a = | Jest eieiee)) 


se 7 = a( = J te—ay+ *H(a ee - 2 5far<)| eneltea)+80(e-a) 
{i Hoa a) 4 7 6(a ») jones a asta —O(x a) —  Ste=a }) 
x6 ( 


[Note: f(x) = x) should be zero—but perhaps we should check that this is still safe when we’re 
planning to te it’s derivative: df/dx = 6(x) + adéd/dz : 


[oars folate) +02 Jae = 900) + f go Pa 
0) + gasterteca™ f * (gn)o(ayae = 9(0)- f (9 + 22) acayan 


= 9(0) — 9(0) — (29')|,=9 = 9- 


This confirms that f(a) can be taken to be zero even when differentiated.| 





1 
So d(x —a) ~o(a x) = —(a—x)d(a— 2) =0. Hence the cancellations above, leaving 
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a — a( - 4 6(4 = aye *19(o—-2#)+ 5 0(e—a)| 
Ox 


a2 


—6(a aft 4 |o(e a) + —6(a i) pe seat) 
ag Ga) eete=a)f 79(a x) — Ox aq ade a) + =0(a »)}) 


= —Seralto-ai+z00-a | La(a— 2) + a0(e—a)(1—4)]. 








a a 





Fae = —Reraleeomaitente-olf *5(a x) + ad(x a(t “ 


Ox? a 












































a 
1 
~ | ~ Sla—ay+ “O(c a) +23(0—<) \ 
ee es 
integral 0 
A 
=——e “d(x — a) c eae z). 
a a a 
Ah2 a ate A 
Kir =-— [ / w(x, y) [-Seete—a)(a- 4 -4)| dx dy 
m y=0 J x=a—€ a q @ 
Ah2A a Ah? A? 7 Pye 
= ee f v(a,y) (a- 4-4) ay = eee (a-2 44 Lay 
ma i=). —— a a ma 0 a a a a 
A(1l—-y/a)e—% 
Ah? A? _,,, aad la ad 1243 AR AP a5. d ad ¢ 
ee («a 77 a2 a3 rag) m (aa-na- £4 SF +8) 
eres 
§-§=8 (20-1) 
Ah? A? 2h? A? 
= 2a—1)e"**; | Krzr = 2a —1)e7*, 
6m (2a ye ; III Beni (2a Je 
2h 2h Qh? Qh 
(H) = Age Oo ae af 2A 20 42 +4 we 20 A? 42 2R" A? (20 — ieee 
3 m ma m 3m 
Az e727? 2 2 2 2A%e— 2° FR? 3 
=. OO gd Gti ore oa 
m 3 a 3 3m a 
Are POA 3 ome rep? Ler? Qo et 
ss ae \ 249043) = 6 242 +3)55_~ 
3m (0 =) 3ma 3 a) 3 me ce nae Fre (6 + 1la) 








3h? (a? + 2a +3) 


ma? (6+1la) © 











d(H) _ 3h? (6 + 1la)(2a +2) — (a + 2a + 3)(11) 


= 1la)(2 2)=11(a? +2 ; 
da — ma? (6+ Map 0 = (6+ 1la)(2a +2) = M(a* + 2a +3) 





12a + 12 + 2207 + 22a = lla? + 22a 4+ 33 > lla? + 12a — 21 =0. 
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—-12+2 (12)? + 4-11-21 —6 + V36 + 231 


























oor oD il 
—6 + 16.34 10.34 
= eee = os [a has to be positive] = | 0.940012239. 
3h? Aa+1)_| 6 P he a? Fe he 
nin =o oe aq 11 mp2 1 = 1. . B E, resho. i 1.2 ? 
(H) ioe 1 maz (2+ 2) 058 | —5 ut Etmreshola = > = 337 —— 





























so Eo is definitely less than Exhreshold- 
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Chapter 8 


The WKB Approximation 


Problem 8.1 


=> 16EE® = 168° +8Eoy+V2 >| BE, =Eo+ 24 


i pia) dx=nrh, withn=1,2,3,... and p(x) = /2m[/E-—V(a)] (Eq. 8.16). 
0 


Here [ dx = VImE (=) + /2m(E — Vo) (5) = v3m (5) (VE+ VE-V) =nth 


nth 


4 2 


Square again: 4E(E — Vo) = 4E? — 4EVp = 16E®” + 4E? + V2 — 16EE® + 8E°V — 4EVo 





Vo, Ve 











2° 160" 





V; 
Perturbation theory gave E, = E? + —. the extra term goes to zero for very small Vo (or, since E® ~ n?), for 


large n. 


2 


Problem 8.2 


(a) 


dy 1 if /h, Py 3 nif /h a I\2 if/h\ _ a " 1 I\2| pif /h 
gn Rt © ee Te fre + -(f'ye = z/ Rit) en. 


wy p i 1 
a> ee | 


2 
tae att’? | eit /h = — Felt — ing" — (f')? +p? — 0. QED 
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(b) fi = fothfith fet = PP = (ot bith fet)? = (fo)? + 2hfofi t+ Wfofet (f)7]+--° 

















f= fo +f + fy te. info + RAY + RPA) — (fo)? — 2Afohi — PR Sof + (fi)7] +p? +--+ = 0. 

A: (fo) =?) We: tft =2fofis Ws iff = 2fofe t+ (f1)?: 

dfo . df, iff 4 tp! tid _t : 
(c) Te = EP fo = + [ r(e)de + constant ig OTL > 2 ap) Bae np=fi= 5 lnp+ const. 











a = exp (+) = exp i (+ [ ote) dx + ns Inp+ K)| = exp (2; [ var) pV 2eiK/h 


= —exp (+5 [ par) . QED 





Problem 8.3 














1 In pe? 2 Say 
Vs ‘| |p(x)| da = ; V 2m(Vo — E) dx = = V2m(Vo SB). ae ty ae en Ee 
0 
From Problem 2.33, the exact answer is 
1 


T= a 
1+ apes sinh? 7 


Now, the WKB approximation assumes the tunneling probability is small (p. 322)—which is to say that ¥ is 
large. In this case, sinh y = $(e7 — e~7) © 4e7, and sinh” y ~ 4e?7, and the exact result reduces to 


sig : 7 { Ea = \ en, 
Vv 
en 0 





V2 
1+ weEnaaye 


The coefficient in { } is of order 1; the dominant dependence on F is in the exponential factor. In this sense 
T = e~?7 (the WKB result). 


Problem 8.4 


I take the masses from Thornton and Rex, Modern Physics, Appendix 8. They are all atomic masses, but the 
electron masses subtract out in the calculation of E. All masses are in atomic units (u): 1 u = 931 MeV/c?. 
The mass of He? is 4.002602 u, and that of the a-particle is 3727 MeV/c’. 


U8: Z = 92, A = 238, m = 238.050784 u > Th?"* : m = 234.043593 u. 
ry = (1.07 x 10-45 m)(238)1/3 = 6.63 x 10-1 m. 
E = (238.050784 — 234.043593 — 4.002602)(931) MeV = 4.27 MeV. 


QE 2)(4.2 
Ve pp ee 2) e198 dest aa 40" tae, 
m 3727 
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90 
y= BOO ae — 1.4851/90(6.63) = 86.19 — 36.28 = 49.9. 





V4.7 
2)(6.63 x 10-5 46 x 102! 
T= COs) 988 5 7.46 x 1072 s= —— yr =| 2.4 x 10" yrs. 











Po7!? ; Z=84, A= 212, m= 211.988842 u > Pb?°8 : m = 207.976627 u. 
ry = (1.07 x 1075 m)(212)1/3 = 6.38 x 10-4 m. 
E = (211.988842 — 207.976627 — 4.002602)(931) MeV = 8.95 MeV. 


_  f2E _— [(2)(8.95) 8 _ 7 
V= aa “3797 X 3X 10 m/s = 2.08 x 10‘ m/s. 


82 
= 1.980 ——— — 1.485,/82(6.38) = 54.37 — 33.97 = 20.4. 
7 555 ve2088) 





= 


(2)(6.38 x 107) aos 5 _ 
2.08 x 107 





52. 810 Sk 








These results are way off—but note the extraordinary sensitivity to nuclear masses: a tiny change in F produces 
enormous changes in T. 

Much more impressive results are obtained when you plot the logarithm of lifetimes against 1//F, as in 
Figure 8.6. Thanks to David Rubin for pointing this out. Some experimental values are listed below (all energies 
in MeV): 





A| E T 
23814.198]4.468 x 109 yr 
236| 4.494 | 2.342 x 107 yr 
234|4.775/2.455 x 10° yr 
232|5.320 68.9 yr 
230|5.888 20.8 day 
228 6.680 9.1 min 
226|7.570 0.3558 











224/7.488] 0.79s 
Protactinium (Z = 91): |222]8.540} 2.9 ms 
220/9.650|0.78 pus 
218/9.614/0.12 ms 


Uranium (Z = 92): 


























Al E T 
226 |4.784| 1600 yr 
224|5.685|3.66 day 
222|6.559| 38s 
220/7.455|} 18ms 
218/8.389) 25.6 ps 





A| E T 

23214.012]1.405 x 107 yr 
Thorium (Z = 90): |230/4.687| 7.538 x 104 yr Radium (Z = 88): 
228 |5.423 1.912 yr 
226|6.337| 30.57 min 
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Problem 8.5 
(a) | V(x) = mgz. 




















(b) 
Pe ei) — By > OY _ 29 BN seep cat Reema 
2m dxz | IPP =~ dx2 fe \* mg)” ee mg’ pare Nhe 
d? E d? 
Then ey = af yy. Let z = ay = a(x — —), so ee = zw. This is the Airy equation (Eq. 8.36), and 
dy? mg dz? 


the general solution is ~ = aAi(z) + bBi(z). However, Bi(z) blows up for large z, so b = 0 (to make 


normalizable). Hence | w(x”) = aAi [a(w - =). 














(c) Since V(x) = oo for x < 0, we require 7(0) = 0; hence Ai[a(—E/mg)] = 0. Now, the zeros of Ai are 
ayn (n = 1,2,3,...). Abramowitz and Stegun list a; = —2.338, ag = —4.088, ag = —5.521, a, = —6.787, 














ak, m h fa 

etc. Here -——" = ay, or Ey = a a. = —mg | —- Gn, or | Ey = —(smg?h?) ay. In this case 
mg a 2m*g 

1mg?h? = 4(0.1 kg)(9.8 m/s2)?(1.055 x 10~34J-s)? = 5.34 x 10-88 J3; (Lmg?h2)¥/3 = 3.77 x 10-73 J. 





FE, =8.81x10-% J, Ep =154x10-7 J, E3=2.08x10-% J, Ey =2.56 x 10-7? J. 














(d) 
dV dV dV 1 
2(T) = (ty) (Eq. 3.97); here em 80 (c=) =(mgz) =(V), so (T)= 3 \¥)- 
3 2En 
But (T) + (V) = (H) = Eh, so 3 VY) =F,, or (V)==E,. But (V)=mg(z), so (x)= ae. 
1 1/3 1 1/3 
For the electron, (Smt?) = (0. x 10731)(9.8)2(1.055 x 10734)?} = = 7.87 x 107°3 J. 











= 1.37 x 107? =/1.37 mm. 

















2(1.84 x 1073?) 
E, = 1.84 x 107°? J=/1.15 x 107}8 eV. = 
Wr Rede. 5x 107 eV) = F647 x 10-08) 


Problem 8.6 
(a) 


r2 1 
Eq. 8.47 ==> if p(x) dx = (n— pm. where p(x) = /2m(E — mgx) and FE = mgr2 => tq = E/mg. 
0 


x2 


| p(x) de = Vim | JE -—mgzdz = V¥2m - 
0 0 mg 0 


= oy acs | (E - mgza)*/? — B9/?) = 2 ge eye 
3V mg 3V mg 
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V(x) 


E 



































1 
ime =(n—-)th, or | En = [32?mg?h?(n — Dep. 
(b) 
99 2,9 ne 99 2 —34)2 ue —22 
gn mg h =| 57 (0.1)(9.8)"(1.055 x 107°") = 1.0588 x 107** J. 
3\ 2/3 
E, = (1.0588 x 107°) 7) =| 8.74 6 10-"* d, 
7\ 2/3 
1) =| 1.54 x 10-22 J, 
11 


E3 = (1.0588 x 107°?) 





( 
Ey = (1.0588 x 10772) ( 
( 


2/3 
z) =| 2.08 x 10-22 J, 











16 2/3 
E4 = (1.0588 x 107°?) (2) =l5o <4105 7? J, 





These are in very close agreement with the exact results (Problem 8.5(c)). In fact, they agree precisely 
(to 3 significant digits), except for FE, (for which the exact result was 8.81 x 10773 J). 


(c) From Problem 8.5(d), 


2En 2 (1.0588 x 10-22) oe i e 
= io; ee SS —= -—- =1. 10°*. 
(x) See so 3 (0.108) = ,or [n—F 388 x 10 














1 
n= >t (1.388 x 10?2)3/? =| 1.64 x 1033, 





Problem 8.7 


2 1 1 1 /2E 
/ p(a) dx = ( - 5) Th; p(x) =4/2m (e - mute?) rq = —£) = —4/ —. 
a5 2 2 wV¥ m 


1 


1 ma) OE m 7 
n-= th= mu [ — oda =2me | 4/23 — «2 dx = mw |a4/a2 — 2? + 23 sin~' (2/22) 
2 a ¥ mw? 0 0 
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jst Gees 


ee T 
= mwa sin~'(1) = =mwa3 = 5 
2 2 mw Ww 














Since the WKB numbering starts with n = 1, whereas for oscillator states we traditionally start with n = 0, 
letting n > n+ 1 converts this to the usual formula FE, = (n + 5) fiw. In this case the WKB approximation 


yields the exact results. 


Problem 8.8 
(a) 





: 1 n+ Dh 
=muw*2t = E,= (n+) hw (counting n=0,1,2,...); |a2= QQn+ 1h 
2 mw 











(b) 


1 1 
Vin(x) = wx + (mw*22)(% — £2) => Vin(t2 + d) = mwa + mw aod. 





V(a2 +d) — Vin(t2+d) _ smu? (x2 + d)? — mw? x3 — mw? aod 
V (22) 7 smw?x3 














2 D.= a0h o: 2 
staat nau (=) 6 [P= oes 


ae £2 








2m ae 2m? w? Lee 2m?7w? us 
a= [Frmes| (Eq. 8.34), so O12 | 72 9 i | 72 of > 50. 


3 24 
©) = 62500; 2n+1>250; n> ~~ en 








2m?u? (2n + 1)7h? 
Fiz a= = (50)%; or (2n + 17 = 





Nmin = 125.| However, as we saw in Problems 8.6 and 8.7, WKB may be valid at much smaller n. 











Problem 8.9 


Shift origin to the turning point. 


Deb! 2 ile")] de’ (x <0) 
ln(@)| 





UwkKB = . Vie, ete 
| Bet 1s re) de + Ce-h1o p(w) da"! (4 > 0) 


Ip(x)| 
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overlap 1 overlap 2 


ve 






we — > Vv. 























Nonclagsical Classical 
| 6 =a] ms 
<—— patching region ——_> 
Linearized potential in the patching region: 
& 2mV"(0 2m|v"(0)|\ 1/8 
V(a) + E+V"(0)x. Note: V’(0) is negative. ae = rt ly =—a° xp, wherea = (a : 
t 


Wp(«) = aAi(—ax) + bBi(—ax). (Note change of sign, as compared with Eq. 8.37). 








= /Im|E— E-V'()a] = /—2mV"(0)x = /2m|V" (Ola = Vo hPa = ha??? Ve. 
Drstlap teen es UF 


eo 


0 0 
i Ip(2")| dx! = ho /? / Perr ee (-5-#)"”) = 2 ha®!*(—2)%/? = 2h(—a0)%”, 





zx 


1 
WwkB © ATs aye Bo”. For large positive argument (—az > 1): 
a3/2(—a 


1 2 3/2 1 2 3/ T 
o 3 (a) 2 ee ; =2D,/—; b=0. 
ua “Oa 2/m(—ax)1/4° : . "aaa sal nee ah’ ora 


Overlap region 2 (a > 0): 


xz x 9 x 
| laze) | de’ = ha’!® | Va! da! = ha?/? (09 = 


2 
“A(ax)?/?. 
0 8 





1 
WwKRB © Fi2a3/Agi/A | Bet3(a2)"” + Ce“ *B(an)*”"| . For large negative argument (—ax < —1): 


1 : 2 Tv a i) in i2 (ax)3/? —in —i2(ax)3/? 
Vat) ea Flaw)? + 7] =$ 4 le Ie a a ggg ae) ] (emember : b = 0). 


lah , lah _. 
Comparing the two: B= ae an inl a, C= ae tiny. 
2V a 2V 
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Inserting the expression for a from overlap region 1: B= ~ie'"/4*D: C= ie~'"/4D. For x >0, then, 








wien =D fet dre dott _ ek(S nde —i9] - 22 ain li i, n(a!)ae! +E]. 
Da) pa) LA Jo 4 


Finally, switching the origin back to 71: 


Di o-BI 2 ple’)| ae’ 
7 





(a < a1); 


lp(x)| 
WwKB(2) = 2D x ; / QED 
wa |; i“ p(a')dx +4 , (> a1). 


be 


Problem 8.10 


At x1, we have an upward-sloping turning point. Follow the method in the book. Shifting origin to 7: 








: [Ack 2 702) a + Bo# 2H ae'| ez) 
p(x) 
GE) = 
ONE : [crek ss mena" 4 D-H IF mA") (@ > 0) 
p(x) 
1 
In overlap region 2, Eq. 8.39 becomes WwKpB © Fi2a3/Aqi lA [ceBlen™ + De Blow" 


whereas Eq. 8.40 is unchanged. Comparing them => a = 2D om b=C — 
Va Va 


1 
hi/2o3/4(—2)1/4 


2 


3/2 rf Be7t3(-aa)?/? 


In overlap region 1, Eq. 8.43 becomes Wwxp © 


[ Acide ' 
and Eq. 8.44 (with b 4 0) generalizes to 


a 


. 42 
Wp(z) J/m(—ax)1/4 sin 5 ax) 


2 





3/2 4 2 acyl? 44 


Al - iconv be 5 


1 
= ——____ [(-ia + bets (—a2)?? pin/4 + (ta+ beth (ae) rin iA) . Comparing them => 


2Vm(—aa)'4) 


[ha (—ia+b\ ,; | ia +b 
Heese (=) t/4, B= ie (“**) e'"/4_ Putting in the expressions above for a and b: 
1 7 


A= (5 -ip) et/4. B= ($+) ett/4. 
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These are the connection formulas relating A,B,C, and D, at 71. 
At x2, we have a downward-sloping turning point, and follow the method of Problem 8.9. First rewrite the 


middle expression in Eq. 8.52: 


hla? Ip(a’) da’ +z Ie |p(a")| da’ 


1 / F 1 t t 
Cok lf: be £122 |p(a')|da'—2/ 2 |p(o’)| de 


YwkKB = + De~ 


oll 
Ip(x)| 
Let y= ee \p(a)| dx, as before (Eq. 8.22), and let C’ = De~7, D’ = Ce’. Then (shifting the origin to x2): 








1 [cet = |p(a’)| da’ + Die“ Be ln(@1 ae) ee): 
Die Ip(x)| 
wa 1 4 * p(x’) da’ 
EC Fer’o ; (x > 0). 


2m|V7(0)|\1/ 
In the patching region (x) = aAi(—ax) + bBi(—ax), where a = (ea) ; p(x) = hod/2/z. 


0 
2 
In overlap region 1 (x < 0): J lle’ ae! = Sn(—or)9?, so 


Nw 1 / 2 (—aa)3/? j —2(—ax)3/2 = 
dws © apraaTa(ayiTe [eho + Dre Hw” | a= 2/5 D! 
a _2(—as)9/? b 2(—-an)2/2 Comparing => - 
a -* b= co 


2Vm(—aa)74 Vi(—an)4 Tia 


1 


In overlap region 2 (a > 0): | p(x’) da’ = glilaw)?? => Uwe © “wee 


23 a ‘ 2 3/2 TT b 2 3/2 TT 
Ye © Teonya em Flo) zs 4 Teena (a a 
1 ee 2 


= SS [(-ia + b)e’t ets (ony? 5 (ia + b)e*4 eo H3(a0)") . Comparing => (ia + 6) = 0; 


~ Q/m(ax)1/4 
[ha (—ia+b\ ,; [ha , 
fies yi see eit/4 — py[Oein/4 py = 1 e-in/4 p. gaa eee 
T 2 T ha ha 


Cc’ = 4/ nee = een D' = ; nee = ae D= sierra R. C= oe 
T 


T 


These are the connection formulas at x2. Putting them into the equation for A: 














4 ) : : : ay 
A= o —~iD)e*/4 = tee t/t p —iete i/4P | eit /4 = j ae e) | F. 
2 4 4 
Pi? 1 —2y 
Je = | = ay — & z° 
Al (ey— SP)? | [1 = (e772)? ] 











If y > 1, the denominator is essentially 1, and we recover T = e~?” (Eq. 8.22). 
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Problem 8.11 


1 v2 x2 
Equation 8.51 > (« - 5) Th= 2 | V 2M(E — ax’) dx = 2V ame | 4/1 — a dx; E=axs. Let 
0 0 


E l/v E MBps 
z= ge" 00= (=) ; ax = ( ) =o —l dy. Then 
E a a Vy 


(apse) 








(n— a)RR yr E( 


1 1.3 
L 1 r(i+3 
ST) | Bn = [(n-5) a oe NG a) 2 

Qarm I(; +1) 2 2maT(5+1 


NF 


Evt 























1 T(2 1 2 
Forv=2: E,=|(n ni (2) a=(n-—-)h ue 
2 2ma T (3/2) 2 m 
For a harmonic oscillator, with a = smu, Ey = (n — 5) hw (n= 1,2,3,...). Vv 


Problem 8.12 


h2 2 
V(x) =-— 


2 1 x2 h2a? 
sech* (az). Eq. 8.51 ==> ( - 5) Th= 2 | 2m [E+ 
m 2 0 


sech(a)| dx 
m 
w2 E 
= 2v5ha | 4/sech? (ax) + aa dx 
0 


ha? E 1 
a sech?(ax2) defines x2. Let b= Se z=sech*(ax), so that 2 = —sech™' 
m ha? a 








B=- 





z, and hence 





= ( atin) algae te (eo we(-4) [GS 


Zz =a 
e=0 => z=sech?(0)=1 
Limits : 


1 =D RSD 
2 mE : n- = n=vif 2 dz 
© = 2 => z= sech"(ax2) = —75-5 = b 2 , zV1l-2z 
a 


1 z-b_ 1 (z — b) _ 1 
I-22 /-ne-5 V0-ae-9 





b 
(1 —z)(z—b) 
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(n- 5) r= v2 sa" of; oe 


= at) fL=Z ve stat | Coch Ble 28 : 
= /2 {2h =) — Vbsin [eee] \ 














= V2[—2tan“1(0) + 2tan” (00) — Vbsin“1(1) + Vbsin“(-1)] = v2 (0+ af — vbr - voz) 


= vin -ve); 252 <1-vei vb=1-F (n-5), 


Since the left side is positive, the right side must also be: (n — 3) < V2, n< s+ Jf/2 = 0.54 1.414 = 1.914. 
So the only possible n is 1; there is only one bound state (which is correct—see Problem 2.51). 

















1 Deh ee ha2 (9 1 ha? 
Forn=1, Vb=1 - b=1--—24+=-= - |E,= ( ) = —0.418 
2/2 J/2 8 8 v2 ; m \8& v2 m 
2,2 


h 
The exact answer (Problem 2.51(c)) is —0.5 “. Not bad. 
m 














Problem 8.13 


To 
( SS i) th = | 2m[E — Voln(r/a)| dr; FE = Voln(ro/a) defines ro. 
0 
To > 
= 2m i Voln(r9/a) — Voln(r/a) dr = /2mVo / nm 
: 0 
Let x=In(ro/r), soe’ =1ro/r, or r=roe* = dr =—roe “dz. 
©2 Se 7 
x1 


r=To9 => t%=0 


1 CO 
(n- 7) th = /2mVo ro | Vre* dx = V/2mVo rol (3/2) = VW 2mVo roe, 
0 


Qn 1 h Qn 1 1 h Qn 
=4/—h a En, = Voln | -4/ —> -= =VWl -= In | —,/—— } . 
To nV ¢ i) => Vo ln |" ie ( i)| Vo ln ( i) + Voln | =| 


1 4 
Enii — En = Voln (x + 1) —Voln ( - i) =Voln (2 a f) , which is indeed independent of m (and a). 
Fis 
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Problem 8.14 











1 "2 2 1 h? i+ "2 A B 
n- = nh= | 2m|{ E+ : com ea ) ar = VBE | 4/-l+——-— dr, 
2 4 4nregr 2m r? o ro or 


7 2 
eiiea nen and pa +)) 
4ne9 E Im E 


r2 J—r?2 + Ar—B 
( _ 5) TtTh=v —3mE | ae dr. 
ry r 


are positive constants, since FE is negative. 





Let r; and rg be the roots of the polynomial in the numerator: —r? + Ar— B= (r—r1)(r2—1). 


(n- 5) ah = Vaan |” Vr WA ap = VRB S (Yi VA? 


1 
2 (n- 5) i= J-2mE (ro4+71 —2rira). But —r?4+ Ar— B=—-r? 4+ (ri +re)r—rire 


=}rp+7r2 =A; r1r2 = B. Therefore 





Ir, 7 el fe W+1) 
2(n- 5) n= vm (A -2VB) = V Bn ( (eo 
e? 2m 
Zo gf R/T. 
ATE EB aN?) 














2 2 2 
= 2m = on fn — 5+ +0) £ = (e* /A7€0) Se 
Ass ™ AR [n = hee D] 

B= —(m/2h?)(e?/47€9)? —13.6 eV 











[n— 34 +d] (n-44 Ts) 





Problem 8.15 


(a) 




















: D eer a ed x’)| da’ 
(i) wwKp (2) = tal Ri x9 |p(2")| a (x > a2); 
1 a x / / a x / / 
(ii) dwxp(z) = | Ben /z7 92 Je" 4 Ce nla” PW) de"! (¢, <2 < 22); 


p(z) 
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1 1 
ili Lt) Fer 
Gi) dente) = TE | 





S21 |p(a')lde" 5 Ge- hI In(e’) sal (0<x <2). 








1 f*” 
Equation 8.46 => (ii) WWKB = sin =| p(a")da" “+L * (1 <x“a< x2). 




















p(x) 
To effect the join at x1, first rewrite (ii): 
2D 1 f” 1 f* T 2D 1 f° T 
(ii) wks = —==<sin lz / p(x’) da’ — ; | p(x’) da! + * = sin = | p(x’) dr’ -8-—], 
p(x) h @1 A vy 4 p(z) h v1 4 
where @ is defined in Eq. 8.58. Now shift the origin to 2: 
1_ [ppb iSe Nee 4 Geb E eH) (@ <0) 
vwen =) VAR ype 
7 
- sin|= | p(2’) dx’ —6—- 7| (x > 0) 
P(x) if . 
2m|v'(0)|\ 7° 
Following Problem 8.9: w(x) = aAi(—azx) + bBi(—az), with a= (ae) ; p(x) = ha®/?./z. 


0 
2 
Overlap region 1 (x < 0): / |p(a")| da’ = 3h(—an)*”?. 


x 


1 3/2 


w ct oe SH ies aay fee ae) 
WKB hl/2q3/4(—a)1/4 a - 
a —2(_ag)3/2 b ig ie = a=2G,/—; b=F,/—. 
Up ~ ah Oe) + 3(—az) ha ha 


- 2/m(—ax)1/4° Vi(—ax)i/4° 

: - / , 2 3/2 

Overlap region 2 (a > 0): pa) dx = 3haz) : 
0 


2D 


es ; 2 3/2 T 
— YWKB © — F779 3/4,174 SD 50a) -9-3| 5 


_ | 2 b 2 
Wp © Flea sin F(a)? + 7 + Trey cos F(a)? + 7 : 


—2D 1 


Equating the two expressions: aaaave oF lenee: ee-in/4 _ 9 ig (an)? | 
a i 


1 a 2 3/2 . 2 3/2 . b 2 3/2 . 2 3/2 . 

a 14 (ax) im/4 _ ,—-1$¢ (aa) ne ee 13 (ax) in/4 —i2 (ax) se) 

= 77 1a Ie 3 e e 3 e +a le e ae e 
Jral/4 {3 | 2 


—2D,] mee =(a+ibje"/*, or (a+ib)= 2D, / apie 
/ = : T 

DD, | — se" e"* =i(-a ibe, or (a—ib) = —2D,/—ie’® 
ah ah 


©2005 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. This material is protected under all copyright laws as they 
currently exist. No portion of this material may be reproduced, in any form or by any means, without permission in writing from the 
publisher. 


232 CHAPTER 8. THE WKB APPROXIMATION 


t= 2Pae= a i(e? — eae 
a a 
23 —00 es 
2ib = 2D, ae ah i(e-® + ec”) > b= 2D,/ ap ” cos. 


Combining these with the results from overlap region 1 => 


2G,/2 =2D,/ sing, or G=Dsiné; F,/~ =2D,/ cosé, or F=2D cos. 
ah ah ah ah 


[2 00s Bem !s* ede" 1 sin Qe Ra? IP 42"! 19 < & < a), 





Putting these into (iii) :| dwKp(z) = 





D 
Ip(x)| 











(b) 


Odd(—) case: (iii) => (0) = 0 > 2cosde% fo! P@)1 4" + sin Ge RS? IP(@ I ae" — 9), 


Tf" 1 
; | \p(a")| da’ = he with ¢ defined by Eq. 8.60. So sin 6e~%/? = —2cos6e®/?, or tan@ = —2e°. 
0 


1 D__ diple)| 
2 (paps? ~ de 





Even(+) case: (iii) => ¢(0) =0 > — [2 cos Oe®/? + sin be~¥/?] 





0 











D 1 1 1p? / rfl 
at ta) 2cos eb pie Nae: Ga) + sin e7# /o* [P(#")| de (101) =, 
tote dV dV d|p(x)| 
Now £m = v2 and — 0, so =0. 
ms JV —E dz’ dz |, dz |p 











2.cos Oe*/? = sin de~%/?, or tand = 2c°. Combining the two results: tan@ = +2e?. QED 


(c) 


























1 a i —1)" cos ; 1 
ov pies tentl (acu. Mtidal ie sin |(n x) e| = (—1) cos € 7 cos € ha 
2 cos |(n+43)m+e]  (—1)"*1sine sine € 
1 1 1 1 1 1 
So — = rw +2e%, or ex Fae or 6 — (n+ 5) i) F5e © so 0x (n+ 5) T+ 5 QED 
[Note: Since 6 (Eq. 8.58) is positive, n must be a non-negative integer: n = 0,1,2,.... This is like 


harmonic oscillator (conventional) numbering, since it starts with n = 0.] 
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V(x) 











(d) 
































1 f[* 1 
a= if 2m E = gw (x = ap| dx. Let z= «x —a (shifts the origin to a). 
x1 
2 | 1 o.2 
== 2m | EB — =mw?z?| dz, where E= =mw*z3. 
i Jo 2 2 
2 [2 Se 22 
me te of 28d = |: (3-2 + dsin(e/x)| : = <a sin *(1) = 5 Rm 
mmw 2b | aE 
~ 2 Ah mw | hw’ 
E 1 1 1 hw 
Putting this into Eq. 8.61 yields — x (n + 5) Tz ae or EE & (n + 5) hw = ae QED 
(e) 
1 sae ae 
Ww x,t — — ( te tEnt/h 4 oo) =< 
(x, t) Ti Vn vr, 
(ast) = 5 [WEP + Wal? tastyg (ee PDH 4 ete —BEIEIN) 
EZ — Et 1. hw 
(Note that the wave functions (i), (ii), (iii) are real). But a ; Moin = ee = ge ae 
7 T 


(at)? = 5 [wit (x)? + vs (w)?] + ot (eva (@) cos (Ze*2) , 


2 Qn? 
It oscillates back and forth, with period 7 = ——~~— = ““e*. QED 
(w/m) e-? w 


(f) 


smu(n — a)? | ar = “v3 mE |” me x—a)?—1dz. 
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m /2E 1 =0 = m = 
Let z= —w(a = x), so dr=— dz. Limits: r= — on = 26 
2E mw 


=x, = radicand =0>=>z=1 





0 


aS 


= 5VamE === f° V2@-1de= = [VP 1de= 5 ev? =1- nz + V2? =1)| 
mw jy hw Jy hw 2 

2E 

= ie |oV8— 1-10 (20+ V8 -1)], 


where | zp = aw4/ a V(0) = $mw2a?, so V(0)>E=> wa > E> aw/ SE >1, orz>1. 
In that case 
2E 2E 2E m mwa? 
oe = [26 — In(2z0)] © 77 = ao oR 
This, together with Eq. 8.64, gives us the period of oscillation in a double well. 





z 
1 





























Problem 8.16 


nn h? 1h? 
——..  Withn=1 EB 
Im(2a)2 pereneiae |e 








(a) E, 











(b) 











tunneling 





(c) 


ae 
v=; f Ip(z)|dz. azo=Vo- Hi, => 29 


pz) = (/2m[E-V(a2)); V(a)=-ar, E= E,—V. 
= §2m(E, — Vo + az) = V2maVr—29;  |p(x)| = V2maVxo — «. 
id _ 2V¥2ma 


_ w= 
=a. 











1 “0 V2ma [ 2 
y= 5vama | Vio —xdx = i [Feo — 29] 5 oR (to — a)?/?, 





a 
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Now xo — a= (Vo — EF, — aa)/a, and aa « h?/ma? & E, « Vo, so we can drop EF; and aa. Then 





























_ 2V%ma (Vo\?? _| VBmve 
va fh a = 3ah 
; 4a »5 Deg mh 2 ied iad th 
Equation 8.28 => T= eo 7, where 5 ae = Gag) OF OR oe 
8 2 
T= —2ma ez = — e27, 











(d) 


(8) (9.1 x 1073+) (10-1°)? 7 
=e Sein : ee cae lk 








—31 —19)8 
i OWS CU hee =44 x 104 ¢27 = c88x10* _ (1g!esey 82" — 1938000, 


(1.6 x 10-19) (7 x 10) (1.05 x 10-34) 


PS AS10100 ser: 


>a 














Seconds, years ... it hardly matters; nor is the factor out front significant. This is a huge number—the 
age of the universe is about 10° years. In any event, this is clearly not something to worry about. 


Problem 8.17 
Equation 8.22 => the tunneling probability: T= e~?7, where 

Th. fo 

y= ; | V2m(V —E)dz. Here V(x) = mgr, EF =0, to = VR? 4 (h/2)? — h/2 (half the diagonal). 
0 
V2 me 2 m2 
= we ving | w/? de = = \/2g= 23/? el 2g x0. 
h 0 A 3 0 3h 

Iestimate: h=10cm, R=3 cm, m= 300 gm; let g=9.8 m/s?.. Then 2x9 = V9 +25 —5 = 0.83 cm, and 


2)(0.3 js 
a eA) (2)(9.8) (0.0083)*/? = 6.4 x 10°°. 


Frequency of “attempts”: say f = v/2R. We want the product of the number of attempts (ft) and the 
probability of toppling at each attempt (T), to be 1: 





2 
tone =l1 5 t= ne, 
Estimating the thermal velocity: mv? = skp (I’m done with the tunneling probability; from now on T 
is the temperature, 300 K) => v= ./kpT/m. 
m 0.3 30 13x 109° 30 
$= 2R 77 = 2(0.03)4 | ————~___~. 1? 810" = 5 x 108 (1018 = (5 x 10%) x 10°-*1° 
ket? 7(-93)\! a t0=75) B00) © Pees Cs : 











—|/16~x 105:6*10%° yr 


Don’t hold your breath. 
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Chapter 9 


Time-Dependent Perturbation Theory 


Problem 9.1 


Unim = Rn Y/". From Tables 4.3 and 4.7: 











1 1 r 
= —r/a, os 1s (1 oe =) —r/2a, 
W100 FF e ; W200 = 5a) e 
1 1 . 
W210 = Ten t/a cosé; Wat =F P e7/24 gin O tid. 








V 32743 a V647ra3 a 


But rcos@ = z and rsin e+’? = rsinO(cos¢@+isind) = rsindcosd+irsinOsingd =x+iy. So |~|? is an 

















even function of z in all cases, and hence f z|q|?dx dy dz = 0, so| Hj; =0.} Moreover, 7199 is even in z, and 














so are W200, weit, and woi—1, so Hy; = 0} for all except 











! = 
F)0,210 =—-eE 





1 1 1 
5 fetter tine? @r=— eB 
Ta? @ 


—3r/2a,,2 2 @ 26: 6 dr dé dd 
— e€ Tr” COS r sin r 
Vira? V32 A\/2ra4 / 

















Ef ; an Be ef OG\ 2 x 
ela | rte3"/24 gp cos? 6 sin 0 d0 | dp = -— u( *) ee ( ) et 
aa : ‘ Danae NB) 3 35/2 


or |—0.7449 eka. 

















Problem 9.2 


a 


h 


a 


Gg = Ht ge 0 es = 5 Meco. Differentiating with respect to t: 


a 


h 


a 


h 


a 


h 


a 


& = —z Hy, [iwoe'ca + €'”'Eq] = iwo | HgetHte,| Hy. sere? | F Hye te , or 
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open ie 1 1 tire 
Cy = Iwo ey — pal Haale. Let a? = ae Then & — iwoé + a°c = 0. 


This is a linear differential equation with constant coefficients, so it can be solved by a function of the form 
Mt 
SEN: 


1 . 
M = iwrA+e7 =0=S A= 5 ia: 0 — 409| = 5 (wo +w), where w = \/w? + 4a?. 


The general solution is therefore 


Ch 








co(t) = Aciwotw)/2 4 Bei(wo-w)/2 _ piwot/2 (Aeiw*/2 a Be~**/2) or 


c(t) = e°*/? [C cos (wt /2) + Dsin (wt/2)]. But @(0)=0, so C=0, and hence 


cp(t) = De™°*/? sin (wt/2). Then 








ee 2 eiwot/2 a (wt /2) +4 sot C68 (01/2) ee Spee [cos (wt /2) ae pee sin (wt /2) = — 5 Higeltca. 
ae WwW 
fs th W o-iwot/2 p [cos (wt/2) + i” sin (wt/2)] But ca(0) =1, so a “D=1. Conclusion: 
“= FD a GOS Saga : 








Ca(t) = e~iwot/? [cos (wt /2) + i- sin (wt/2)| 


HH! 
where | w = 1/u? + 4 eyF 








Hi. 
th = ba jiwot/2 Q: t/2 
c(t) ae e€ sin (wt /2) , 














4 H! 2 
a ab| sin? (wt /2) 
Ww 


) sin? (wt/2) = cos” (wt/2) + sin? (wt/2)=1. V 





2 
Wo. 
\cal? + |co|? = cos? (wt/2) + 3 sin? (wt/2) + 
|Hool” 
he 








1 
= cos? (wt /2) + 2 («3 +4 


Problem 9.3 


This is a tricky problem, and I thank Prof. Onuttom Narayan for showing me the correct solution. The safest 
approach is to represent the delta function as a sequence of rectangles: 


_ f (1/26), -e<t<e, 
ea { 0, otherwise. 


Then Eq. 9.13 > 


t<-e: Ca(t) = 1, c(t) = 0, 
t>e: Ca(t) =a, c(t) = b, 
eee 
—-e<t<e: 
Ch = — $2 eote,. 
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In the interval —e <t <e, 


dcp iat [. —ia _, ia* [. ihdce, ia _ dey a|? 
i iwpe’t cy + eiwot mae = i een: | | 
€ 


dt? eh Deh [or dt eA] dE ene 


Thus cy satisfies a homogeneous linear differential equation with constant coefficients: 








d?ch  . dep la? 
ees, es =0 
Ge. ae ene? 
Try a solution of the form c(t) = e™*: 
Ps te _ two t V—w9 — lal? /(eh)? 
r* = iworA + (chy? =05>A= 5 


or 





A= = + > where w = 4/w? + |a|?/(eh)?. 


ei) = eiwot/2 (Aeiw*/? ip Bete) 


The general solution is 











But 
co(—€) = 0 > Ae~™*/? + Be*/? = 0 > B= —Ac~™., 
so 
c(t) = Aeiwot/2 Cake as ee) 
Meanwhile 
ca(t) = 2h —iwot a, a Zieh |—iwot/2 4 two (emt? _ ey, fy ww (ei? 4 eet) 
a* a* 2 2 
= See [(w ah wpe? ae (w _ tp)e (er #/2)| ; 
h , Qchw , Po 
But Ca(—€) es Sere 4 [(w aie wy) a (w = w)] es — eilwo-w)e/2 4. so A= Sarr 
1 _, ; 
C(t) — me [w fe wae tl? +4 (w _ wpe tott+e/2] 
= e woltte)/2 {cos = = 2 tj? sin = a | \ 
2 WwW 2 
_ _ 10" iwo(t—e)/2 [eis(tro/2 _ ertatto/a) _ 30" jiwo(t—)/2 gi, UE +) 
c(t) SAL e€ e€ oe sin 5 ; 
Thus ‘ 
C= c,(e). ee [cos(we) + i- sin(we)| , b=a(e)= sin(we). 


This is for the rectangular pulse; it remains to take the limit « > 0: w — |a|/eh, so 


a — cos lal 2 Ort ie cos ja b iat gs ja 
i} fal h me la hips 
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and we conclude that for the delta function 


b= 1, t<0, 
ow’ ~~ | cos(ja|/h), t > 0; 





0, t<0, 


—iy/— sin(\a|/h), t>0. 


Obviously, |ca(t)|? + |c,(t)|? = 1 in both time periods. Finally, 


Cb (t) 4 

















P,_.5 = |b|? = sin2(\al/h). 








Problem 9.4 
(a) 


B4. 910 <> Ge =—f [eatfla + catlge 
A (these are exact, and replace Eq. 9.13). 


E so t ! 1 wot 
gq. 9.11 = G&= er [coH ip + Ca Aya | 








Cpe ee oni f 
First_order: h 
— See => = n--if Hi (t! eivot! dt’ 








cal? = [1 - fi, (ya i+ 5 [te ear] =1+ i ee cae) = 1 (to first order in H’). 


|ey|? = [-+ | Hi (t’)etor w| =f H!,(t/)e~ ot’ a = 0 (to first order in H’). 
0 0 
So |ea|? + |eo|? = 1 (to first order). 


(b) 


9 Halt’) at! (77. Ca tetlo Haalt’)at' a But ey = = [coH,, + oHiye "| 


Two terms cancel, leaving 


. 4 a t y / t oe t / / 
da = aene Hog (t Jat cpH’,e-°, But cy =e * 1! Hoo (t’) at dp. 
a 
h 


arth’ G)—H it ’ a ‘ 1. me 
— seh !o[Haalt!)— Hoot’) dt Hi .e-0'd,, or da = — pe Hage MeO 
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Similarly, 


* a t / / / a a t t , t s :. a . 
dy = ero Hyp (t') dt (;, 6.) co + elo Hye ds cp. But c= F [co Hep + Cae | : 


v , / ; ¥ / 
#6 Hy, (t’) dt CaH} et". But c, =e —E£Sj HL, (t’) dt da. 


era 


eh 16 [Mo (e)—Maal@)]al Fy ctwotg, = Te HL eld. QED 


Initial conditions: c,(0) =1= > d,(0)=1; @(0) =0= > d(0) =0. 


Zeroth order: dj (t)=1, d(t)=0. 





First order: d, =0 => d,(t) =1 Ca(t) = ew h!o Haat!) at 














. nt 
dy = aoc te => d= -;/ e OO) AY (tetot dt! = 
0 








L i v / / 7 ee / 2 / 
co(t) = —set Sy Hbp (t')adt | e7tolt ) Hi (t/)eot dt’. 
0 








These = t look ae like the results in (a), but remember, we’re only working to first order in H’, 
so a(t) ¥ 1- = if, H a(t’) dt’ (to this order), while for c, the factor H,, in the integral means it is 
eee first ae and hence both the exponential factor in front and e~*® should be replaced by 1. Then 


o(t) & —¢ ETL Ae yeleet ddl, and we recover the results in (a). 


Problem 9.5 


Zeroth order: — cl) (t) = a, c(t) = b. 


a —$ Hise e woty — Mt are H(t t') ea wot! dt’. 
First order: j 
c= ~ 7 Hoa elvotg => =b—- sep Hee elvot dy! 


at 
Second order: ¢y = Ste - =f seaetiiie => 
0 


At 3 fm ew iwot’ We S [im te e 7 iwot’ f Hi (t t'’) ya dt’. 


To get c, just switch a © b (which entails also changing the sign of w): 

















Py 0-5 | “Hhglt Ne PR GE = ai Hya(b er ee [ Hi, (t") yw at dt. 
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Problem 9.6 








t 
For H’ independent of t, Eq. 9.17 ==> ce et th= Ot t)= —7Hi, | clot dt! —> 
0 
: iwot’ é H! 
Zo 5 Hb a ls as (c”o' 1). Meanwhile Eq. 9.18 => 

















1 er tv 1 t eo 
cl?) (t) a= salHial [ e wot / eiwot! “dt! dé =1— wal Bilas a i (1 — e iwot ) dt! 
0 0 0 


of 4 t 
a e wot a 1 . 
Ae H! 2 t! ae = H! 2 $s —twot 1)]. 
woh? | ab 1W90 0 woh? | ab 1W9o (¢ ) 


For comparison with the exact answers (Problem 9.2), note first that c(t) is already first order (because of 
the Hj, in front), whereas w differs from wo only in second order, so it suffices to replace w — wo in the exact 
formula to get the second-order result: 





=1 1+ 



































2H; ; 2H; ; ala ae : H! ' 

cp(t) ~ ae eiwot/2 sin (wot /2) a me eo (ettl2 i ea) = ae (eto a 1) , 

in agreement with the result above. Checking cg is more difficult. Note that 
4| Hoel? Fool? \Ziol’ Yo 9 Taal? 

W=Wo 1+ wake LY Wo 1+2 weh? SO ne aoe were 

Taylor expansion: 
: WOE. |Z |Hiyl?t |Z colt 
cos(a + €) = cosa — esinx ==> cos (wt/2) = cos s 72 | COS (wot /2) — sin (wot /2) 
wo 


wot |H 7 
2 woh? 


o=()- Ma = (2) (a fo om (2) 
ibe) (2) BF oC) -m(2) 3m) 


iwot /2 Al? itn 1 eu (civot/2 7 ee) 
w 





24 
sin(a + €) =sina+ecosx => sin (wt/2) = sin ( ) = sin (wot/2) + ink cos (wot /2) 
Wo 


e7 wot /2 








2 


Ca(t) 





oe wot/2 


woh? 21 


|Hael? 


1 . a 1 

ab . —iwot 1 2 
it + — (1— eet) ] 21+ H' |? |e+ — 
woh? | t a e | ake | | iwo 





=li- 





esr - i)| , asabove. V¥ 


Problem 9.7 
(a) 


; a Sse ay 
Gq =-— “per te twot 


2h 


1 : : 
- : —iwt -iwot 

Ch; | Ch = —=> Voce Cr Ge 
: 2h 
©2005 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. This material is protected under all copyright laws as they 
currently exist. No portion of this material may be reproduced, in any form or by any means, without permission in writing from the 
publisher. 


242 


CHAPTER 9. TIME-DEPENDENT PERTURBATION THEORY 





Differentiate the latter, and substitute in the former: 


Vi 

















Cb = 4 [i(wo = w)eiwo-)te, + efluo—o)ta,] 
. Vea t(wo—w)t Vou 4(wo—w)t Vab —1(Wo—w)t . * |Vasl? 
= ian — 0) [-afeetwteg] — Tieton | _Tabersew ey] = iy —)en — Gite 
ey. Vaol? te Vasl? 
a + i(w — wo) it a cp =0. Solution is of the form c =e: d? +4(w—wo)A+ aw = 
1 2 = 
\= 5 [i — wo) + (w — wo)? im =i - we =< ct 2, | , with w, defined in Eq. 9.30. 


General solution: cp(t) = 


or, more conveniently: 


c(t) = Deio-)#/? sin(wyt). é = D [ ( 








4 {a CD turd t Beil- (w= 0) $y, 


t e 7 t(w—wo)t/2 [Ae™rt +4 Be) , 


c(t) = e~*—0)#/2 1C cos(wpt) + Dsin(w,t)|. But c(0) =0, soC =0: 


Wo -W 





) etlwo-w)t/2 sin (wnt) + wpelvo-w)t/2 con(wrt) ; 























; Qn. si 
Ca(t) — ize wotey = i eee D [ (2=*) sin(w,-t) + Wr cos(urt) . But Ca(0) =1: 
ba ba 
2h —V5q 
tye or D= aa 
= ees t(wo—w)t/2 — pilw—wo)t/2 ‘ -(Yo7-W)\.. 
cp (t) Dh, Voa€ sin(w,t), ca(t) =e cos(w,t) +4 Ses sin(w,t) |}. 
(b) 
? 2 h2 
Pa—o(t) = |eo(t)/? = Wes sin?(w,t).| The largest this gets (when sin? = 1) is [Vao|" [Pe 
2hw, Au? 











and the denominator, 


Aw? = (w — wo)? + |Vaol?/h?, exceeds the numerator, so P < 1 (and 1 only if w = wy). 




















2 

pen Vv, 

lcal? + |p|? = cos?(wyt) + (3 “) sin? (w,t) + oy sin? (w,t) 
Wy 
ia 2 h 2 
= cos?(w,t) + Py) awl sin?(w,t) = cos?(w,t) + sin?(w,t) =1. ¥ 
WU, 
1 Vn 2 gi 2 WW + 
(c) If | |Vas|? « A2(w—wo)?,| then w, % =|w —wol, and Py.» & Waal sin Eg confirming 
2 h (w — wo) 
Eq. 9.28. 





(d) wy, -t=7 => 





t= /w,. 
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Problem 9.8 








3} 2 
Spontaneous emission rate (Eq. 9.56): A = > 7 3: Thermally stimulated emission rate (Eq. 9.47): 
TT EQ MUC 
R=“ sloP ow), with pw) =, (Ba. 9.5) 
= w), wi w) = ss . 9.52). 
3€9h? CEE P n2¢3 (ehw/keT _ 1) = 


So the ratio is 


A w | gl? Beh? oe (eeenee & 1) = ehe/keT = 


2 1. 
RR 3re9fic? — |)? hw 





The ratio is a monotonically increasing function of w, and is 1 when 


ae Ainge pe y= 2 = Bl ine, For T = 300 K, 


hw /kyt =—92 
‘ ket i on 


—23 
pe ED SS ia se 0 ie 
(6.63 x 10-84 J -s) 





For higher frequencies, (including light, at 10‘ Hz), spontaneous emission dominates. 


Problem 9.9 





(a) Simply remove the factor (erre - 1) in the denominator of Eq. 5.113: | po(w) = 











(b) Plug this into Eq. 9.47: 





hw? w | a|? 
723 3reghc3’ 














reproducing Eq. 9.56. 


Problem 9.10 
N(t) =e7/"N(0) (Eqs. 9.58 and 9.59). After one half-life, N(t)=4N(0), so g=e7/7, or 2=e/7, 


so t/r=In2, or |tyj2=7In2. 














Problem 9.11 


8 


2 
In Problem 9.1 we calculated the matrix elements of z; all of them are zero except (100|z|210) = #5 a. As 


for x and y, we noted that |100), |200), and |210) are even (in x, y), whereas |21 + 1) is odd. So the only 
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non-zero matrix elements are (100|2|21+1) and (100|y|21+41). Using the wave functions in Problem 9.1: 























zh 1 1 f 
100|]z|21+1) = = / et pe—7/24 sin 6 e*!? (p sin cos b)r? sin 6 dr dod 
joojitt) = (ea), e : 
1 co wT 2n 
= toa | rerSr/tedy sint odo | (cos 6 + isin ¢) cos ddd 
8ra4 0 0 0 











-B[6(2)] Qos 
(100|yl21+1) = = c 2) ] (3) [eos tising) sin 6 do 
= = c (2) (3) (tin) = ize. 


DID oF (; 


y= ij) , and hence 












































(100[r|200) =0; (100|r/210) = —F-ak; (100jr[21+1) = Fa 
2 2 22" 
go” =0 (for 1200) > |100)), and |g|* = (qa) 310 (for 210) + 100) and |21+1) — |100)). 
fo—-—E 1/E E 
Meanwhile, w= —— me (4 - Fy) = 4, so for the three | = 1 states: 
Aa 2 Ei (ea)y?2 1? Bfe’a? _ 21° ( By 7 
~ 26h3 310) B3reghc? ~— 838 egh4c? ~— 338 \ me?) a 
pie 13.6 * (3.00 x 108 m/s) 3 i a 
~ 38 (mn x in) (neo si0= my Oe 














for the three | = 1 states (all have the same lifetime); [7 = co] for the J = 0 state. 











Problem 9.12 


[L?, z] = [L2, 2] + [E32] a [L2, z] = L,z|Lz, 2] + [Le, z|Le + Ly|Ly, 2] + [Ly, z|Ly We L,[Lz, 2] os [Lz, z|Lz 


[Lx, 2] = [ype — zPy,2] = [ypz,2] — [zpy,2] = ylpz, 2] = —thy, 
But (Ly, 2] = [zpa — epz, 2] = [zp2,2] — [xpz,z| = —a[pz, z| = tha, 
L,,2] = |2py — yps, 2] = [xpy,z] — [ype, 2] = 0. 


So: [L?, z] = Le(—ihy) + (—ihy)L. + Ly (ih) + (thx) Ly = iA(-—Ley — yLy + Lyx + 2Ly). 





But Lyy = Lyy — yl, + yLy = [Le y| + yL, = thz + yLe, 
Le= Leah, + oly= [Lye] + oly = ihe ob,: 
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So: [L?, z] = ih(QrL,y — ihz — 2yL, — thz) => | [L*, z] = 2ih(aLy — yLy — thz). 











[L?, [L?, 2]] = 26h {[L*, xLy] — [L*, yLe] — ih[L”, z]} 
= 2h {[L?,x]Ly + 2[L*, Ly] — [L?,y|Le — y[L?, Ly] — ih(L*z — 2L7)}. 
But [L?,L,] =[L?,L2]=0 (Eq. 4.102), so 


[L?, [L?, 2]] = 2h { (yL, — 2Ly — ihe) Ly — 2ih(2zL, — cL, — ihy) Lz — ih(L?z — 2L7)}, or 


[L?, [L?, z]] = —2h? (200. —22L* — 22h —2iheL, + 2aL,L, + 2ihyL, — L?z+ 21) 
n——S>»_ 
—22(L2+L2+L2)+22L2 


= —2h? (QyL,Ly — 2ihaLy + 2xL,Ly + 2ihyLy + 22L? — 2zL? — L?z + zL”) 





= —2h? (zL? + L?z) — 4h?| (yL, — ihe) Ly + (aL, + ihy) La + cLeL 
=-—_—-———” =-_, 
Ley Lyx 
= 2h? (2L? + L?z) — 4h? (LzyLy + Lely + L,zLz) = 2h’(zL? + L?z). QED 
a” 


L,(r-L)=0 


Problem 9.13 


1 1 ‘ “ i 
|n 00) = Rno(r)Yo(0, ¢) = Jan nt”); so (n’00|r|n00) = Z| Boole) Ruol rei +yj+zk) dx dy dz. 


But the integrand is odd in x,y, or z, so the integral is zero. 


Problem 9.14 

















(a) 
210) 
300) > ¢ |211) } > |100).} (|300) — |200) and |3 0 0) > |1 0 0) violate Al = +1 rule.) 
|21—1) 
(b) 


From Eq. 9.72: (21 0|r|300) = (2102300) k. 








From Eq. 9.69: (21 £ 1|r|300) = (21 4 1|a|300) i + (21 + 1]y|300) j. 











From Eq. 9.70: (214 1|2|300) = i(21 + 1|y|300). 











Thus |(210|r|3.00)|? = |(210|z|300)|? and |(21 + 1|r|3.00)|? = 2|(21 + 1|2|300)|?, 
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so there are really just two matrix elements to calculate. 


Yam = Ra Yi", 300 = R3oYy’. From Table 4.3: 


3. /. ft an V3 ( cos? 0 
0y70 . = gf eig hes 2 Osi Sf 
pay cos # sin 6 dé dd = ie al cos’ @ sin 6 dé : dd re ( 3 ) 
Rie ei hs = 3 1 ann 3 on Fid 
(Y;"")" Yo sin? 6 cos ¢ d0 dé = aVa,/ 3 6 d0 cos pe*'? dd 
mwV 4 Jo 0 


a l 3/4 Qn r a Qn fie ee 1 = 1 
~ Tan V2 (5) Lf ie eee if cos sind] ve" » v6 
From Table 4.7: 






































“° 1 2 Si 2r 2 /7T\2 
Tei Ro R39? dr = ——=—_- __— Pode) Oi Pico ee (“) -r/3a,3 q 
[ ae Bheel2 fae? y a fa OF ae 








LS -upape a eee a ON) (BNO De BN 
= (= 4/6 dy = A! 5! 6! 
9/303” [ ( a oe” ju 7 baa oa haa cy ene teal AY 


A165 2 2 416 9734 
pee (s—56-5+ =6°) = = = V2a. 
































9/2 56 3 27 9/2 58 56 
So: 
1 1 
(21+1]|z|300) = | Raul¥it)"(rsin cos 6) Reo¥$ r? sin 0 dr d0d¢ = K (+=) ; 
1 
(210|z|300) = J Ra¥P(rc06) Reo¥$ r? sin 0 dr d0d¢ = K (=) 

|(21 Ojr|300)|? = |(210|z|300)|? = K?/3; 

\(21 + 1|r|300 )|? = 2|(21 + 12/300 )|? = K?/3. 
Evidently the three transition rates are equal, and hence | 1/3] go by each route. 

(c) For each mode, A= eee el here w= EE ee so the total 
~— 3reghc? ’ RN Oe Aye = BG H 


decay rate is 
5 Ey\? e 1 (2734 : N°, BY \* re 
R=3 a Soha) sre 
( 36 3) Breghic? 3 ( 5p 2a 5) \me & 


Df 186’. “Ne 33108 1 
= 8 p45 i085 eS | Se doe, 
(5) (cai x i) ( x a - x 10"/s. 7 R x s 
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Problem 9.15 
(a) 


U)=> ete "y,. HW= nee H=H)+H'(t); Hotn = Entn. So 


ae ce tEn t/hp Wn +o en een t/ha, = Sin YG e ten nt/Pa) + ih (-) eee e ten nt/Pa) 


The first and last terms cancel, so 


ye Cae En t/h Hab, =ih)~¢ éne *Pnt/hy,. Take the inner product with Wm: 


doce "4! (nL [n) = BY Ene"! hon). 


Assume orthonormality of the unperturbed states, (Ym|Wn) =45mn, anddefine HA! = (m|H"|Wn). 





4 wpe bcos : a _ 
y ene Ent/h A! = ihéme e"/", oor lém = — en Han et(Em—En)t/h 











(b) Zeroth order: cy(t)=1, cCm(t)=0 for m#N. Then in first order: 





’ ot 
éy= > Hw, or |cen(t)=1—- | Hy v(t’) dt’, | whereas form #4 N : 














em ae — 5H, yet nue, or a @=-7[ Hae i(Em—En)t'/h dt’. 











(c) 


ei(Em—En)t'/h e(Eu—En)t/h _ 1 











i es j i 
t) = sa Fy i(Em—En)t /h dt’ = = pT" —H' 
cm (t) hh tw ff e 5 MN Ey Eun =Eniih MN|" Fe EnN 
Ayn iyo Btnose. [| Leon 
= — Nein? 2 x t : 
(Eu a Vsin ny 








Ale sa|? Ey -£E 
Pym = |em|? = nen sin? ( Zs 1). 


(Em — En)? 2h 











(d) 


L 1 : . , en ait 7 ; 
cu(t) = -7Vuws [ (e" os ev iwt ) ei(Em—En)t /h dt! 
0 


ci(hwt+Em—En)t'/h ei(-hwtEm—En)t'/h 


tVun a 
i(hw + Ey —Ey)/h i(—hw + Ey — En)/h 


2h 
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If Ey > En, the second term dominates, and transitions occur only for w = (Ey — En)/h: 








iVun 1 (Ey —En—hw)t/2ho,; « | Em — En — hw 
t) i(Em— En —hw)t/2h 94 gin (MOAN TE) 
cm (t) 2h (i/(Em — En —fw)° Orr Oh i 
|View |? Ey — Ey — hw 
Pn—m = len|? a (Ey — En — fw)? sin? = 


If Eyy < Ey the first term dominates, and transitions occur only for w ¥ (Ey — Ey.) /h: 








iV 1 (Em —En-+hw)t/2ho; 3 ( 2M — En + hw 
t) & EME Te SIE. 2 ——__—t dh 
cm (t) oh G/R(Eu — By + ho) e isin Oh , and hence 
P = |\Virn |? ase Em — En + hw, 
Bip a Dip ee Qh 





Combining the two results, we conclude that transitions occur to states with energy Ey ~ Ey + hw, and 








P [View |? sin? Ey — En zie Pus , 
NM ~ (Ey — En = hw)? Qh 














(e) For light, Via = —oEo (Eq. 9.34). The rest is as before (Section 9.2.3), leading to Eq. 9.47: 











RunomM = 3,2 Pw): with w = +(Ey — En)/h| (+ sign > absorption, — sign > stimulated emission). 








Problem 9.16 


For example (c): 





a 


cn(t) =1- ii 


H! : Em — E 
Ait Cm(t) = ie mo sin (51) (m x N). 











= 1 H |, |? Em — En 

2 / 242 2 mN + 2 m 

1 t m =4 —— a ND ——— t , 8 
len | + 7a | wnlt,  |em| (Bp, — En)? sin ah so 


i EP se|? Em —E 
do lem? =1+ ss lHivwl? +4 Do qos aa sin? ore “t) 
m mAzN 
This is plainly greater than 1! But remember: The c’s are accurate only to first order in H’; to this order the 
|H’|? terms do not belong. Only if terms of first order appeared in the sum would there be a genuine problem 
with normalization. 
For example (d): 





sin(wt’) | 





=| en (t) = 1 —— View sin (wt). 


h h hw 








é t 3 
CN = 1— 5¥vw | cos(wt") dt’ =1- Via 
0 





0 
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Cm(t) = 








Ven — =] e'(Em—En —hw)t/h aay, 


5: | By hoy; (Eee Eye tey ee |e 








V 
lew|? =1+ =e sin?(wt); and in the rotating wave approximation 





Visa |= e Em — En + hw 
nl = ee epee (GMs) (many 





Again, ostensibly )*|cm|? > 1, but the “extra” terms are of second order in H’, and hence do not belong (to 
first order). 





You would do | better to use 1 — Pie lem|?.| Schematically: cm = a1H + a2H*4+---, so |em|? = 











aj H? + 2aja2H?+---, whereas cy =1+6,H+boH?+---, so len|? = 1+ 2b, + (2b2 + b?)H? + 
Thus knowing c,, to first order (i.e., knowing a1) gets you |¢m|? to second order, but knowing cy to first order 
(ie., b;) does not get you |cy|? to second order (you'd also need by). It is precisely this b2 term that would 
cancel the “extra” (second-order) terms in the calculations of )> |¢m|? above. 


Problem 9.17 
(a) 


Equation 9.82 = &m = oe Cn Hane in Pe/®, Here Hin = (Um|Vo(t)|Yn) = SmnVo(t)- 
. a dCm a a W\ ayt 
ém = —7emVolt): am — Volt) dt > Incm = =e Vo(t’) dt’ + constant. 


ts t / y 1 t ‘ 
Cm(t) = Cm(O)e7 #10 MOHD A" Let &(t) = — if Vo(t’) dt; cm(t) = e’®cm(0). Hence 
0 





1 TE 
|em(t)|? = |em(0)|?, and there are no transitions. | ®(T) = -; | Vo(t) dt 











(b) 





Eq. 9.84 > ew) 1— jf Vl Vo(t’) dt =1+i®. 








m(t) = 
Eq. 9.85 => Cm(t @=-5f SmnVo(t et 2m—Ent'/% at! — 0 (m# N). | LE o 





The exact answer is cy(t) = e'?, c(t) = 0, and they are consistent, since e’® = 1+ i®, to first order. 
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Problem 9.18 


2 22 272 
Use result of Problem 9.15(c). Here EF, = sr so Fo—-E, = ah 
ma 


oe 2 
His = | sin (=) Yo sin (=) dx 
a Jo a a 


sin(Zx) sin a) oe 


2ma?- 


l 


2¥o 
a 





2(n/a) —-2(37r/a) 








0 














AVo\ (2ma2\* _ 5 ( 307h 16ma2Vo . (302hT\]" 
Eq. 9.86 => Pie =4 (2) (75) sin ana = “OnaRe ia : 


(Actually, in this case Hj, and H5, are nonzero: 











I Vi Re fe 3 Vi 
Hi, = (vila) = =Vo f sin? (Zar) d= "2, Hy = (ala) = Vo sin? (=) gts 
a Jo a 2 a 0 a 2 


However, this does not affect the answer, for according to Problem 9.4, c(t) picks up an innocuous phase factor, 
while c(t) is not affected at all, in first order (formally, this is because Hj, is multiplied by cp, in Eq. 9.11, and 
in zeroth order c,(t) = 0).] 


Problem 9.19 


Spontaneous absorption would involve taking energy (a photon) from the ground state of the electromagnetic 
field. But you can’t do that, because the gound state already has the lowest allowed energy. 


Problem 9.20 
(a) 


A= 5B S==—7( 8,85 + BS; +B283)3 


h wh 01 0 -i 1 0 
H = =i (Bro, + Byoy + Bzoz) = -—— B. a ) +B, é 0 ) + B, ({ ‘JI 





2 
Sac qh B, B,—iBy\ _ _ yh Bo B,s(cos wt + isin wt) 
~ 2 \B,+iB, —B, ~ 2 \ Bre(cos wt — isin wt) —Bo 
yh Bo Bye? 
2 \Bre~*? -—Bo }° 











h a _ 7h Bo Bree’’*\ (a _ 7h Boa = Byre*”*b se 
Nb} ~~ 2 \ Beet —B, ]\b) ~~ 2 \Bye-**ta —Bobd 


is (Boa + B,e'”*b) 


Q: 
I 


‘ (Qed + woa) ; 
-it (Bob _ B,ge7““*a) = 5 (Qe“*a _ wob) : 


I 
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(c) 


(d) 


(e) 


‘You can decouple the equations by differentiating with respect to t, but it is simpler just to check the quoted 
results. First of all, they clearly satisfy the initial conditions: a(0) = ag and 6(0) = bo. Differentiating a: 


; ; 
C= 4 + {-a0% sin(w't/2) + — [ap (wo — w) + boQ] S con(u't/2)} ee 
w 


= elt oa cos(w’t/2) + i [ao(Wo — w) + boQ] sin(w't/2) 
w 





+ iw’ag sin(w’t/2) + [ao(wo — w) + bo] con(w't/2)} 
Equation 9.90 says this should be equal to 
5 (Me*b + woa) = sett ay cos(w't/2) + I= [bo(w — wo) + ao] sin(w't/2) 
+ wodo cos(w’t/2) + is [ao(wo — w) + boQ] sin(u't/2)}, 

By inspection the cos(w’t/2) terms in the two expressions are equal; it remains to check that 

WwW . 2 W 

aa [ap (wo — w) + bo] + tw’ag = ae) [bo(w — wo) + ao] + i [ao(wo — w) + boQ] , 
which is to say 

agw(wy — w) + bow + ag (w’)? = boA(w — wo) + apQ? + aqwo(wo — w) + bow, 


or 
ao [ww —w? + (w')? — 0? — we + wow] = bo [Qu — woQ + woQ — wO] = 0. 


Substituting Eq. 9.91 for w’, the coefficient of ap on the left becomes 
Qwwy — w* + (Ww —w9)? +0? - 0? -ue =0. V 


The check of b(£) is identical, with a b, wo — —wo, and w > —w. 











b(t) = iS sin(w't/2)e—™#/?, P(t) = b(t) |? — (5) sin? (w't/2). 








P(@) 
1 
1/2 io 
@ @ 


The maximum (Pinax = 1) occurs (obviously) at w = wo. 














P=5 > (ww)? =% Sw=upt, so Aw =wy—w_ =|20. 
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(f) Bo = 10,000 gauss =1T; By = 0.01 gauss = 1x 10-° T. wo = yBo. Comparing Eqs. 4.156 and 


6.85, y=, where gp =5.59. So 
Pp 





Wo pe py (5.59)(1.6 x 107°) 





























ee = 1) =/4.26 x 107 Hz. 

Mees on anm, ) > an (L.OT x 10-7) > oes 
Aw 2B, 

Apa a) oR yg" S06 X10 OX 10) = eh. Ha 
20 nt On Bo 


Problem 9.21 
(a) 
H! =—qE-r=—q(Eo-r)(k-r)sin(wt). Write Ey = Eot, k = < he Then 


Eqw 
Cc 


a 








H! =—q——(a-r)(k-r)sin(wt). Hi, = (b|(i-v)(k+ x) Ia) sin(wt). 

This is the analog to Eq. 9.33: Hj, = —qEo(b|i- rla) coswt. The rest of the analysis is identical to the 
dipole case (except that it is sin(wt) instead of cos(wt), but this amounts to resetting the clock, and clearly 
has no effect on the transition rate). We can skip therefore to Eq. 9.56, except for the factor of 1/3, which 
came from the averaging in Eq. 9.46: 





Ww 22 i 21,99 x 
A= 1 |(b|(A-r)(&-r)|a)|? =| S| (b|(A-v) (kr) Ia). 


Teghc® c? Teghc? 




















(b) Let the oscillator lie along the « direction, so (A-r) =,” and k-r = k,«. For a transition from n to n’, 
we have 


Dre,be Le 2 A 

Ase (fi) |(n"|x?|n)|?. From Example 2.5, (n’|a?|n) = ——(n'|(a?.+a;a_+a_a,+a”)|n), 
Teghc? 2ma 

where w is the frequency of the oscillator, not to be confused with w, the frequency of the electromagnetic 

wave. Now, for ED aee ous emission the final state must be lower in energy, so n’ < n, and hence the 

only surviving term is a2. Using Eq. 2.66: 


h 
(n'|x?|\n) = (n’|,/n(n — 1)|n — 2) = Fp VU 1) bn n—2- 
mo 
Evidently transitions only go from |n) to |n — 2), and hence 


Fins es. td 7 Z 7 
= A = 5 [(n + RO (n-2 + 5) = 20. 


25 | he 
(n'|x?|n) = nt Mn—1)bnn-2; Rnon-2 = > (knftn)?——gn(n — 1). 


meghc® m2w? 


It remains to calculate the average of (kefie)?. It’s easiest to reorient the oscillator along a direction f, 
making angle @ with the z axis, and let the radiation be incident from the z direction (so k, — k, = cos 6). 
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Averaging over the two polarizations (7 and 7): (A2) = 4 G + i = 4 (sin? @cos? ¢ + sin? Osin? ¢) = 


$ sin? 6. Now average overall directions: 


, 1 Fa 1 - 
(ken?) = — | = sin? @ cos? Osin 6 d@ do = saan | (1 — cos? 0) cos? @ sin 6 dO 
0 

















4n J 2 87 
=! cos" | cos? fe ede Oe | va 
=a Fog 5 ||, 4\3 5/15 
1 ge? . R(forbidden) 2 hw 
= ——sj= —1).| C Eq. 9.63: = 1 ‘ 
15 megm2c® ne) epee R(allowed) 5 ay) me? 




















For a nonrelativistic system, hw «< mc?; hence the term “forbidden”. 


(c) If both the initial state and the final state have | = 0, the wave function is independent of angle (YP = 
1/V4r), and the angular part of the integral is: 
a x 4 5 
(al(f-r)(k-x)|b) =- KG -r)(k-r)sin@d0dé = --- (A -&) (Eq. 6.95). 


But A-k = 0, since electromagnetic waves are transverse. So R = 0 in this case, both for allowed and 
for forbidden transitions. 


Problem 9.22 


[This is done in Fermi’s Notes on Quantum Mechanics (Chicago, 1995), Section 24, but I am looking for a more 
accessible treatment] 
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Chapter 10 


The Adiabatic Approximation 


Problem 10.1 
(a) 


2 
Let (mva? — 2Ehat)/2hw = (2,t). ®, =4/—sin (2) e’?, so 
w w 


Mn = V2 (-i5n) sin (x) 4 e [-Evcos (™2)] el? + /2 sin (™2) (:22) ei 


1 2E' ; E' 
= | = ae cot (2) + rd @,. ee = | nf z (mova? _ 2E,at)| = oan Ee 
w w w 














ot 





d®,, Ei 
ihe in| + i cot (a) +i + in| ®,,. 
WwW W W 


A®, = Ze Sn “en = ie |= cos (=:)] eo 4 \[2sin (2) e'? (i) ‘ 


Od _ mx 0®,, - oy (“2) i Mux 


Ox hw’ On Faw 








@n. 


W W 





07®,, NMT\2 oo (nt imb ni nit “mux 2 
=> = |- (=) csc (=) + —|®,+ = cot (2) +1 ®,. 
Ox? w w hw w w hw 


So the Schrédinger equation (ihO®,,/Ot = H®,,) is satisfied = 


cai 0 NTLV nT Eta iv 
ih + cot ( x) +i +i-—@¢ 
2w w? w hw w 








h? NT\2 o/nt amu nt nt “mux 72 
=-— -(“) csc ( x) t +| cot ( x) +i 
2m w w hw w w hw 
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NTXLV ct h? NT .MNVe op ATUL 
Cotangent terms: in( ) = ( i ) = 
<= w? 2n\ w hw 


Remaining trig terms on right: 
nT\2 o/nt nT\2 5 (nt nr \2 [1 — cos? (nra/w) nt \ 2 
eg ag ae eae ae Sela 
w w w w w sin® (naz /w) w 
This leaves: 


.| u Eta eg uv (mva? —2Et at 2 A (“) 2 imv m?v?a? 
a t a = { 
Qw | hw w 2hw 2m w hw hew? 























gz Eta = mv? a vEhat 7 hn?x? o mv? 
h hw hwo mw | hw 
Eta E’a 2 hn? x? nen h? a? hin? 1? 
hw ent) hw 2mw 2ma2 hw 2nw mare 


So ®,, does satisfy the Schrodinger equation, and since ®,(x,t) = (---) sin (nza/w), it fits the boundary 
conditions: ,(0,t) = ®,(w,t) = 0. 


(b) 


2 nT st ed 
E ti 10.4 = > W(2,0) = 5 nPn(z,0) = » = : ( ) imvux /2ha 
quation (a ) C (a ) = Cc ve a os vye 


: 2, n't —imva? /2ha * 
Multiply by ,/— sin | —z ] e and integrate: 
a a 


2 a / . 9 Tv / 
V2f (a, 0) sin (“*2) en imu? /2ha day — S> Cn | - | sin (2) sin (“2) ae 0 3 
alo a a Jo a a 


—_—_ ee 





nm! 
2: 6p 8 
So, in general: cy, = - | eimve?/2ha gin (2) W(x,0)dx. In this particular case, 
a Jo a 
=f —imva? /2ha (=) ; (- )a ber = d aia mux? = mvz* a? MVA 94 
Cn = — e sin( —)sin(—2)dxr. Let -r=2z; dx= —dz; = = 22. 
Ne Ja a a a T 2ha Qha m2 2n?h 
Qf 2.23 
Cn = =| e ‘°* sin(nz) sin(z) dz. QED 
mT Jo 
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E a 
w(Te) = 2a >a+vT, = 2a>v0T.=a>|Tea/v;| eV? > w= 5 ohe= > =e" or 
Ww 1 











4ma? 4 mav 
Th wR 








T, = 2ma? = . |= Adiabatic > T, > T, > 2 > 
Tv VU 























9 Tv 
80 () =8na <1, so a<l. Thence, = -/ sin(nz) sin(z)dz =] d5ni.| Therefore 
0 





W(x, t) = \/ cae (=) eilmva*—2Ej at) /2hw 
Ww w 


which (apart from a phase factor) is the ground state of the instantaneous well, of width w, as required 


by the adiabatic theorem. (Actually, the first term in the exponent, which is at most aa = oR <1 


and could be dropped, in the adiabatic regime.) 


fae yf — <1 7h ic 1 
6(t) = z i: dae 

h\ 2m 9 (a+ vt’)? 2m v \at+ut! 

_ wh (1 1\ _ wh (vt e 1 hit 

~ mu\a wl 2v\aw)  —  2maw 

; mvx? : . 2: ie ~iE‘at/hw : 

So (dropping the oF term, as explained in (c)) W(a2,t) = 4/—sin (=) e '"1 can be written 
w w w 


Ejat Fhe at 2 ht 2 
(since ae BE =6): | W(a,t) = 4/—sin (=) e'. 
w w 


hw 2ma?2 hw 2mnaw 














(d) 


t 











0 























This is exactly what one would naively expect: For a fixed well (of width a) we’d have U(z,t) = 
Wi (x)e**1"/"; for the (adiabatically) expanding well, simply replace a by the (time-dependent) width 
w, and integrate to get the accumulated phase factor, noting that FE, is now a function of t. 


Problem 10.2 


To show: inc = Hy, where x is given by Eq. 10.31 and H is given by Eq. 10.25. 


Ox _ 
at 


3 [-sin (38) — H"15*2 cos (48)] cos (g) e-H/2 — # [eos (34) — HHA» sin (38)] cos (g) eH? 














3 [-sin (3) — #25 cos (3¢) | sin (g) e'"/? + [eos (4t) — HSH? sin (3¢)] sin (g) el"? 
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Ax = 





COs [cos( 4) = ja) sin(4)| cos $e~@#/2 4 et sin a [cos( 4¢) 4 ilo tu) sin(4)| sin $e™t/? 
1 


2 ; . : 
e' cos a [cos( 44) _ jer) sin(4*)| cos te~™#/? _ cos a [cos(4¢) - Hor tw) sin(4)| sin $ 








eiwt/2 


(1) Upper elements: 


e(jf-m (3) A252) oF ( 9) (So 
2h loos ($) sin (J) ] cos aco cos (2) ete) sn () eins ain} 


a 
wh = 2sin —cos— 
ere *& sin 5 co! 5 











The sine terms: 





. [At : tw(wy—w)  wi(w, — w) twi(wi tw), . 2a] 2 
sin($) | ir X + X copa 2. sin 3 =0. 


i At 
5 sin (=) [-o* Ww? + Qu, cos a — ww +i” + (w? — ww) cosa + (w? + ww1)(1 — cos a)| 


} At 
= —5sin (F) [Hof + 2wwy cosa — ww + wReost — ww cosat wi + wu — ukeost — ww cosa] ae 


The cosine terms: 


t t 
cos (=) [wr — 0) +.46f— w1 cos a — wy, 2 sin? =| = —w} cos (=) [-1+ cosa+(1—cosa)]|=0. Vv 


(2) Lower elements: 


ago (3) seep an (2) tT fo (3) Sn (2) 
UE Hg) ag Rares | a(n OV at. 


The sine terms: 


uf Ae .. , Wwitw) , wi(wi —w) 2(% tuj(urtw) |e 
sin($) | iA 4 X + x 2 cos (S$) - SS cosa =0. 











| At 
5 sin (=) |" - we + Qww cosa + ww, + + (w? — ww1)(1 + cosa) — (w? + ww) cos a 


L At 
= x sin (F) [v9 + 2uwy cosa + wir + yl — wwor + wReost — ww} cos a — wReost — ww cosa] =0. v 


The cosine terms: 


t t 
Cos (=) [wr +i) — pS — wy 2 cos? 5 + wy cosa] = cos (=) [wy —wi(1+ cosa) +u,cosa]=0. Vv 
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As for Eq. 10.33: 


At (w,—weosa) ,. (At getie [C08 F A come _ {Art igStfe sin 5 
cos ( 5 ) a X sin 5 e cit sin a +1 - sina sin > e aptalt ace a 
= @) , with 
= At iw, . [At a 4 iw a ae _ al. (At —twt /2 
a= 4 [cos | > 7 sin | =] | cos g + Z| cosacoss t+ sinasin 5 | sin | > e€ 
ee 


cos(a— $)=cos $ 


At i(wy — At 
= cos ( ) er 2) sin ( 5 )| cos =e tut? (confirming the top entry). 














B= 4 |cos ae _ sin a sin = + ie cos asin = — sinacos — | sin a eirt/2 
7 2 X 2 a ee ay 5 
=-’eerr?}.??}}=e—orw sl: "_'[™ut 


sin( $—a)=— sin $ 


t L t 
= cos (3 ) Note) sin (3 )| sin ae (confirming the bottom entry). 








(wi —weosa)? , [At Hs 8 es nee Mt 
)+ 2 sin 5 + 53 sin* asin > 


1 At 
) +53 (ui — 2ww cos a + w” cos? a + w? sin? a) sin? (=) 
a 


ww? —2ww1 cos a=\2 


At 
= cos? (=) + sin? (=) =I, fy 





Problem 10.3 
(a) 


2 
n(x) = 4/ — sin (2) . In this case R= w. 
w w 


Sit <3 (hat) (CEs) + VE (Bis) om (BE). 
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(Le 


2nt . (nr nt 
=--y sin? (2) ) de ir asin ( —2z) cos | —2) dx 
W 0 W W 


$$$ 


3 sin( 2272) 
1 sw nr [" | (2Qnr 
= ($)-3 x sin | ——ax } dx 
w2 \2 w> Jo w 














1 nt ( 0) ji . 2nt Wx 2n1t 7 
= —— — — |{——] sin | ——z ] — — cos ( —vz 
ow ow 2Qnt w 2n7 w 0 
1 nt w? 1 1 
2w ww | 2n7t cael nn] 2w = 2w 











So Eq. 10.42 =}|7n(t) =0.] (If the eigenfunctions are real, the geometric phase vanishes.) 





(b) 





1 2 4? 22h f 1 de 
Equation 10.39 => On(#) = > | Ser tt =- | GS dw: 
0 


9 nn? h ee 1 d nenth (1\\"? n?n?h (1 1 
nn WwW = — a ee 
2mv Jy, w? amv \w/ lu, 2mv \we wy, 


























(c) | Zero. 











Problem 10.4 


y= eo Here R=a, so 


Op _ vm (1 1). majel/n? , Vimo (_mizl\ | matel/n? 
OR fh \2Va hi 2 


2 
(je — V¥ma 1 m — Cle | en 2ma|x|/h? —_ ae. _ m “2| en 2ma|e|/h?- 
OR A 2hV a Qh? hA 


Ow m [°° _» 2 mea [fe _ 2 m h? Ima h2 \? 
pene, Nt Ss ial Se mas /h bE ates 2mau/h d ee eR il SE 
(w a) sa [ . a ht i = . h? \2ma ht \2ma 


i a 
=———=0. Sokgq. 10.42 =+|7(t) =0. 


























ma? ‘igs ma? m [ dt! m ye m 
pes. 6(t) = —~ as f= ada = ence 
SS [ ( a) on J. Og ona =| gpa, (03 — 9) 
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Problem 10.5 
According to Eq. 10.44 the geometric phase is 


Ry 


4 


Now (Wn\Yn)=1, so 


and hence (W,|Vrvn) is pure imaginary. If wy is real, then, (W/V etn) must in fact be zero. 
Suppose we introduce a phase factor to make the (originally real) wave function complex: 


wi, =er(Ry where wp is real. Then Vaw!, = e'?"V ain +i(Verdnje?™n. So 
(Wh |Vavt,) = etre’? (dn|V adn) + ie" (Vadnee" (dnldn). But (Ynldn) =1, and 


(Wn|Vrvn) =0 (as we just found), so (a), |Vrwi,) =iVron, and Eq. 10.44 => 


Ry 
es i iVn(én)- dR = —[¢n(Ry) — dn(R,)], 80 Eq. 10.38 gives: 
Ri 
W! (x,t) = wi (ax, the lo E,(t')dt’ .—ildn(Ryz)—bn(Ri)] 


The wave function picks up a (trivial) phase factor, whose only function is precisely to kill the phase factor we 
put in “by hand”: 
WV! (x,t) = [Yn(a, the #2 E,(t')dt'| (i¢n(Ri) W(x, theton (Ba), 


In particular, for a closed loop ¢,(Ry) = ¢n(Ri), so y;,(L) = 0. 


Problem 10.6 


H-<B-S. Here B= Bo [sin @ cos 6: + sin @sin bj + cos 6k ; take spin matrices from Problem 4.31. 
m 


eB 010 0-i 0 V/20 O 
H = —°— |sinécos$ [101] +sin@sind| i 0 —i|] +cosd{ 0 0 0 
m v2 010 0% 0 Ge 0472 


V2cos0 e7*? sind 0 
Boh . : 
see" e’? sin 0 0 e~*? sin 8 
se 0 e’? sind —V2cos0 





S 


eB 
We need the “spin up” eigenvector: Hy = eet 
m 


V/2cos6 e~*? sind 0 a a (i) V2cosda+e-*? sin db = V2a. 
e’? sin@ 0 e*? sin 6 b) =v2{b| = ¢ (ii) esindéa+e—*sindc = V2b. 
0 e'? sin@ —/2cos 0 c c (iii) e? sindb— /2cosOc = V2c. 
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(i) > b= V2e” (=) a= V2e'? tan (0/2)a; (iii) > b= V2e-” (=) c = V2e~"® cot (0/2) c. 


in 8 in@ 


Thus c=e”?tan?(0/2)a; (ii) is redundant. Normalize: — |a|? + 2tan?(6/2)|a|? + tan*(0/2)|a|? =1 > 


: | = 1= |a|? = cos* (6/2). 


Jal? [1 + tan?(0/2)]* = Jal? sara 


Pick a=e-**cos*(6/2); then b= V2sin(0/2)cos(0/2) and c=e'®sin?(6/2), and 





e~*? cos? (0/2) 
x4 = | V2sin (0/2) cos (0/2) | .| This is the spin-1 analog to Eq. 10.57. 
e'? sin? (0/2) 











2 OXR LON 1 Ox+ 3 
Vie = Or ne 00 tea Ob g 








1 —e~*? cos (8/2) sin (0/2) : —ie™*? cos? (0/2)\ 
= — | V2 [cos? (0/2) — sin? (0/2)] /2 | 6+ — 0 @. 
f e'% sin (8/2) cos (8/2) rsing \ cid sin? (6/2) 


I 


. {— cos? (8/2) [cos (0/2) sin (0/2)] + sin (0/2) cos (0/2) [cos” (8/2) — sin? (0/2)] 
+ sin? (6/2) [sin (6/2) cos (9/2)|} 0 


(x+1V x4) 











= {cos* (6/2) [—i cos? (8/2)] + sin? (0/2) [isin? (6/2)]} 
_ — ; [sin* (9/2) — cos* (6/2)] ¢ 
~ “ind [sin? (4/2) + cos? (8/2)] [sin? (8/2) — cos? (8/2)| 
= —*4(1)(~cos0) 6 = — cot 04. 








Equation 10.51 => 7,(T) =i f Gran = =. 
Tr 











Problem 10.7 
(a) Giving H a test function f to act upon: 


= (Fv a iA) ? (vr = Al) aoe 


~ Im 


1 h h 
=p l-rvwn-2 van -Bawn+ea-al] toes 
m (Se i 
(V-A)ftA(Vf) 
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But V-A =0 and y = 0 (see comments after Eq. 10.66), so 


1 1 
Hyf= 5 [-hV?f+2iqghA-Vf+@A'f], or H= A [—h?V? + @? A? + 2ighA-V]. QED 


(b) Apply (2V-—qA)- to both sides of Eq. 10.78: 


a 


nh nh nh, fi? 
(Fv — iA) v= (Gv - iA) . (Feovw') = —hV-(e9 VV’) — TA. VW’. 
a a u u 
But V-(e%VW') = ie (Vg) (VW) +e4%V-(VW') and Vg= 7A. so the right side is 


—in? 698 VW — eI V7 + iqheIA- VW = —fe'9V7U'. QED 


Problem 10.8 


(a) Schrédinger equation: 


2m dx? dx2 sat+e<auK<a. 


2 42 2 1 
go EE “arp or ay | kw (k = V2mE/h) — 


Boundary conditions: (0) = ~($a+ €) = (a) =0. 
Solution: 
(1)O0<a<sate: v(x)=Asinkx + Beoskx. But y(0)=0>5B=0, and 


k(sate)=nm (n=1,2,3,...) > Ey =n?n?h?/2m(a/2 +6)”, 
orelse A=O. 


geno =0- | 


(2) Sate<a<a: W(x) =Fsink(a—x)+Gceosk(a—2z). But v(a)=05G=0, and 


nine ages He —e\=n'n (n' =1,2,3,...) > Ent = (n’)? 07h? /2m(a/2 — ©)’, 
2 7 or else F =0. 
242 
either Ey = ao (n=1), with F=0, 
The ground state energy is ae 
orelse Ey = (n’'=1), with A=0. 


2m(sa— €)? 


Both are allowed energies, but FE, is (slightly) lower (assuming € is positive), so the ground state is 





2 4 TL A , 
(a) = yer sin (7), OSes hate 


0, sate<auK<a. 











©2005 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. This material is protected under all copyright laws as they 
currently exist. No portion of this material may be reproduced, in any form or by any means, without permission in writing from the 
publisher. 


CHAPTER 10. THE ADIABATIC APPROXIMATION 








263 
w(x) 
(b) 
hi? dy 1 Asin kx O0<a< tate 2nE 
= Se =—-70— = => ‘ ~~ 2 = 
dm daz rf (H)d(e 5a \yp=Ev => Y(a) ae. nee, where k= 7 


Continuity in w at «= $a +e: 


sink ($a + €) 
sink ($a _ 2) , 


Asink (5 a+e)= Fsink (a—ja—€) = Fsink (3 a—e) >F 


Discontinuity in w’ at z = $a + € (Eq. 2.125): 








2m 2 
—Fkcos k(a—x)—Ak cos kr = mE A sin ke => Fcoosk($a—€)+Acosk(sa+e) =— ( rt) Asink (5a+e). 


sink (4 
get 2 a—e) + Acosk (3 a+g=-(= ) Asink até). 
sin k (4a —) . 


sink (a+) cosk (4a—€) +cosk(Za+e) sink (3 a-0)=-(%) sink (§ a+e)sink(sa—e). 

















2T\ 1 
sink (Ja+e+ po = (22) 5 [eos (3 a+e— sate) —cosk(Sa+e+5a—€6)]. 
. T : 
sinka = ——(cos2ke—coska) = |zsinz = T[cosz— cos(zd)]. 
z 
(c) 
. T Zz cosz—1 Zz 
sin z = —(cos z — 1) => Tone 7 tanlz/2) > tan(z/2) = —F. 











Plot tan(z/2) and —z/T on the same graph, and look for intersections: 
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As t 


: 0 — co, T : 0 — ow, and the straight line rotates counterclockwise from 6 o’clock to 3 o’clock, 


h2 2 
so the smallest z goes from 7 to 27, and the ground state energy goes from ka = 7 => E(0) = . 


2ma? 
h2 2 
(appropriate to a well of width a) to ka = 27 > E(co) = Salas? (appropriate for a well of width a/2. 
mia 





ee ‘(ae 0 1 5 20 100 1000 
(d) Mathematica yields the following table: "+47 7759 13.67303 | 4.76031 | 5.72036 | 6.13523 | 6.21452 
































I, 1 


ee h 
ted ian 


a/2+e 


a/2+e 1 
I= [ A’ sin? ka da = A? 5 — qein(2ka)| : 


= ats ($e) ~ zsin [ae ($+e)]$ = 7 i+ Esin (ia + ka) | 


= “4? ji +5 zsin(s +28) “ 
4 z 





ee F’ sin? k(a—a)dx. Let u=a—2, du=-—dz. 
a/2+e 


0 a/2—€ 1 
--F | sin? kudu =F? [ sin? kudu = “F? [1 — 5 ~ = sin(z ~ 28) ; 
a/2—e 0 4 z 





























I, _ A?(1+6—(1/z)sin(z + 26)] Cs A? sin? k(a/2 — €) _ sin?[z(1 — 6)/2] 
I, F2/1—6— (1/z)sin(z — z0)]’ mae (b)) F? sin? k(a/2+¢) — sin?[z(1+ 6)/2] 
I Ls 2 7 = 1 
i a where |[, = f +6—- 5 sin (1 ce | sin*[z(1 4 6)/2].) | P. = 1+ (JL) 

















Using 6 = 0.01 and the z’s from (d), Mathematica gives 


de 0 1 5 20 100 1000 
P, | 0.490001 | 0.486822 | 0.471116 | 0.401313 | 0.146529 | 0.00248443 


As t:0— co (so T': 0 > oo), the probability of being in the right half drops from almost 1/2 to zero—the 
particle gets sucked out of the slightly smaller side, as it heads for the ground state in (a). 


JV 
Maal 


T=20 T=100 T=1000 
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Problem 10.9 


(a) Check the answer given: 2t. = w fo f( f(t’) sin [w(t — t’)] dt’ => z7,.(0)=0. V 


te = wf (t) sin [w(t — t)] + wf f(t’) cos [w(t — t’)] dt! = 2 | f(t’) cos [w(t — t’)] dt! > (0) =0. Vv 


ie = uF / (0) cos[i(t—]—u* J fle) sin folt—e)] at! =u? f(0) — wee 


Now the classical equation of motion is m(d?a/dt?) = —mw?x + mw?f. For the proposed solution, 
m/(d?x,/dt?) = mw? f —mw?2x,., so it does satisfy the equation of motion, with the appropriate boundary 
conditions. 


(b) Let z=a-—2, (so n(a@—2-) =Un(z), and z depends on t¢ as well as 2). 
Ov din 

















. 2 
OE Pe RAO yi OS tke e582. 
ey Ag (—a&-)e' + Une | (n+ 5) hw + mi -(x 5) ste t+ > fa. 
1 mu ae 
[]}=-(n4 5) fw a5 acts Le) +2? =| 
ow st my dW, it} : 1 mu 2 oe 
BE teas © + iv (n+ 5)hw + oh Qu(f eo) + Ze — 9 : 
Pech 4 i{} ” . _ e! 2— e° 
Ox dz me Aimee); a? = dz jl) “nel 
2 92 
= ana +3 2° U — mw? fad 
Pun ; ot ims hn? (ma&.\? 1 
Zs n i{} n ett} c iC v4 25 2 WU. 
Im dz © ma dz A 2m ( h ) oe = Le 
hub, 1 
But “Si “ + a w 27, = = (n += 5 yr so 





_ 1 * risa? inp 0) Le ee 2 
HY = (WP Fhot — Sma? 29 ih dz © oa eee 
2 OW . 1 

a oy = : [oF oh “(2arf — 20, + 2 ate) 


1 1 : : 1 
— mw? 2 +oe+ ie — me fe = (2-5 Qea.+ 2? é) 











2a? 2 ore, + 2? 2 (2? —Qere+27)=(2-—a2)°. ¥ 
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h? 0? 1 1 
Eq. 10.90 = H =— + =mw aakae —2af+f *) — gm f?. Shift origin; u=a2-f. 
2m Ox? * 2 
no 1 1 
Fee? | ee Ba [hiss || yet See 
moe 2 | Fa f 


The first term is a simple harmonic oscillator in the variable u; the second is a constant (with respect 
to position). So the eigenfunctions are wW,(u), and the eigenvalues are harmonic oscillator ones, (n+ 
$)hw, less the constant: Ep, = (n+ $)hw — $mw? f?. 


(d 


a 


i =p! id _7 -f yn a yl ’ 
Note that sin [w(t !)) = — = cos [w(t idle Sor: wethiS : F(t) Fy €0s [w(t t')| dt’, or 


x(t) = f(t’) cos [w(t — t’)] F-f (Z) cos [w(t — t’)| dt’ = f(t) -f () cos [w(t — t’)] dt’ 





d, 

(since f(0) = 0). Now, for an adiabatic process we want df /dt very small; specifically: a < wf (t) 
(0 < t/ <t). Then the integral is negligible compared to f(t), and we have |,(t)  f(t).) (Physically, 
this says that if you pull on the spring very gently, no fancy oscillations will occur; the mass just moves 
along as though attached to a string of fixed length.) 




















(e) Put af into Eq. 10.92, using Eq. 10.93: 
(2,2) =vnl(a,de i[- (nth )hut-+m f (wf /2)+™e* Jt P(e yae'| 


The dynamic phase (Eq. 10.39) is 
Lf 
i= -;f E,,(t') dt’ = —(n+ 5 ust + mf Pt) dt’, so U(a,t) = dn(z, then et, 
0 
confirming Eq. 10.94, with the geometric phase given (ostensibly) by yn(t) = m f(x — f/2). But the 
eigenfunctions here are real, and hence(Problem 10.5) the geometric phase should be zero. The point is that 


(in the adiabatic approximation) f is extremely small (see above), and hence in this limit m f(x—f/2) %0 
(at least, in the only region of « where w(x, t) is nonzero). 


Problem 10.10 
(a) 


: eo Obn. ; 2 
bm = = J Fine™ (mls) F) = (| FB) Clot) 
j 





t 
EGO | (in| eee Om —Oma 
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(b) From Problem 10.9: 


Un(x,t) = Un(a — f)=aUn(u), where u=a-f, 











and w,(u) is the nth state of the ordinary harmonic oscillator; AES a sf a 
ho On, Fs 
But p= iow’ so (bm| = uy E) = —= f(mlp|n), where (from Problem 3.33): 
. imhw 
(m|p|n) = i a (VmM5njm—1 — VN6mn—1) + Thus: 
On 


(bml Be at eee ap (vm n,m—1 — V6 mn— 1). 





Evidently transitions occur only to the immediately adjacent states, n+1, and 


(1) m=n+1: 


t 
Cn4+1 = -{ (i sh ea a i) eh In et(On—On+1) Gy! 
0 2h 
But Yn = 0, because the eigenfunctions are real (Problem 10.5), and (Eq. 10.39) 


1 1 1 1 
On = —F(n + 5 )Rwt => On — Ong = [nt 5) +(n 4145) wt = wt. 


t 
Bor! Nera =-/ Fever [ fell at’. 
0 


(2) m=n-1: 


t 
mia | (-f vi) ¢ im gi(On—On—1) gpl 
0 
1 1 mw . —iwt! yy 
On — On-1 = |-(n+ =) + (n-1+=)} wt=—wt. |en_1=,/—wvn |] fe dt’. 
2 2 On Ye 
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Chapter 11 


Scattering 


Problem 11.1 
(a) 











> 
: sea _ 1 . 242 — 1492 1 
Conservation of energy: E= gli +r°o°)+ V(r), where V(r) = See 
Ter 
. . a 
Conservation of angular momentum: J=mr7¢. So @= a5 
mr 
2 J? 2 ; 
r = —(E-—V). We want rasa function of ¢ (not t). Also, let u=1/r. Then 
m 


m?2r2 


r= 





m 


dr drdudé ( 1\duJ 5 Jdu fee, Fs 2 
7 eae =( =) on ee ( i) ge 


du\* 2m 2 du 2m du du 
(=) = 5a (EB V)-w’*; ay ye V)-—wu; dd= , Where 


an(e—Vy—w Vu) 
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2 
I(u) = a (E —V)-—u?. Now, the particle q starts out at r = 00 (u=0), ¢=0, and the point 
’ Umax du ; 
of closest approach is rmin (Umax),@: 8 = Jr It now swings through an equal angle ® 
0 
Umax du 
on the way out,so ®4+0+60=7, or 0=n7-20. O=7-2 ; 
0 I(u) 


So far this is general; now we put in the specific potential: 


— 2m 2M NG 


I(u) = yar 2 dae, u—wu? =(ug—u)(u—u1), where uw and uz are the two roots. 








(Since du/déd = /1I(u), Umax is one of the roots; setting uz > U1, Umax = U2.) 


U2 


6=7-2 


a ate a) 


U2 — U1 





2 sin-*(—1) ~sin™ | 


© |-5 — sina! (22e a =) = —2sin7! a = =) 
2 U2 — Uy U2 — U1 


Now J = mvb, E = $mv”, where v is the incoming velocity, so J? = m?b?(2E/m) = 2mb’E, and hence 
2m/ J? =1/8E. So 


0 


lI 
5 
| 





lI 
3 
| 








Ls. ael gig 2 192 2,A 1 
I =a-sals —u*. Let A= 3 —I = —=U-—-s. 
(u) b? bP (+ ne) ae et Arey E’ a ey pe Be 




















A i A Az 4 A 2b\? 
y 2 a = ale | = | 
To get the roots: u tag ty US 5 miVyatp ope la 4/1+ (3) 
Thus Hl area tnegs( 22 BN aici ls PB oa 
Be Mop |e, ME Sop Ag. i = 


2 
1+ (2b/A)? 1+ (2b/A)? sin’ (0/2) 





_— 142 
8TegE 








b 
=cot(6/2), or 


2 
sin?(0/2) — sin?(@/2)’ A cot (0/2). 


(2) _ 1=sin?(0/2) _ cos?(0/2)_ 
a) = 
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(b) 


b 


Hee 2 


fe 2 oe (-75) 
do| dO 8negE \ 2sin2(6/2) ) 








sin 0 








z 1 M42 cos(@/2) qige 1 = | 142 
2sin(6/2) cos(0/2) 87e9E sin(0/2) 87eoH 2sin?(0/2) 1679 E sin? (0/2) 











(c) 





2 ames 
’ Na sin 0 
= | D(0)sin@ dd dd = 2 — = dé. 
oO / ( ) sin Q 7 (24,) [ sin*(0/2) 
This integral does not converge, for near 6 = 0 (and again near 7) we have sin@ = 6, sin(0/2) = 6/2, so 
the integral goes like 16 fj 0-3 do = — 86-? |" — 00. 


Problem 11.2 





ikr 
: : . AY ika € 
Two dimensions: |¥w(r,0) A le + oF . 


One dimension: ways A [es hs f(a/|2|)e~**] 























Problem 11.3 


Multiply Eq. 11.32 by Py(cos@)sin@d@ and integrate from 0 to a, exploiting the orthogonality of the Leg- 
endre polynomials (Eq. 4.34)—which, with the change of variables x = cos @, says 


™ 2 
P 0) Py 0) sin 8 dO = | —— ] oy. 
[ (cos 8) Py (cos @) sin (sa) ll 
The delta function collapses the sum, and we get 
i [ivr (a) + ikay hi) (ka)] =0, 
and hence (dropping the primes) 
ju(ka) 


= —.. OED 
ikh (ka) 
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Problem 11.4 
Keeping only the / = 0 terms, Eq. 11.29 says that in the exterior region: 





. ikr in(k ikr 
pea [io(zr) + ikagh\” (kr) Po(cos 6) = A sin(Es) + ikag ic =A sm) + ag— (r >a). 
kr kr kr r 


In the internal region Eq. 11.18 (with n; eliminated because it blows up at the origin) yields 


sin(kr) 
kr 


W(r) & bjo(kr) = b (r <a). 


The boundary conditions hold independently for each J, as you can check by keeping the summation over | and 
exploiting the orthogonality of the Legendre polynomials: 
sinka ee sin ka 
a = : 
ka ae ka 











(1) ~ continuous atr=a: A | 


(2) w’ discontinuous at r = a: Integrating the radial equation across the delta function gives 














wf du h? U(1+1) he? 2ma 

aS Sipe dr => ——— Ad! = Au = 

pal as ar f dtr a) + a ae |. r= —> Au +au(a)=0, or u 72 u(a) 
‘ ; ‘ . ,  2ma ,  2ma B 

Now u=rR, sow =R+4+rR; Au =AR+aAR =aAR = F2 aR(a), or Ay’ = 52 w(a) = —v(a). 
a 


A 8 dhe A... a b b 3 sin(ka) 
Ga [kcos(ka) + agik?e**] — 7,3 [sin( ka) -+-agke™"] — ka cos(ka) + yatta = ke 


The indicated terms cancel (by (1)), leaving A [cos(ka) + iagke’**] = b cos( a) + sin( ka ‘ 
a 
Using (1) to eliminate b: A [cos(ka) + iagke**] = cota + = [sin(ka) + agke’**] A. 


ka 


costkay + iagke’** = costkay + sin(ka) + agk cot(ka)e’** + po eika, 
a a 























‘ x k 1 
iagke’** |1 + icot(ka) + rae = we. ence But ka <1, so sin(ka) © ka, and cot(ka) = oor we: 
ka ka sin(ka) ka 
tagk(1 + tka) E + ka + a) =P; taok E + kat + B)+ika-1- 6| = tagk Ee + a) = p. 
ap ap ap \* 
BOS ag Equation 11.25 => f(@) a9 = ae Equation 11.14 + D=|f|? = (25) ‘ 



































2 
Equation 11.27 > ¢=41D= tn ( a8 ) 
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Problem 11.5 


(a) In the region to the left 
w(x) = Ae*? + Bo (x < —a). 


In the region —a < x < 0, the Schrédinger equation gives 


h? d2w 
a ees a — E 
2m dx? Vow toe 


where k’ = \/2m(E+Vo)/h. The general solution is 
w = Csin(k'x) + Dcos(k'z) 


dup 
Oe a ee 
dx? ¥ 


But ~(0) = 0 implies D = 0, so 
w(xz) =Csin(k’x) (-a<a<0). 
The continuity of w(x) and w’(a) at « = —a says 
Ae~*¥¢ 4 Be'** — —Csin(k'a), ikAe~*** — ikB*** = k'C cos(k’a). 
Divide and solve for B: / / 
ikAe~*** — ikBe'*a 
Ae—tka + Betka 
ikAe~*** — ikBe*** = —Ae~***k! cot(k’a) — Be'**k’ cot(k’a), 
Be'** |-ik + k' cot(k’a)] = Ae~*** [-ik — k' cot(k’a)]. 


k — ik’ cot(k’a) 
k + ik’ cot(k’a) |” 


= —k' cot(k’a), 





B= Ae~2ika | 











(b) 





— 4h! / 1! ! 
BP? = |AP E ik’ cot(k “} ao cot(k’a) 


=|Al?, 
k + tk! cot(k’a) k, — ik! — aie 


(c) From part (a) the wave function for x < —a is 


gpl / : 
W(2) a5 Ae**® + Ae~2ke 7 tk cot(k “} e ike | 


k + tk! cot(k’a) 
But by definition of the phase shift (Eq. 11.40) 
~(a) -A jer _ eats) ; 
so 7 ; 
en 2ika k — tk’ cot(k’a) ws 288 
k + tk! cot(k’a) 
This is exact. For a very deep well, E<Vo, k= V2mE/Rh «K \/2m(E+Vo)/h = k’, so 





_~2ika | ~tk’ cot(k’a) 215 —2ika 215 
=a 3 = 3 = aha. 
. | ik! cot(k’a) Py pts eo : 
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Problem 11.6 























Al. i(k , 1 (k: 
From Eq. 11.46, a = ec! sind, and Eq. 11.33, a = oe it follows that! sin 6; = poe) 
k kh,’ (ka) hy” (ka) 
But (Eq. 11.19) At? (x) = f(a) 4 ini(x), so 
1 L—iln/; J 
ici peg ee) = 
ju(a) + im(x) 1 +i(n/j) 1+ (n/j)?_— 1+ (n/3) 
(writing (n/j) as shorthand for nj(ka)/j:(ka)). Equating the real and imaginary parts: 
ny eC a 
cos 6; sin 6; = T+ (n/7y2? sin’ 6; = Tata 
Dividing the second by the first, I conclude that 
i = a 
tand,; = ——~, or |6,;=tan | ‘ 
‘ (n/i) nu(ka) 
Problem 11.7 
r>a: u(r) = Asin(kr + 6); 
r<a: u(r) = Bsinkr+ Dcoskr= Bsinkr, because u(0)=0= > D=0. 
44 k x4 k 
Continuity at r= a = > Bsin(ka) = Asin(ka+ 6) = B= Se So u(r) = — sin kr. 


From Problem 11.4, 
du 
A( — 
(z) 


cos(ka + 6) — 


i Pu(a) => Akcos(ka+6)—A 


r=a 


sin(ka + 0) 


ainCka) k cos(ka) = * asin(ka +0). 





sin(ka + 0) 


sin(ka) cos(ka) = 2 sin(ka + 6), 


sin(ka) cos(ka + 6) — sin(ka + 6) cos(ka) = 2 sin(ka + 6) sin(ka), 


sin(ka — ka — 6) = 2 sin(ka) [sin(ka) cos 6 + cos(ka) sin 6] , 
a 











5239, oD 
—sind = oe Aka) [cos 6 + cot(ka) sind]; -Ll= g= ae) [cot 6 + cot(ka)] . 
ka ka 
ka ka 
t 6 = —cot(ka) — ——,—; td = — |cot(k —_-- 
co cot(ka) Bein (kay' co cot(ka) + Bsin®(ka) 
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Problem 11.8 


ikr 





1 1 : : 1 
= VG =-— (7ve an evs) =. 
4n \r r 


Arr 


1 1 : 1 . : 1 
BF : S255 mes ikr ~W2/pikr ikry2 [ = 
V°G=V-(VG) i; 2 (v>) (Ve )e (e"") + eV (=)]. 
it ote 1 a tkr\) _ -p ikr a. 2 ikr _ - (otk a) — 4 ld 2 ikr 
But V-=-=sf, V(e™") =ike™F, Vee" = ikV - (eP) = ik —(re"") 
r r2 r2 dr 


. ik; : ; 2 
(see reference in footnote 12) — V7e"*" = —(2ret* + ikr?e'*") = ike’*" (; + ir) ; 
r r 


2 1 a 3 2 ie 1 1 a\il¢ ikr « 1, ikr 2 . tkr 3 
V (+ = —47rd"(r). So a 2 et (ike *) + tke 7 tik — Ane" 5°(r)] . 


Bute" 53(r) = d3(r), so 














14 24 Qik k? ace 

Vee |e = §(r) +k? = 6(r) — 8G. 
dr r2 r? r Arr 

Therefore (V?+k?)G=6%(r). QED 

Problem 11.9 
1 e? nt —2mE 1% 
= ie, Yad BEA Gna ea ee 
v ; lamas ba Aregr mar ee ete) TF a 


In this case there is no “incoming” wave, and w%o(r) =0. Our problem is to show that 
etklr— stl 


eae lr —rol. ae 


ro)#(r0) dro = V(r). 
We proceed to evaluate the left side (call it I): 
h2 1 —|r-rol/a 4 
r= = ) /F e770/4 By, 
Qh? ma) /na3 lr—ro| ro 
1 1 eV? +r9—2rro cos 0/a_—ro/a 


27a V/7ra3 Jr? + r2 — 2rrocosO ro 











re sin 6 dro dé dé. 


(I have set the zo axis along the—fixed—direction r, for convenience.) Doing the ¢ integral (27): 


1 co ) T eo V2 +16 —2rro cos 0/4 
[= —— roe (0/4 ———____— sin6d@| dro. The @ integral is 
Te J 


r? + r2 — 2rrocosO 
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mw —4/r2+r2—2rrg cos 0/a T 
e - sin6d6 = — a e7 VT +76 —2r70 cos 0/a Ao a jer ern —eclr-rol/a 
r2 + 176 — 2rrocos 0 rro 0 rro 
1 Co 
ha i) e7ro/a eran? = ea dro 
rv ta® Jo 





1 oo r oo 
st vey —2ro/a gy as ae) dr — py —2ro/a gq | 
e€ e€ T e€ Tr e€ e TP 
rv ras | 0 : 0 r : 
1 oo 
an, ler’ (5) _ e77/4(r) = er/@ (-Se2e/") : 











rv 7a? 
1 E —r/a —r/a a r/a ee 1 —r/a 
a =e —re —-e e = -—_e => rT). ED 
rv ras 12 2 na ne 


Problem 11.10 


For the potential in Eq. 11.81, Eq. 11.88 => 

















2 % 2mVo | 1 : 2mV 
f@= —aat | rsin(«r) dr = — 7 =) sin(Kr) — * cos(tr) ; = or) [sin(ka) — Kacos(Ka)] , 





where (Eq. 11.89) « = 2ksin(@/2). For low-energy scattering (ka < 1): 











sin(Ka) © Ka — 3 (a) cos(Ka) = 1— 5 (Ka): so 
2 1 1 2 : 
f(@Q) = me Ka 5 bea)” Ka + 5 (a)” = ne ,| in agreement with Eq. 11.82. 











Problem 11.11 


La. % ; a 1 of? ; . 
sin(Kr) = a (en _ amas , so ‘| e #" sin(«r) dr = =f ener - etn dr 
4 0 tJo 


Co 











1 [ ec c(cia)yr e7 (u+in)r 
2i | —(u— ik) Tal 





1 1 1 1 fptin-~ptiny\y | kK 
 @lp-in ptin|  2i w+ K? e+ Ke" 


2mB ok 2m 
So f(@)= Ren p2+ K2 i R2(p2 + K2)" QED 





0 
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Problem 11.12 








2 
Equation 11.91 = D(@) = |f(0)|? = (FF) Tea where Eq. 11.89 > « = 2ksin(@/2). 
2 T 
o= J P@)sino.as dé = 2n (7) = | : 52sin(6/2) cos(6/2) dd. 
H” Jo [1 + (2k/u)? sin? (6/2)] 


2k 
Let —sin(@/2)=2, so 2sin(0/2)= 52, and _cos(@/2) d0 = Ede. Then 
Ll 





ae 2mB a hee x sai oy 6=0>5 r4=20 = 0, 
=n ( alg) f fia The limits are | § = 9 T= 3P Ot So 


jee de tall”) dulce 


2mB\* 1 A(k/ 1)? 4mB\? 1 1 >  2mE 
= ae ee = SS B k = — 5 
*( ie (uk? eee "oe ) pane ne °° 


—_ (4mB\* 1 
at ph (wk)? + 8mE- 
































Problem 11.13 
(a) 


V(r) =ad(r—a). Eq. 11.80 => f= sa [ve dy = — sade f 5(r — a)r*dr. 
0 





























—  2mMa 4 pa | (2ma 4 = = a 4ma » 5 
fa-aa@; D=(|f\r = me g=4nD=|n mo 




















(b) 





2 oy 2 
Eq. 11.88 => f = —sa ro(r — a)sin(«r) dr = —F5—asin( Ka) (« = 2ksin(0/2)). 
0 











(c) Note first that (b) reduces to (a) in the low-energy regime (ka < 1 => ka <« 1). Since Problem 11.4 
was also for low energy, what we must confirm is that Problem 11.4 reproduces (a) in the regime for 
which the Born approximation holds. Inspection shows that the answer to Problem 11.4 does reduce to 
f = —2maa?/h? when 3 < 1, which is to say when f/a < 1. This is the appropriate condition, since 
(Eq. 11.12) f/a is a measure of the relative size of the scattered wave, in the interaction region. 
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Problem 11.14 



























































1 qige . 1 qe b 1 qigqebd- dx 
— =——— Fz = —— : — i F t SS; 
4neg v2” 4reg r? Rony, COCe oe = 4neg 3 " v 
q, x 
1 qiqeb /. dx 
I, = | Fidt= . But 
e / . Areg UV Joo (x? + b?)8/2 = 
. dx -2 f° dx : Qx a a 1 2142 
oo (x? + b?)3/2 o (a2 +B?)8/2 —h2/a? + BF |g 2’ + dren bu | 
Ih 1492 1 nq 1 -1/ "4@ 
ss mv Am€g D(Smv?) — At€9 DE i AnegbE 
ug 1 9192 
2 cot 0). 
~ Ameo Etané - (2%) Pent) 


The exact answer is the same, only with cot(@/2) in place of 2cot 6. So I must show that cot(@/2) » 2 cot 6, 
for small @ (that’s the regime in which the impulse approximation should work). Well: 
cos(0/ 2) 1 2 cos 6 


t(O ——__ = —_=-. for small 6 hile 2 cot 9 = 2 
cot (6/2) = sin(0/2) ~ 027 8 or small 0, while 2co and 





1 
ee: So it works. 


Problem 11.15 
First let’s set up the general formalism. From Eq. 11.101: 


b(r) = Yo(r) + iy g(r — r0)V (1r9)¢b0(r0) dro + / g(r — r0)V (ro) | / g(to —r1)V(r1)o(r1) Bry | aPrq + ++ 








ikr 

Put in wo(r) = Ad”, g(r) = Se — 

A e*klr—ro| . 

= A tkz mA PY ikzo de 
v(r) e€ ae Fol (ro)e Yo 
etklr— a, e*klro—ri| V ch a ZB 
ee URZ1 
(<5) 4 { ea ro) (ro) | oa (ri)e r1| d°ro. 
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etklr—ro| eikr 


In the scattering region r >> r9, Eq. 11.73 ==> e ‘kro with k=kf, so 





|r — ro| op 




















: m etkr Fi : 
w(r) —A fe ba 5 ee ro V(r0)e*** d°ro 
mh Ne —tkevs eel ike. 73 3 
Gan) r Je V(r0) | Iro — il V(rije* dr, | d°ro 
ik|r—ro| 
me ee HE i(k’—k)-r 3 m \? —ik-r € ikzo 78 3 
f(9, ¢) She Je V(r) d°r + (=) e V(r) ieee V(ro)e""*°d’ro| d’r. 











I simplified the subscripts, since there is no longer any possible ambiguity. For low-energy scattering we drop 
the exponentials (see p. 414): 





m 


10,0) *—s" 5 f Vae)ar + (Sz) [ve / Reo) ar] dy, 

















Now apply this to the potential in Eq. 11.81: 


1 a 1 . 
/ Fron &) d°rp = Vo i; Fowl? sin 09 dro do do. 
= o Ir- 


Orient the zp axis along r, so |r — ro| = r? + r2 — 2rro cos Op. 


1 e e 1 
/ —_V(r9) d3rp = Vole i. 2 | | sin it dro. But 
lr — ro| 0 0 Wr? +76 — 2rro cos Oo 


Tv 


- 1 1 
i, sin fp dy = — /r? + 2 — 2rro cos Ao 
0 r? + r2 — 2rro cos Oo rro 0 





At _ f 2/r, ro <7; 
= [lr tr) be rll= 4 oie ro >. 


Here r < a (from the “outer” integral), so 


! I fe ‘ Irs 1 1 
/ fem d° ro = 4tVo - | ra dro +f TO aro = 4nVo 5 + se = ?)| a Vo (« i 5") ; 


1 ce 1 Sy “a 2 
[ve / eon iro dy = Vol2nvojan f (« _ 5) redr = 8n°Ve os _ ss = 32 2 y2q), 
—fo 0 








_— m4 4 m \232 9,9 5 | 2mVoa3 4 (mVoa? 
P(0) = — aa Yo37 Ge io 3h 1s \ ap 











Problem 11.16 


2 
(= + x) G(a) = 6() (analog to Eq. 11.52). G(x) = se | eas) ds (analog to Eq. 11.54). 
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(4 si k) C= = [cr + k?)g(s)e'**ds = 6(x) = = [estas ae) = eo 


1 co 18x 
G(x) / —<_ds. Skirt the poles as in Fig. 11.10. For x > 0, close above: 


























~ OF oo k? — 8? 
G(z) : ¢ se : d : 2% ss te Fo < 0, close belo 
x)= s= T = —i—. roa ; Ww: 
20 stk] s—k on st+k/|._, 2k : 
1 else 1 1 eist e7 ike 
St) +x f(S) cack ah (=) pa 2k 
In either case, then, | G(x) = —speil, (Analog to Eq. 11.65.) 
2m 1 2m ik|x—xo| 
W(x) = G(x - xo) > V (x0)¥(20) dzy = 5p Fe e€ V(20)(xo) azo, 


plus any solution qo(a) to the homogeneous Schrédinger equation: 


(4 = x) bo(z) = 0. So: 


dx? 





Wo) = vola) = Be fe IV (xo) (x0) dro. 











Problem 11.17 
For the Born approximation let wWo(a) = Ae”, and (x) = Aet*”. 


am 


wa) A ei — Fp eely (noe do 


-A [le nas ra e'k(@—20) V7 (29) e** dag = DE Heo-2V (eld ; 








W(2z) =A le _ are | V (ao) dxo — are f e720 V (x9) ao| : 


Now assume V(x’) is localized; for large positive x, the third term is zero, and 








im [°° 


(x) = Ae*** E — Fp V (a0) ao| . This is the transmitted wave. 


For large negative x the middle term is zero: 


W(x) =A ei - are | ety (49)de] , 
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Evidently the first term is the incident wave and the second the reflected wave: 
= (= x) dx 
wk) |f oo” 


If you try in the same spirit to calculate the transmission coefficient, you get 


T r es =14 (2) [f vee 


2 

















= iek oe V(a)dx ah 


which is nonsense (greater than 1). The first Born approximation gets R right, but all you can say to this order 
is T ~ 1 (you would do better using T = 1 — R). 


Problem 11.18 


Delta function: 


V(x) = —ad(«). / - 


























. 2 
ie eV (x)dr=-—a, so R= (S) ; 
or, in terms of energy (k? = 2mE/h?): 
7 ma? Js Pisa = _ moe 
QmEh? 2h?E 2h? FE 
1 2 
The exact answer (Eq. 2.141) is > Rl a so they agree provided FE > eee 
moe WE Ohi 
Be _ f -Vo (-a <a <a) 
Finite square well: V(x) = { @!. (atherwise) 
oo a Qika |% 2ika —2ika 
Qika ikea c Vo (e Te Vo. 
J V(a) dx vf « x Vo mk |, k ( ai ) i sin(2ka) 





SN AF VO: ‘i _ Vo 
So R= lar) (2 sin(2ka) s T=1- | 


{2a mE B 
5p in| > V¥2m : 
If E > Vo, the exact answer (Eq. 2.169) becomes 


2 a 2 
rtwi+ [sin (2 BmE)| =rei-(4 


2 
— sin i: 2mE : 
so they agree provided EF > Vo. 











2E 


Problem 11.19 


The Legendre polynomials satisfy P;(1) 


1 (see footnote 30, p. 124), so Eq. 11.47 > 


(21+ 1)e"' sind). Therefore Im[f(0)] 
l=0 
and hence (Eq. 11.48): 


|r 
age 


(21 + 1) sin? 6), 


~ 
Il 
° 


¢=—Ini[f(0)]. QED 
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Problem 11.20 
Using Eq. 11.88 and integration by parts: 


ie) > am rAe~"™ sin(r) dr = a | ss (-pe*") sin(«r) dr 
0 





RK So hn dr QU 
2mA = a 
= re ee sin(«Kr) ' -| ewe [sin(«r)] ar 





mA 2, 2 mA [ Jr 2 
S .———— _ BE _ = —__ AM Be /4u 
THe {Oo Bf, OP costen) dr} = Fie (germ 


A 
= mee ee where «= 2ksin(6/2) (Eq. 11.89). 
Le 


From Eq. 11.14, then, 











do = am? A? oor /2K 
dQ 4h 
and hence 
2 42 
o= 2 io= me Ler sin®(6/2)/2 sin 6 dO dd 
[ 
12m? A? ie 2 sin? (0 
i | e 2k sin’ (9/2)/H sin 9 dO; write sin@ = 2sin(0/2) cos(9/2) and let « = sin(0/2) 
Lt 0 
2,242 pl 2,2 42 pl 
= me | e224 99 2 dy = i re 2k 2? /# dy 
He Jo H 0 
In2m? A2 1 2a? A2 
_ 2n?mPAR Tb ontat jy] |) _mPAP Coney 
heaps Ak2 ‘ Dh 2k? 
o 1m? A? (1- -24°/1) 
~ | one ke? c 
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Chapter 12 


Afterword 


Problem 12.1 


Suppose, on the contrary, that 


alba(1))lbo(2)) + Bl oo(1))1ba(2)) = [br (1)) bs (2), 


for some one-particle states |,) and |q,). Because |¢a) and |¢p) constitute a complete set of one-particle states 
(this is a two-level system), any other one-particle state can be expressed as a linear combination of them. In 
particular, 


lYr) = Alba) + Ble), and |s) = Cloa) + Dido), 


for some complex numbers A, B, C, and D. Thus 


a|a(1))|92(2)) + B]Gs(1))|ba(2)) = [Alga(1)) + Blgs(1))] [Cléa(2)) + D|gs(2))] 


= AC|ba(1))|ba(2)) + AD|Ga(1))|G0(2)) + BC|o0(1))|ba(2)) + BD] bo(1))|b0(2))- 
(i) Take the inner product with (¢a(1)|(¢0(2)|: a= AD. 
(ii) | Take the inner product with (¢a(1)|(¢a(2)|: 0 = AC. 
(iii) Take the inner product with (¢,(1)|(¢a(2)|: G6 = BC. 
(iv) Take the inner product with (¢,(1)|(¢,(2)|: O= BD. 


(ii) > either A = 0 or C= 0. But if A = 0, then (i) = a = 0, which is excluded by assumption, whereas if 
C = 0, then (iii) = @ = 0, which is likewise excluded. Conclusion: It is impossible to express this state as a 
product of one-particle states. QED 
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Appendix A 


Linear Algebra 


Problem A.1 





(a) | Yes; two-dimensional. 











(b) | No; | the sum of two such vectors has a, = 2, and is not in the subset. Also, the null vector (0,0,0) is not 
in the subset. 














(c) | Yes; one-dimensional. 








Problem A.2 



























































(a) | Yes; 1,2,2?,... ,2~!]is a convenient basis. Dimension: | N. 
(b) | Yes; 1,a7,x*,....] Dimension | N/2| (if N is even) or |(N + 1)/2| (if N is odd). 
(c) |No.] The sum of two such “vectors” is not in the space. 














(d) | Yes; («—1),(x—1)?,(a—1),... ,(2—1)%~1.| Dimension: | N — 1. 


























(e) |No.} The sum of two such “vectors” would have value 2 at x = 0. 





Problem A.3 


Suppose |a) = a;]e1) + ag|e2) +--+ a@nlen) and |a) = bi]e1) + bale2) +--+: + bplen). Subtract: 0 = (a1 — b1)le1) + 
(az — b2)|e2) + -+- + (an — bn) len). Suppose a; 4 b; for some j; then we can divide by (a; — b;) to get: 








(a1 — b1) (az — b2) (an — bn) 
ej) = le1) lez) —--- — Ole;) len), 
’ (a; — by) (aj — by) q (a; — by) 
so |e;) is linearly dependent on the others, and hence {|e;)} is not a basis. If {|e;)} is a basis, therefore, the 
components must all be equal (a, = by, a2 = ba,... , Gn = bn). 
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Problem A.4 





























(i) 
(exer) = |1 +a]? +14 |? = (1+ (1-1) +14 (@)(-i) =1414141=4. lel] =2. 
lei) = 50 ++ I+ Ek. 

(ii) 
(eflea) = 5 —a)() + 58) + ($) 1=5@+14+3-8 =2 
lez) = lea) — (eflez)el) = @-1-di+ (B-DJ +(1—-Dk = (Dit (2)9 + (1 Dé. 
(elev) =14442=7. Js) = eL-44+2) + (1a, 

(iii) 


1 2 
(ej |e3) = 528 =14; (eble3) = ar = 8v7. 


le3) = les) — (e|es)|e1) — (egles)|eo) = les) — Tlex) — 8]es) 


= (0-—7—7i+ 8)i+ (28 —7—16)j + (0 — 71-8 + 8i)k = (1-710 +57 + (8+ Hk. 





1 2 : 
les? =14+49+25+64+1=140. |e) = ——[(1—7i)t +574 (-84+4)K]. 


























235 
Problem A.5 
From Eq. A.21: (yy) = (9 (10) — ne 2)) = (4|6) - ae (y|a). From Eq. A.19: 
(18)* = (hn) = (l(a) — Ray) = (}8) — SE (aja) = (}8) — MOI sie is reat 





(sla)” = (ala) = Cal (18) — 2 RIa)) = (ala) - EER ala) =0. (yla) =0. So (Ba. A.20): 


(a8)? 





> 0, and hence |(a|/)|? < (ala)(6|). QED 
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Problem A.6 
(a|@) = (1 — i)(4 — 4) + (1)(0) + (-0)(2 — 21) = 4-—5i-1-21-2=1-7i; (Bla) =1+4+ Ti; 


1449 
(aja) =14+14141=4, (6/@)=16+1+4+4=25; cosd= Ls = 





> |0= 45°. 











Sl 


Problem A.7 


Let |y) =le) +19); (ly) = (le) + (118). 





Ila) +18) I? = (ly) = (ala) + (818) + (a8) + (Bla). 
But (al) + (3]a) = 2Re((al3)) < 2|(a\8)| < 2V(alay(BIB) (by Schwarz inequality), so 
- (8)? < lle? + NII? + 2llal||15|] = (lall + [|BII)2, and hence ||(a) + |8))|| < [lal] + |||. QED 





& 
| 


Problem A.8 


i = 60 
(a) Be Ae Be 
(2 (3 — 2%) 7 


[iscovas (0 +1432) 21040) ( -3 (1431) 3: 
(b) (4+043i) (0+04+9) (—22+0+6)] =|] (4+37) 9 (6—2i)]. 

















(4i+0+2i) (0—-2i+6) (2+0+4) 6 (6—-2i) 6 


(-2+0+2) (2+0—2) (2i+0-2%) 0 0 0 
(c) ea (ora) +0 +0) oan) = ( 2 0 :) 
(-i+6+4 4%) (G+0-4i) (-14+94+4) (6 + 34) —3i 12 


(2 
(0 
(i 
eae 37 
[A, B] = AB— BA= ex (3 — 27) ]. 
—6 4+ 32) Ce —6 
—-12 2 
(d) 1 0-27). 
13 2 


Sag 
(e) 0 See 
95 01-9 
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12S oe 
(f) 1 0 2i 
=a 














(g) 4+0+0-1-0-0={3. 



















































































(h) 
1- 1321 =e [3 | 2 0-1 1 2 —3t 1% 
Beata We 33 ae (28h) =| S32 326 B*=-|[0 3 0 
3 ay (23! 20 0 2 3 1 —6 2 
nol —lool 162 7 eS 
, { 44+0-1) (6: +0 +62) (21+ 0-21) 300 100 
BB =; (0O+0+0) (0+34+0) (4+0+0) }=51/030)= [010]. v 
(2i+0-—2i) (3+9-12) (-1+0+4) 003 001 
detA=0+61+4-—0-—6:—4=0. |No;| A does not have an inverse. 
Problem A.9 
(a) 
i+ 2%+2% 3% 
2%+0+6 | =| [6+ 2: 
—2+4+4+4 6 
(b) 
2 
(-i -2i 2) |1-—a] =-2i-24(1-1) +0 =| -2- 44. 
0 
(c) 
20 -i 2 4 
(¢ 282) {01 0] [1-é]) = (é 2¢ 2) | 1—-¢] = 42+ 241 — 4) + 2138 — 4) =| 8 4 41. 
i3 2 0 3-i 
(d) 
i 2i (-1+%) 0 
2i | (2 (1 +4) 0) =| | 4é (-2+ 2%) 0 
2 4 (242i) 0 











©2005 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. This material is protected under all copyright laws as they 


currently exist. No portion of this material may be reproduced, in any form or by any means, without permission in writing from the 
publisher. 


APPENDIX. LINEAR ALGEBRA 287 





Problem A.10 





(a) |S=-=(T+T); A= 5(T—1). 











1 
2 








1 * wal . 
(b) JR= 5(T+T*);| [M=5(T-T"). 























1 
(c) Hla!) K= 








Problem A.11 


(ST) ki = (ST) = SS Sig Tik = S° Trj S58 = (TS)ki > ST=TS. QED 


j=l j=l 
(ST)t = (ST)* = (T5)* = T*S* = THSt. QED 
(T"'S“)(ST) = T-1(S'S)T=T "T=! = (ST) 1=T'S"'. QED 


Ut = Ut, WE=Ww?t = (WU)! = UTWt = U-! Wot = (WU)! = WU is unitary. 
H=At, Jo) (A) Al SH: 
the product is hermitian < this is HJ, ie. =| [H,J] = 0) (they commute). 




















(U+W)t = Ut+wt=u-t4+wt = (U+W)~*. |No;|the sum of two unitary matrices is not unitary. 
(H+ J) 























Ht + Ji =H + J.| Yes; | the sum of two hermitian matrices is hermitian. 





Problem A.12 


utuU=1 => ines SO Ua = LU 
j=l 
Construct the set of n vectors a); = Uj; (a is the j-th column of U; its i-th component is U;;). Then 


n 


altal ae al) , = “Lo Ujr = = Ok, 


so these vectors are orthonormal. Similarly, 


Ut =! = (UUN),=5,5 => Sue Yu Uij = Ski- 
j=l 


This time let the vectors b be the rows of U: bY; = = U;;. Then 


b®tbO = S~ 0) 0; = S° UE Uiy = Oni, 
j=1 j=l 


so the rows are also orthonormal. 
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Problem A.13 


Ht = H (hermitian) > det H = det(H') = det(H*) = (det H)* = (det H)* => detH is real. V 
Ut = U~! (unitary) > det(UUT) = (det U)(det Ut) = (det U)(det U)* = | det Ul? = det! =1, so detU=1. V 
S = S~! (orthogonal) = det($S) = (det $)(det $) = (det S)? =1, so detS=+1. V 





Problem A.14 
































(a) 
. : - 4 : ee : cos @ —sin#@ 0 
a =cosdi+sin0j; 7’ =—sin@i+cos0j; k’ =k. T,=||sin@ cosé 0 
0 0 1 
(b) 
oe ee se 001 
W=9, go=k; K=i. |T,=1100 
010 
y,X KZ 
Zz, y' 
(c) 
moe ele 7 10 0 
v=% jg =3; K=-k. |T.={01 0 
00-1 
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(d) 
cos@ sind 0 cos @ —sin@ 0 100 
TaTa = | —sin9 cos9 0} [ sin@ cos6 0] ={[010]. Vv 
0 0 1 0 O 1 001 


_ 010 001 100 . 10 0 10 0 100 
ToT, = {001 100}={010]. Vv T.T.=]01 0 O01 0};=/010]. Vv 
100 010 001 00-1 00-1 001 











det T, = cos?6+sin?@=/1.| detT,=/1.} detT. =|-1. 





























Problem A.15 








1 0 0 
i; 7! =cosOj+sndk; k’ =cos6k—sinOj. |T,(0) = | 0 cos —sind 
0 sin@ cosé 


2. 
~ 

I 

re 

















: 7 ,  & . . : cos@? 0 sind 
i) =cosdi—sinOk; jg’ =j3; k’ =cosOk+sin6i. |T,(0) = 0 1 0 
—sin@ 0 cosé 














1 


ee eee . 0-10 
v=j, f= k =k |S=]1 0 0}.} St=]-100 
001 
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0-10 010 
ST,S 1=[1 0 0 ieeocuae -100 
001 0 sin@ cosé 0 01 
0-10 - : os 
={100 omen =T,(@). 
001 —sin@é 0 cosé Sai 
0-10 eu : a 010 
Sion = 00 -100 
001 pe 0 01 
0-10 cos 8 ae 1 
={100 = 0 0 a oe = T,(-6). 
001 0 —sin@ he 0 —sin@ cos@ 


Is this what we would expect? Yes, for rotation about the x axis now means rotation about the y axis, and 
rotation about the y axis has become rotation about the —xz axis—which is to say, rotation in the opposite 
direction about the +z axis. 


Problem A.16 
From Eq. A.64 we have 
ASBS = SA°S~'SB°S~! = S(A°B*)S-1 = SC°S 1 =Ch. Vv 
Suppose St = S~! and H® = H® (S unitary, H® hermitian). Then 
H/t — (SH°S~)t = (S~1)THetSt — SH°S-1 = HF, so HS is hermitian. V 


In an orthonormal basis, (a|3) = atb (Eq. A.50). So if {|f;)} is orthonormal, (a|3) = aftb/. But bf = Sb* 
(Eq. A.63), and also aft = actSt. So (al@) = a°tSiSb°. This is equal to a°tb® (and hence {|e;)} is also 
orthonormal), for all vectors |) and |3) = S'S =I, ie. S is unitary. 


Problem A.17 


n n n n n n 


Tr(T,T2) => S(T1T 2) it => ST ig( aij (T2); aS y.( (T2) dare Nee = 01271) 53 => Tr(T2T}). 


i=1 i=1 j=1 j=l i=1 j=l 





Is Tr(T1T2T3) = Tr(T2T1T3)? | No.| Counterexample: 











nrate= (82) (08) (09)=(08) (08) =(89) = nevrarn=n 
rarits=(°8) (82) (50) =(02) (88) =(08) = nererim=0 
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Problem A.18 


Eigenvalues: 


(cos@— A) —sind 


: = (cos @ — )? + sin? 6 = cos? 6 — 2A.cos@ + A? + sin? @ = 0, or A” — 2Acos6+1=0. 
sin@ = (cos@ — A) 




















2cosO6 + V/4cos? 6 —4 ae 
d= = 0088 + sin” 9 = 008 9 + isin d = ett? 


So there are two eigenvalues, both of them complex. Only if sin @ = 0 does this matrix possess real eigenvalues, 




















ie., only if] 0 =0 or z. 


























EXgenvectors: 
cos@ —siné\ (fa +19 (@ : ee ras LG 
Sine seas fe eae 8 = coséa— sind 6 = (cos tisind)a > B= Fia. Normalizing: 
aL), w-4(), 
J/2\-1 9 \t 
Diagonalization: 
1 1 —4 a 
S eA). —, S=1),32 (2) _ —,; S-})., = (1) = So (2) _ me 
(S™°)u = ay 53 (S“)iz =a 5 aa ae 5 (S™")a2 = ay Fa 


1 11 1 /1 i 
1 . ‘ ete aoe 
Sr a ie i) ; inverting: S 5 e _) : 
sts—! Left 4 cos @ — sin@ Cy yd (cos @ + isin @) (cos @ — isin @) 
2\1 -7/ \sin@ cosé ii) 2\1 -i/ \(sin@ —icos@) (sin6 +icos6) 
1 
2 


1 i ei? =e 8 ae 2c? 0 = e? 9 V 
hp Nee te EN i er ke Oe 


Problem A.19 


I 











= (1-2)? =0=+|A=1] (only one eigenvalue). 





Maye a 
Po eee 


(os a)e (a) atta eh ely 


(only one eigenvector—up to an arbitrary constant factor). Since the eigenvectors do not span the space, this 

















matrix | cannot be diagonalized. | [If it could be diagonalized, the diagonal form would have to be G 1) since 











the only eigenvalue is 1. But in that case | = SMS~'. Multiplying from the left by S~! and on the right by 
S: S-'NS=S-!SMS~'S=M. But S'S =S~!S =I. So M =I, which is false.] 
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Problem A.20 


Expand the determinant (Eq. A.72) by minors, using the first column: 


(Too — 2) ... 
det(T — A1) = (Ti — A) : “ty +E 1 cofactor(T;1). 
(Tan = r) 
But the cofactor of Tj; (for 7 > 1) is missing two of the original diagonal elements: (J); — A) (from the first 
column), and (T;; — A) (from the j-th row). So its highest power of A will be (n — 2). Thus terms in X” and 
\”-! come exclusively from the first term above. Indeed, the same argument applied now to the cofactor of 


(T1, — ) — and repeated as we expand that determinant — shows that only the product of the diagonal elements 
contributes to \” and \"!: 


(T11 — A)(To2 — A) +++ (Tan — A) = (-A)” + (=A)"7* (Tar + Tae #0 + Tan) Fo 


Evidently then, C,, = (—1)", and C,_1 = (-1)""' Tr(T). To get Co — the term with no factors of \ — we simply 
set A= 0. Thus Cp = det(T). For a 3 x 3 matrix: 


(T11 — d) Tie T3 
Ta (To2-A) To 
T31 T32 (133 — A) 


= (Ti — A)(T22 — A)(T33 — A) + T12T23T31 + Ti3T21T32 
— T31T,3(To2 — A) — T32T>3(Ti1 — A) — Ti2T21(T33 — A) 

= —N° + d?(Ty + Teo + T33) — A(T Tae + T11T33 + T22T33) + (T1331 + T23T32 + T2T21) 
+ T11T22T33 + T12T237T31 + T13T21732 — T31Ti3T22 — T32T23T11 — T12T21T33 

= —d 4+ NM Tr(T) + AC1 + det(T), with 











Cy = (T13T31 + To3T32 + Ti2T21) — (M11 T22 + T11T33 + T22T33). 








Problem A.21 


The characteristic equation is an n-th order polynomial, which can be factored in terms of its n (complex) roots: 
(Ar — A)(A2 = A) e+ An — A) = (=A) F (HAN? AL Ag He An) He + A1A2 + An) = 0. 


Comparing Eq. A.84, it follows that Tr(T) = A1 + A2 +--+ An and det(T) = AyAg-++ An. QED 


Problem A.22 
(a) 


(Tl, Tf) = TIT£-TLT/ = st°s—!sTss-1_-STsS-1ST°S—! = STETSS—!—STETSS—! = S[TS, TS]S~1 = 0. 
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(b) Suppose SAS~' = D and SBS”! = E, where D and E are diagonal: 


Then 


oO See Bh ae, MO 
Oiudy eee 0 Ogee 0 
D=]. ~ ds =|. £ a 
> et Oo Oise 


[A, B] = AB — BA = (S~'DS)(S~*ES) — (S~1ES)(S~'DS) = S-'DES — S“‘EDS = S~?[D, E]S. 


But diagonal matrices always commute: 


dye, 0 vee 0 

0 dye speee 0 

DE = ; ; . 
0 0 » dn€n 


so [A,B] =0. QED 


Problem A.23 
(a) 


mia (7 2): mat = (03 oa mim = (4? » oi matt] = (3, 


(b) Find the eigenvalues: 


Pa 1 
1 (é-) 


,- t+ (pe 42). 





= (1 aia) 11-00) HY?-1=0 





(1 +7) veer 





2 


2 


)+s 








No. 





Since there are two distinct eigenvalues, there must be two linearly independent eigenvectors, and that’s 


enough to span th 


Problem A.24 
Let >) = |a) + ¢|3), for 
(y|Py) = (alfa) 4 





(Pyl7) = (Tala) 4 


Suppose (T'y|7) = (7|T'7) for all vectors. For instance, (Tala) = (a|Ta) and (T'B|3) = (3|T'B)), so 





e space. So | this matrix is diagonalizable, 











some complex number c. Then 


+ c(a|T'B) + c*(B|Ta) + |cl?(B|T'B), and 





+ c*(T Bla) + e(Talp) + |e}?(TA|8). 


even though it is not normal. 


cla|T'B) + c*(B\Ta) = c(Ta|8) + c*(T Bla), and this holds for any complex number _ c. 
In particular, for ¢ = 1: (a|T8) + (8|Ta) = (TalB)+(T'B\a), while for c = i: (a|TB) —(8|Ta) = (TalB) —(T Bla). 


(I canceled the i’s). Adding: (a|T'B) = (Ta|@). QED 


©2005 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. This material is protected under all copyright laws as they 


currently exist. No portion of this material may be reproduced, in any form or by any means, without permission in writing from the 


publisher. 





294 





APPENDIX. LINEAR ALGEBRA 
Problem A.25 






























































(a) 
Teata(i io ))=T * 
(b) 
ae 6 y= -G-AA-1-1=0 a5 ge NESS yee aS 7 eae 
(c) 
1 (1-i)\ fa\ fa eon ee ee 
(AO V0) Ap aatpeaactys 
2 2 2 2 el 1): 1. fil 4 
jal? +1? =1 => 26? + [8 =1—> B=. Ja -=( ): 
1 (1-i)\ fa\ fa Rae of 2d 
fe 0 WG) - (§) a+ 1-2) =-a3 a= 5 (lia). 
Det Poe Bi tare hen, HAD Sik eee 
12102 + [a2 =1 = Far =3; 6 = /2. = (151), 
Cee kt i Re AW ah ie apa 
abt = stata n( 5 J=x5 1-1-i+2)=0. Vv 
(d) 
= ee) eee pee Ti a pis eee Say: 
Eq. A.81 = > (S Ju =a, “AB \ (S Jy = 1 Je! 1); 
Sty Jee Epo fn Os ee 
(S~*)a1 = a V3" (S~")22 = Ve 
-_ 1 (1-4 G@-D/v2 gee 1 (l+#) 1 
stay (ST EA) s-6'= Ba) 
ee (1+) 1 1 (1-a\ f/Q-4 G-1)/v2 
ee Pa (can ees) Caw 0 1 V2 ) 
bf G4) ~ 1) a=) G-)/72\._1. (6 42-0 
5 (-aciyva va) Mr? 8) =5 (0 3) =A). ¢ 
(e) 
Tr(T) =1;] det(T) =0-(1+4)(1—-4) =[-2.]  Tr( 




















TNy=2-1=1. V_ det(STS")=-2. v 
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Problem A.26 

































































(a) 
det(T) = 8-—1—1-—2-—2-—2=]0.| Tr(T)=2+242=]6. 
(b) 
(2—A) i 1 
—i (2-A) «@ | =(2-A)?-1-1-(2-A)—(2-A)—(2—-A) = 8-12A4- 6? — 9? - 843A =0. 
1 —i (2-A) 
—)3 + 6d? — 9X = —A(A? — 6-149) = —A(A— 3)? =0. | A1 =0, Ao = Az =3. 
000 
Ar tA2+A3 =6=Tr(T). VY AA2A3 =0=det(T). WY Diagonal form: | | 0 3 0 
003 
(c) 
2 oe A a 
, : = 2a+ib+y=0 
See re tear ty, 
1-12 Y 
Add the two equations: 3a+ 318 =0=> B=ia; 2a-a+ y=0=>>7=-a. 
a 1 1 1 
(1); = ; soe 2 2 2 = (B=. : 
av’ =| ia |. Normalizing: ja|* + ja|* + la|° =1=—+ a= —x. |a’=- =| 2 
S g: jal’ + lal” + lal a AEA ee 
2 aod a a 2a+ib+y=38a0 = -a+i84+7=0, 
—1 2 14 B)=31 8) = ¢§ -ia+26+i7 = 36 => a-ibB-y=0, 
1 -i2 ry + a-iB+2%ay=3y =Sa-ifv-y=0. 


The three equations are redundant — there is only one condition here: a — if — y = 0. We could pick 
y=0, @=-—ia, or 3=0, y=a. Then 


a a 
a?) = |-ta]; a?) = [0 
0 a 


But these are not orthogonal, so we use the Gram-Schmidt procedure (Problem A.4); first normalize a): 














f 
Sy a 
v2 0 
t@3)_ @ : a (3) + (3) : af} a 
(2) = —(1i0)[0]=—. 8s — (a)'a”’) a) =a (O}] -—= | -i] =a | i/2 
a a u . Oo a a a a a a a a 
0 Ta ) 1 4/2 0 0 1 9 0 1 
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1 
des 3 2 1 
Normalize: jaP( + i + 1) = sll? =-1 => a= ze a3) = er : 
Check orthogonality: 
t 1 } 1 
(@)'52) — ; eA hi 
av al? = 1 -i -1 i] =—(1-14+0)=0. Vv 


1 
at) — 1 . At Ns = 
avy’ av’? = —— (1 -i -1 = —~(14+1-2)=0. Vv 
33h (3) 3V3 


(d) S~! is the matrix whose columns are the eigenvectors of T (Eq. A.81): 

















1 V2 f5O1 1 V2 -V2i -V2 
S'=—| Vai -vV3ii]; S=(S'\'=|—[vV3 V3i 0 
v6 maf > Oe 2D v6 1. og 2 
1 (v2 -v2i -v2 DG WD f° 71 , {29 0 000 
STS = 2 | v3 v3i 0 i 2 i| | V2i -V3ii =f [018 0} =[030). v 
1 —- 2 1 -i2/ \-yv2 0 2 00 18 003 
=—_-:eree'” 
fo 373 3) 
10 —3V/3i 3! 
\o Oo. 6) 


Problem A.27 
(a) (Wa|U8) = Wt alp) = (als). v 
(b) Ula) = Aja) => (UalUa) = |A/2(ala). But from (a) this is also (ala). So |AJ=1. V 


(c) Bla) = dla), O18) = n)8) => |) = wO-1/B), so O18) = =13) = 1"|8) (from (b)). 


(B|\Ua) = X(Bla) = (Ut Bla) = p(Bla), or (A— p) (Bla) = 0. So if \ A p, then (B|a) =0. QED 


Problem A.28 
(a) (i) 


004 0 
M27={000]; M?={0 
0 


0 0 
00], so 
000 00 
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100 013 , (904 115 
“M—/010]4+ {1004 5 000)=|1014 
001 000 000 001 











(ii) 


2 -¢ 0 2 3 3 4 4 
M?=(") _p2)=—@; M*=-69M; M*= 641 ete. 


fe: Oy. <dngh 02 08 AN, AO on, 
Oe, Ae eaten ee Ot 
Meee gy ee A ae ae a Nt 


10 ; 0 1\ | /f cos@ sindé 
= eos fs ') zane (° i) 7 ea =) 














(b) 


dy 0 
SMS~* =D = oa for some S. 
0 dn, 


SeMS-t = (1 +M+ 5M + aM so Insert SS-t =1: 





3! 
1 1 
SeMS-1 = 14 SMS71 + 55MS"'SMS~" as 3oMS" "SMS" 'SMs™" fue. 
=I1+D+ 50 + =p" +...-=e?. Evidently 


det(e?) = det(Se“S~+) = det(S) det(e™) det(S~!) = det(e™). But 


a . O dj 0 dk 0) 
D? = meray a , DF= , 80 
0 @& 0 @& 0 a 
dy 0 a 0 Ge ett 0 
e>=I+ rs + x i 
0 dn 0 @&@ “lo. 6 0 em 


det(e?) = eM e% ... 4 = elditdat--dn) — eTrD — eTM (Fg, A.68), so det(eM) =e™™. QED 


(c) Matrices that commute obey the same algebraic rules as ordinary numbers, so the standard proofs of 
e*t¥ = e%e¥ will do the job. Here are two: 
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(i) Combinatorial Method: Use the binomial theorem (valid if multiplication is commutative): 


om = TM EN = DD (Aun = ann 
n=O m= =0 m=0 


Instead of summing vertically first, for fixed n (m:0— n), sum horizontally first, for fixed m (n: 
m — oo, or k=n—m:0— oo)—see diagram (each dot represents a term in the double sum). 


eM+N _ > iM aN =e eMeN QED 


m=0 


(ii) Analytic Method: Let 
S(A) = e*Me™: “ = Me*Me% + &MNerN — (M+ N)e*Me*% — (M+N)S. 


(The second equality, in which we pull N through e*™, would not hold if M and N did not commute.) 
Solving the differential equation: $(A) = Ae(™+)», for some constant A. But S(0) = 1, so A = 1, 
and hence e*MerN — eX(M+N). and (setting A = 1) we conclude that ee’ = e+). [This method 
generalizes most easily when M and N do not commute—leading to the famous Baker-Campbell- 
Hausdorf lemma.] 


As a counterexample when [M,N] 4 0, let M = G ae a ( 


es meas N _f{1 0). Umn_ fll 10\ /01 
=l+M= (57). e¥=14N= (19); oe) aaa) 
But (M+N) = 0 ty | 80 (from a(ii)): eM+N = cos(1) sin(1) 
—10;° —sin(1) cos(1) /° 
The two are clearly not equal. 


(d) 


els S° ai H” — (ei = S> ape (Ht)” = >» a H” = e~*4 (for H hermitian). 
n=0 n=0 n=0 


(et) t (et) = e~HetH — e(H-H) — | using (c). Soe is unitary. V 
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2"! Edition — 1° Edition Problem Correlation Grid 
N = New 
M = 1/e problem number (modified for 2/e) 
X = 2/e problem number (unchanged from 1/e) 
Chapter 1 Chapter 2 Chapter 2 (cont.) 
2/e 1le 2/le 1/e 2le 1/e 
1 1 1 1 45 42 
2N 2 2 46 43 
3 6 3 3 47 44 
4 7 4 5 48N 
5 8 5 6M 49 45 
6 11 6 7 50 47 
7 12 7N 51 48M 
8 13 8N 52 34M, 35M 
9 14 ON 53 49 
10 2 10 13M 54N 
11 3 11 14 55N 
12 4 12 37 56N 
13 5 13 17M 
14 9M 14N 
15 10 15 15 
16N 16 16 
17N 17 18 
18N 18 19M 
19N 
20 20 
21N 
22 22 
23 23 
24 24 
25N 
26 25 
27 26 
28 27 
29 28 
30 29 
31 30 
32 31 
33 32 
34 33 
35 41M 
36 4M 
37 36 
38 3.48 
39N 
40N 
41N 
42 38 
43 40 
44 39 
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300 

































































































































































































































































































































































2"! Edition — 1** Edition Problem Correlation Grid 
N= New 
M = 1/e problem number (modified for 2/e) 
(M) = 1/e problem number (distant model for 2/e) 
X = 2/e problem number (unchanged from 1/e) 

Chapter 3 Chapter 4 Chapter 4 (cont.) 
2/e 1/e 2le 1le 2le 1/e 
1N 1 1 43 43 
2N (33M) 2 2 44N 
3N (21M) 3 3 45 14 
AN (12M) 4 4 46 15 
5N 5 5 47N 
6N 6 6 48N 
7N 7 7M 49N 
8N 8 8 50 44 
ON 9 9M 51 45M 
10N 10 10 52 46 
11 38 11 11 53N 
12 51 12 12 54 47 
13 41M 13 13 55 48 
14 39 14N 56 49 
15N 15N 57 50 
16 42 16 17 58N 
17 43 17 16 59 51 
18 44 18 19 60 52M 
19 45 19 20 61 53 
20 46 20 21 
21 57M 21N 

22N 22 22 
23N 23 23 
24 57M 24 25 
25 25M 25 26 
26N 26 27 
27N 27 28 
28 52M 28 29 
29N 29 30 
30N 30 31M 
31 53 31 32 
32 56 32 33 
33 50 33 34 
34 49M 34 35 
35N 35 36 
36N 36 37 
37N 37 38 
38N 38 39 
39 55 39 40 
40N 40 41 

41N 
42 42 

































































































































































































































































































































































2™ Edition — 1* Edition Problem Correlation Grid 
N = New 
M = 1/e problem number (modified for 2/e) 
X = 2/e problem number (unchanged from 1/e) 

Chapter 5 Chapter 6 Chapter 7 
2/e 1le 2/e 1le 2/e 1le 
1 1 1 1M 1 1 

2 2 2 2 2 2M 
3N 3 3 3 3M 
4 3 4 4 4 4 
5 4 5 5 5 5 
6 5 6 6 6 6 
7 6 7 7 7 7 
8 7 8 8 8 8 
9 8 9 9 9 9 
10 9 10N 10 10 
11 10 11 10 11N 
12 11M 12 11 12N 
13 11M 13 12 13 11 
14 12 14 13 14 12 
15N 15N 15 13 
16 13 16 14 16 14 
17 14 17 15 17 15 
18 15M 18 16 18 16 
19 16M 19 17 19 17 
20 17M 20 18 20N 
21 18 21 19 
22 19M 22 20 
23 20 23 21 
24 21M 24 22 
25 22 25 23 
26 23 26 24 
27 24 27 25 
28 25 28 26 
29 26 29N 
30 27M 30N 
31 28 31N 
32N 32 27 
33 29 33 28 
34 30 34 29 
35 31 35 30 
36 32 36 31 
37 33 37 32 
38 33 
39 34 
40N 
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2™ Edition — 1* Edition Problem Correlation Grid 
N = New 
M = 1/e problem number (modified for 2/e) 
X = 2/e problem number (unchanged from 1/e) 
Chapter 8 Chapter 9 Chapter 10 
2/e 1/e 2/le 1le 2/e 1le 
1 1 1 1 1 1 
2 2 2 2 2 3M 
3 3 3 3M 3 4 
4 4 4 4 4 5 
5 5 5 5 5 6 
6 6 6 6 6 8 
7 7 7 7 7 9 
8 8 8 8 8N 
9 9 ON 9 10 
10 10 10 9 10 11M 
11 11 11 10 
12 12 12 11 
13 13 13 12 
14 14 14 13 
15 15 15 14 
16N 16 15 
17N 17 16 
18 17 
19 21 
20 19M 
21 20 
22N 

















































































































































































































2™ Edition — 1* Edition Problem Correlation Grid 
N = New 
M = 1/e problem number (modified for 2/e) 
X = 2/e problem number (unchanged from 1/e) 
Chapter 11 Chapter 12 Appendix 
2/e 1le 2/le 1le 2/e 1le 
1 1 IN 1 3.1 
2 2 2 3.2 
3 3 3 3.3 
4 4 4 3.4 
5N 5 3.5 
6N 6 3.6 
7N 7 3.7 
8 5 8 3.9 
9 6 9 3.10. 
10 7 10 3.11 
11 8 11 3.12 
12 9 12 3.16 
13 10 13N 
14 11 14N 
15 12 15 3.13 
16 13 16 3.14 
17 14 17 3.15 
18 15 18 3.17 
19N 19 3.18 
20N 20 3.19 
21 3.20. 
22 3.40M 
23N 
24 3.21M 
25 3.22 
26 3.23 
27 3.24 
28 3.47 
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